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Foreword 


The  impetuous  development  of  aviation,  missile  technology  and 
the  Naval  fleet  led  to  the  necessity  of  fundamental  improvement  of 
the  means  of  navigation  and  control  of  moving  objects.  Besides 
high  accuracy,  a number  of  such  specific  requirements  as  universa- 
lity, reliability,  short  preparation  time,  electronic  counter- 
measures, and  sometimes  concealment  of  operation  are  now  placed  on 
automatic  navigation  systems. 


Along  with  development  of  other  principles,  special  attention 
has  been  devoted  in  recent  years  to  inertial  navigation  systems,  in 
which  the  current  position  of  a moving  object  is  determined  by 
integration  of  the  on-board  measured  accelerations.  Inertial  systems 
have  such  important  advantages  as  universality,  autonomy  and 
electronic  countermeasures  over  other  means  of  navigation.  However, 
realization  of  these  systems  requires  highly  accurate  and  reliably 
operating  elements:  accelerometers,  integrators,  gyroscopes,  tracking 

systems  and  computer  devices.  The  interest  displayed  in  inertial 
navigation  systems  is  explained  both  by  their  principal  advantages 
and  also  to  a great  extent  by  the  fact  that  inertial  systems,  which 
provide  the  required  navigation  accuracy,  can  be  developed  on  the 
basis  of  modern  components. 


The  development  of  shipboard  gyrocompasses  by  H.  Anshutz- 
Kampfe  (1908)  and  Elmer  A.  Sperry  (1911)  can  be  considered  the  first 
use  of  inertial  methods  in  navigation.  The  next  important  advance 
was  the  investigations  of  M.  Schuller,  who  established  the  conditions 
of  the  unperturbability  of  the  gyrocompass  (1910)  and  of  physical 
and  gyroscopic  pendulums  (1923)  by  horizontal  accelerations.  Further 
staqes  in  the  development  of  the  idea  of  inertial  navigation  are 
the  principle  of  power-assisted  gyroscope  stabilization,  proposed  by 
S.  A.  Nozdrovskiy  (1924),  and  also  the  principle  of  integral  gyro- 
scope correction,  proposed  in  1932  by  Ye.  B.  Levental  and  in  1935 
by  I.  M.  Boykov. 
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For  some  time  the  development  of  inertial  systems  was  related 
to  gyropendulum  systems  and  gyroscopic  systems  with  integral 
correction,  which  simulate  M.  Schuller’s  physical  pendulum  and 
which  permit  plotting  of  an  acceleration-proof  vertical  on  a moving 
object.  Significant  results  are  related  to  the  names  of  B.  I. 
Kudrevich,  I.  V.  Gekkeler,  B.  V.  Bulgakov,  Ya.  N.  Roytenberg  and 
A.  Yu.  Ishlinskiy. 

Another  aspect  of  the  inertial  navigation  method,  namely,  the 
circumstance  that  not  only  the  vertical  can  be  plotted,  but  the 
current  coordinates  of  the  object  and  its  speed  can  be  determined 
by  using  it,  developed  somewhat  later.  The  first  practical  achieve- 
ment in  this  direction  was  apparently  the  development  of  a control 
system  for  the  FAU-2  rocket.  Further  development  of  this  direction 
can  be  traced  from  data  of  American  publications.’!  The  beginning 
of  development  of  inertial  systems  in  their  modern  form  in  the 
United  States  dates  from  1946-1947  and  is  related  to  development 
of  control  systems  for  ballistic  (Atlas  type)  and  winged  (Navaho 
and  Snark  type)  missiles.  Practical  realization  of  inertial  systems 
was  possible  at  that  time  because  of  development  of  flotation  gyro- 
scopes, proposed  in  1946  by  Draper  (in  the  Soviet  Union  flotation 
gyroscopes  were  proposed  in  1945  by  L.  I.  Tkachev). 

During  the  past  few  years  considerable  attention  has  been 
devoted  in  the  non-Soviet  literature,  especially  in  American 
literature,  to  problems  of  inertial  navigation.  A large  number 
of  articles  devoted  to  individual  theoretical  and  engineering 
problems  of  inertial  navigation  have  been  published  in  various 
journals  and  several  monographs  have  been  issued.  The  most  signi- 
ficant of  these  investigations  have  been  translated  into  Russian. 

In  1958  the  Foreign  Languages  Publishing  House  published  i book 
by  research  associates  W.  Rigley,  R.  Woodberry,  and  J.  Govorky  of 
the  Massachusetts  Institute  of  Technology  entitled  "Inertial 
Navigation".  In  1964  translations  of  K.  L.  MacClure's  book 
"Inertial  Navigation  Theory"  (Nauka  Publishing  House)  and  the 
collection  "Inertial  Control  Systems",  edited  by  D.  Pittman 
(Voyenizdat)  were  also  published. 
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During  the  past  few  years  a number  of  articles,  including 
several  investigations  of  A.  Yu.  Ishlinskiy  in  which  the  fundamen- 
tals of  a strict  theory  of  inertial  systems^  have  been  outlined, 
have  been  published  in  the  Soviet  periodical  literature  on  the 
problems  of  inertial  navigation.  In  1961  the  Publishing  House  of 
Physicomathematical  Literature  published  G.  0.  Fridlender's  book 
"Inertial  Navigation  Systems"  and  in  1962  the  Sovetskoyeradio 
Publishing  House  published  I.  A.  Gorenshteyn,  I.  A.  Schul'man,  and 
A.  S.  Safaryan's  book  "Inertial  Navigation". 

It  should  be  noted  that  the  numerous  investigations  on  the 
problems  of  the  theory  of  inertial  systems  published  in  the 
periodical  press  are  usually  of  an  unrelated  nature,  and  in  the 
greater  part  of  them  there  is  lacking  a clear  statement  of  the 
problems  and  the  required  strictness  of  their  solution.  The  mono- 
graphs enumerated  above  are  limited  to  consideration  of  individual 
classes  of  inertial  systems.  As  a rule,  various  types  of  simpli- 
fications of  the  structure  of  inertial  systems  and  the  laws  of 
motion  of  an  object  are  introduced  from  the  very  beginning.  Because 
of  this,  the  exposition  falls  into  separate  and  usually  unrelated 
parts,  the  community  of  the  basic  principles  of  inertial  navigation 
is  obscured,  and  the  theoretical  results  obtained  are  sometimes  un- 
suitable for  rough  approximation.  Introduction  of  a priori  sim- 
plifications is  usually  explained  by  the  insurmountable  complexity 
of  precise  consideration. 

At  the  same  time  the  continuous  increase  in  the  demands  on 
accuracy  of  inertial  navigation  systems  forces  consideration  of  the 

finer  and  finer  circumstances  of  their  operation,  such  as  the 
asphericity  of  the  earth's  shape,  the  eccentricity  of  its  gravita- 
tional field  etc,,  and  leads  to  the  necessity  of  detailed  analysis  of 
the  dynamics  of  their  perturbed  operation.  The  desire  for  univer- 
sality leads,  on  the  other  hand,  to  rejection  of  the  simplifications 
possible  during  development  of  a navigation  system  for  a fully 
defined  object. 


In  this  book  the  author  sets  himself  the  task  of 
systematic  and  strict  exposition  of  the  theoretical  operational 
bases  of  inertial  navigational  systems  from  a common  viewpoint 
without  a priori  simplifications  and  limitations,  determined  by  the 
level  of  present  technology.  The  methods  of  analyzing  the  opera- 
tion of  inertial  navigation  systems 1 used  by  the  author1  are  the 
development  of  the  ideas  contained  in  the  investigations  of  aca- 
demician A.  Yu.  Ishlinskiy.  The  basis  of  the  book  were  the  author's 
articles,  published  during  the  past  few  years  in  journals  of  the 
USSR  Academy  of  Sciences:  Prikladnaya  Matematika  i Mekhanika  and 

Izvestiya  AN  SSSR  (serii  Mekhanika  and  Tekhnicheskaya  Kibernetika) . 

The  examples  which  concern  schematic  solutions  and  numerical 
evaluations  are  constructed  on  the  basis  of  data  from  foreign 
publications. 

Main  attention  is  devoted  in  the  book  to  the  equations  of 
ideal  operations  (unperturbed  functioning)  of  inertial  systems, 
which  determine  their  structure,.  andf to  equations  of  inertial 
navigation  system  errors,  an  analysis  of  which  permits  evaluation  of  the 
operating  stability  of  the  system  and  establishment  of  the  rela- 
tionship between  the  errors  of  the  elements  and  the  accuracy  of 
determining  the  navigational  parameters  of  the  object:  the  current 
coordinates  of  position  and  its  orientation  in  space.  Problems 
of  autonomous  preparation  of  inertial  systems  for  operation  are 
also  considered.  The  book  is  devoted  to  the  theory  of  autonomous 
inertial  systems.  The  problems  related  to  drawing  up  additional 
information  and  correction  of  inertial  systems,  are  considered  in 
another  book  of  the  author  (inertial  Navigation  Theory  (Corrected 
Systems) ) which  is  directly  related  to  the  present  book  and  which 
was  published  immediately  after  it. 


The  book  consists  of  seven  chapters. 
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In  the  first  chapter  the  theoretical  and  mechanical  bases 
of  inertial  navigation  are  outlined,  the  equations  of  accelero- 
meter operation  are  derived,  the  precession  theory  of  gyroscopic 
devices  for  inertial  systems  is  presented,  the  basic  equation  of 
inertial  navigation  is  found  and  the  general  principles  of  con- 
structing an  inertial  navigational  system  and  the  problems  of  the 
theory  of  these  systems  are  discussed. 

In  the  second  chapter  the  necessary  data  on  the  shape,  gravi- 
tational field  and  motion  of  the  earth  are  presented.  The  main 
point  in  this  chapter  is  the  derivation  of  expressions  from  the  solution 
of  the  Stokes  problem  for  projections  of  the  earth's  gravitational 
field  intensity  onto  its  body  axes. 

The  third  chapter  contains  derivation  of  equations  of  the 
ideal  operation  of  an  arbitrary  inertial  system,  first  for  cal- 
culation of  Cartesian  and  then  for  calculation  of  curvilinear  co- 
ordinates. The  various  special  cases  and  examples  for  the  more 
commonly  used  coordinates:  geocentric,  geographic  and  orthodromic, 
are  also  presented  and  an  example  of  non-orthogonal  curvilinear 
coordinates  is  also  given.  The  theory  of  so-called  gravimetric 
systems,  which  do  not  contain  gyroscopes,  is  also  outlined  in 
this  chapter. 

The  derivation  and  transformation  of  the  equations  of  inertial 
navigation  systems  errors  are  presented  in  the  fourth  chapter. 

Both  equations  of  coordinate  errors  and  equations  of  orientation 
errors  are  considered.  The  problem  of  reducing  the  errors  of  the 
inertial  system  elements  to  equivalent  instrumental  errors  of  the 
main  sensitive  elements  - accelerometers  and  gyroscopes  - is  given 
special  consideration. 

In  the  fifth  chapter  the  common  properties  are  considered, 
the  stability  and  integration  of  error  equations  are  investigated 
and  the  relationship  of  errors  in  calculating  the  location  of  an 
object  and  its  orientation  to  the  instrumental  errors  of  the  elements 
is  considered.  The  case  of  Kepler  motion  of  an  object  is  given 
special  consideration. 


The  sixth  chapter  is  devoted  to  the  theory  of  inertial  navi- 
gation on  the  earth's  surface.  Both  inertial  systems  with  three 
arbitrarily  oriented  accelerometers  and  those  with  two  horizontally 
positioned  accelerometers  are  considered.  The  latter  are  compared 
to  Schuller's  pendulum  - gyroscopic  systems,  the  strict  theory  of 
which  is  also  presented  in  this  chapter. 

Finally,  in  the  last,  the  seventh  chapter,  the  problems  related 
to  autonomous  preparation  of  an  inertial  system  for  beginning  of 
operation  in  the  case  of  a fixed  starting  point  with  respect  to  the 
earth,  are  considered. 

For  purposes  of  compactness,  the  exposition  is  performed 
primarily  in  a vector  form,  and  the  elements  of  tensor  calculus 
are  employed  when  considering  curvilinear  coordinates.  The  final 
results  are  usually  written  in  a scalar  form.  References  to  the 
literature  are  given  in  footnotes  and,  moreover,  a bibliography 
is  presented  at  the  end  of  the  book. 

The  author  is  aware  that  the  book  is  not  devoid  of  deficien- 
cies. Some  results  could  apparently  be  obtained  by  simpler  means; 
improvements  in  the  portion  of  selecting  the  sequence  of  outlining 
the  individual  problems  are  also  probably  possible.  Critical 
comments  and  desires  of  the  readers  will  be  gratefully  accepted. 

The  author  feels  it  his  pleasant  duty  to  express  deep  grati- 
tude to  A.  Yu.  Ishlinskiy  for  unflagging  attention  and  assistance 
in  the  work  on  the  book.  The  author  also  thanks  Ye.  A.  Devyanin, 

I.  V.  Novozhilov  and  N.  A.  Parusnikov  for  participating  in  the 
discussion  of  individual  sections  of  the  book. 
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The  author  did  not  set  himself  the  task  of  presenting  a 
complete  survey  of  the  history  of  development  of  the  ideas 
of  inertial  navigation.  This  task  is  specific  in  itself  and 
can  be  the  subject  of  a separate  investigation.  There  is 
apparently  a need  for  such  an  investigation.  Ths  is  es- 
pecially indicated  by  publication  of  H.  Helman's  article 
"Development  of  Inertial  Navigation"  in  the  American  journal 
Navigation  (Vol.  9,  No.  2,  1962).  Problems  of  the  history 
and  priority  are  illuminated  unilaterally  and  inaccurately 
in  this  article.  References  to  a number  of  other  well-known 
investigations  of  Soviet  authors  are  lacking  in  it.  The 
main  references  from  these  investigations  are  indicated  in 
the  bibliography  at  the  end  of  this  book.  Of  course,  the 
list  does  not  claim  to  be  complete. 

See,  for  example!  Ishlinskiy,  A.  Yu.  "On  the  Theory  of  the 
Gyrohorizon  - Compass,"  Prlkladnaya  Matematlka  i Mekhanika 
Vol.  20,  No.  4,  1956;  "Equations  of  the  Problem  of  Calculating 
the  Location  of  a Moving  Object  by  means  of  Gyroscopes  and 
Accelerometers,"  Prikladnaya  Matematika  i Mekhanika  Vol.  21, 
No.  6,  1957. 
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Chapter  1 


Theoretical  and  Mechanical  Bases  of  Inertial  Navigation:  Sensing 

Elements,  the  Fundamental  Equation  of  Inertial  Navigation  and  the 
Principle  of  Constructing  Inertial  Navigation  Systems 

i 1.1.  The  Overall  Characteristics  of  the  Method  of  Inertial 
Navigation 

The  main  task  of  any  navigation  method  is  to  determine  the 
location  of  the  object,  i.e.,  to  determine  the  coordinates  of 
some  point,  for  example,  of  the  center  of  mass,  in  a given  system 
of  reference.  The  problem  of  an  inertial  navigation  system  usually 
includes  calculation  of  the  rates  of  variation  of  these  coordinates 
and  also  calculation  of  the  parameters  which  characterize  orienta- 
tion of  the  object  in  a given  system  of  reference  and  calculation 
of  the  variation  of  orientation  parameters. 

The  principal  characteristic  of  the  inertial  method  of  navi- 
gation includes  the  fact  that  the  coordinates  of  the  object  are 
obtained  essentially  by  integration  of  the  equation  of  motion  of 
its  center  of  mass  in  the  absolute  (inertial)  system  of  coordinates. 
The  vector  of  the  composite  force,  applied  to  the  object, which  is 
required  for  integration  of  this  equation,  is  determined  by  the 
indications  of  special  devices  - accelerometers  (specific  force 
sensors)  - in  the  form  of  projections  onto  the  directions  of  their 
axes  of  sensitivity.  The  axes  of  sensitivity  of  accelerometers 
are  oriented  into  the  inertial  system  of  coordinates  by  using 
gyroscopes  or  by  the  indications  of  the  accelerometers  themselves. 

The  inertial  (Galilean)  system  of  coordinates,  in  which 
Newton's  laws  of  dynamics  are  valid,  is  the  main  system  of  refer- 
ence in  inertial  navigation. 


The  indicated  circumstances  are  more  typical  for  the  method 
of  inertial  navigation  and  it  is  associated  with  them  by  its  name. 

5 1.2.  The  Operating  Principle  and  the  Equations  of  Operation 
of  the  Accelerometer  (Specific  Force  Sensor) 

The  idealized  scheme  of  a spatial  accelerometer  can  be  repre- 
sented (Fig.  1.1)  in  the  form  of  a mass  point  m,  suspended  in  the 
housing  of  a device  in  a three -stage  weightless  elastic  suspension. 


Fig.  1.1 

To  derive  the  equations  of  operation  of  the  accelerometer 

let  us  introduce  a right-hand  orthogonal  system  of  coordinates 

0 Son*?:*  - some  inertial  (Galilean)  system  in  which,  by  definition, 

2 

Newton's  laws  arc  valid.  Selection  of  the  position  of  point  0^ 
and  orientation  of  the  axis  are  not  subject  to  any  other 

conditions. 

Let  the  accelerometer  housing  move  arbitrarily  in  this  co- 
ordinate system.  Let  us  consider  the  motion  of  point  O,  in  which 
the  sensitive  mass  of  the  accelerometer  is  concentrated.  The 
sensitive  mass  of  the  accelerometer  is  obviously  affected  only 
by  the  sum  Fj,  of  the  Newtonian  forces  of  attraction  of  the  sensitive 
mass  by  the  entire  aggregate  of  celestial  bodies,  including  strictly 
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speaking,  the  attraction  by  the  masses  of  the  object,  in  which 
the  accelerometer  is  installed,  and  force  t,  which  is  determined 
by  elastic  deformation  of  the  suspension.  Thus,  if  rQj  is  the 
radius  vector  of  point  0 in  the  inertial  system  of  coordinates, 
then  the  equation  of  motion  of  point  0 has  the  form: 


m 


(l.D 


The  differentiation  in  equation  (1.1)  is  absolute,  i.e., 
dlr0j/dtl  is  the  absolute  acceleration  of  point  0 in  the  coordinate 
system 


To  an  observer,  bound  to  the  housing  of  the  accelerometer, 
the  only  effect  on  the  sensitive  mass  m of  the  accelerometer  is 
that  of  the  elastic  forces  of  the  suspension,  while  the  parameters 
which  characterize  this  effect  are  the  magnitudes  of  deformation 
of  the  suspension,  whose  function  is  elastic  forces.  Only  the 
extent  of  deformation  of  the  suspension  can  be  measured  and  these 
deformations  are  the  indications  of  the  accelerometer. 

By  assuming  that  deformation  is  small  and  assuming  that  force 
{ is  proportional  to  the  vector  n of  deformation  of  the  suspension, 
we  have: 


ft- 9 kn 


(1.2) 


The  equality  (1.2)  assumes  the  isotropy  of  the  elastic  prop- 
erties of  the  suspension.  The  three-dimensional  suspension  depicted 
in  figure  1.1  satisfied  this  condition  at  small  deformations. 


Having  taken  for  simplicity  the  ratio  m/k  equal  to  unity,  we 
find  from  equation  (1.1)  the  following  expression  for  calculating 
the  value  measured  by  a three-dimensional  accelerometer: 


If 


m ill > ' 'ru:> 


(1.3) 
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Here  F=Fj,/m,  where  F is  the  attractive  force  acting  per  unit 
of  sensitive  mass,  i.e.,  the  intensity  of  gravity  at  point  0. 

Thus,  the  specific  force,  i.e.,  the  effective  force  of  sus- 
pension per  unit  of  sensitive  mass,  is  measured  by  means  of  an 
accelerometer.  It  is  equal  to  the  difference  of  acceleration  of 
the  sensitive  mass  and  of  the  intensity  of  gravity  at  the  point 
of  the  current  location  of  this  mass. 


•.  ( 


Other  names  of  the  described  device  are  often  used  in  the 

literature  - accelerometer  and  specific  force  sensor.  The  first 

name,  and  to  a known  degree  the  traditional  one,  does  not 

accurately  reflect  the  physics  of  operation  of  the  device.  The 

term  specific  force  was  introduced  by  Draper.  The  name  specific 

force  sensor  or  the  specific  force  meter  accurately  corresponds 

to  the  value  measured  by  the  device.  We  will  usually  employ  the 

2 

term  newtonometer,  introduced  by  A.  Yu.  Ishlinskiy.  This  name 
correctly  reflects  the  essence  of  operation  of  the  device  as  a 
force  meter  (the  name  Newton  has  been  given  to  the  unit  of  force 
in  the  international  system  of  units). 

In  the  diagram  shown  in  Figure  1.1,  where  the  three-dimensional 
elastic  suspension  is  realized  by  three  pairs  of  springs,  the  in- 
dications of  the  newtonometer  will  be  numerically  equal  to  the  values 
of  projections  ne  of  vector  n to  unit  vectors  es  of  the  spring 
axes  s 

n,  «*»•#, 

(1.4) 

The  actual  designs  of  newtonometers  are  usually  single-com- 
ponent. An  idealized  diagram  of  a one-component  linear  (axial) 
newtonometer  is  shown  in  Figure  1.2.  The  sensitive  mass  of  this 
newtonometer  has  one  degree  of  freedom  with  respect  to  the  housing 
and  can  move  only  in  a straight  line,  called  the  axis  of  sensi- 
tivity.  It  is  along  this  axis  that  the  reactive  force  of  the  spring 
of  the  suspension,  deformation  of  which  is  being  measured,  acts  on 
the  sensitive  mass.  It  is  easy  to  see  that  in  this  case  the  reading 
of  the  newtonometer  will  also  be  numerically  equal  to  the  projection 
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of  vector  n to  the  direction  of  the  axis  of  sensitivity  e. 


7 

*i$.  1.2 

Along  with  linear  newtonometers,  so-called  pendulum  newton- 
ometers  are  used.  An  idealized  diagram  of  a pendulum  newtonometer 
is  shown  in  Figure  1.3  and  is  a plane  physical  pendulum  (its  axis 
of  suspension  is  perpendicular  to  the  plane  of  the  diagram) , connec- 
ted to  the  housing  by  springs  whose  direction  of  axes  are  normal 
to  the  axis  of  suspension  and  the  axis  of  symmetry  of  the  pen- 
dulum. It  is  obvious  that  with  small  deformations  of  the  springs, 
i.e.,  at  small  deviations  of  the  pendulum  from  the  average  position, 
this  diagram  of  the  device  is  equivalent  to  a linear  newtonometer. 


v 

Fig. .1.3 

Schemes  of  newtonometers,  called  integrating  newtonometers 
or  integrator-newtonometers  are  possible  in  which  the  readings  of 
the  newtonometers  are  proportional  to  the  integrals  or  even  to 
double  integrals  of  ng  in  time.  These  schemes  are  completely 
equivalent  to  that  of  f linear  newtonometer:  the  first  (or, 
accordingly,  the  second)  time  derivative  of  their  readings  is 
equal  to  n and  is  calculated  by  equations  (1.3)  and  (1.4). 
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In  the  considered  schemes  of  newtonometers  (Figures  1.1,  1.2 
and  1.3),  the  elastic  suspension  of  the  sensitive  mass  is  provided 
by  using  mechanical  springs.  In  real  designs  of  newtonometers 
elastic  (restoring)  forces  of  a different  nature,  most  often  elec- 
tromagnetic forces,  are  usually  employed.  However,  this  circum- 
stance is  unimportant  to  explain  the  principle  of  operation  of  the 
newtonometer  and  to  derive  equations  (1.1)  and  (1.3).  Therefore, 
henceforth  only  a mechanical  elastic  (spring-loaded)  suspension 
will  be  considered.  Let  us  note,  incidentally,  that  the  condition 
of  smallness  of  deformation  of  the  elastic  suspension  of  the  new- 
tonometer is  not  the  principal  one  and  we  can  disregard  it.  Of 
course  the  presence  of  a linear  dependence  between  deformation 
and  the  elastic  force  of  the  suspension  is  also  not  compulsory. 

This  function  should  be  only  single-valued.  However,  henceforth 
for  purposes  of  simplicity,  the  relationship  of  deformation  and 
force  will  be  assumed  to  be  linear,  which  does  not  negate  the 
essence  of  the  consideration. 

As  already  noted,  real  designs  of  newtonometers  are  one- 
component.  Three  one-component  newtonometers  whose  axes  of  sen- 
sitivity are  not  coplanar,  may  be  assumed  equivalent  to  a single 
three-dimensional  newtonometer?  Thus,  in  speaking  of  vector  n, 

we  will  henceforth  have  in  mind  equation  (1.3).  We  will  assume 
that  the  readings  of  the  newtonometers  are  the  projections  n 
of  vector  n to  unit  vectors  es  of  the  axes  of  sensitivity. 

The  readings  of  the  newtonometers  are  the  main  information 
which  is  used  in  inertial  navigation  systems.  The  accuracy  of 
operation  of  inertial  navigation  systems  is  determined  mainly  by  the 
accuracy  of  the  specific  force  measured  by  the  newtonometer.  There- 
fore, it  is  very  important  to  have  a distinct  concept  of  the  principal 
sources  of  errors  of  newtonometers.  The  first  of  them  is  related 
to  the  inaccuracy  of  measuring  the  extent  of  deformation  of  the 
springs,  which  is  the  carrier  of  information  about  the  magnitude 
of  the  elastic  force.  The  second  source  of  errors  is  determined  by 


the  fact  that  the  actual  dependence  of  the  extent  of  deformation 
on  the  magnitude  of  the  elastic  force  can  be  distinguished  from 
the  calculating  relation  used.  The  third  source  of  errors  may  be 
the  presence  of  unaccounted  for  forces,  acting  on  the  sensitive 
mass  of  the  newtonometer,  in  addition  to  the  force  of  elasticity 
of  the  suspension.  These  forces  may  be,  for  example,  forces  of  dry 
and  viscous  friction,  which  occur  in  the  device  when  the  sensitive 
mass  moves  with  respect  to  the  housing.  We  note  that  the  indica- 
ted categories  of  errors  generally  occur  in  any  measuring  device. 
Therefore,  we  can  be  concerned  with  them  not  only  in  the  case  of 
a mechanical  spring-loaded  suspension,  which  was  discussed  as  an 
example,  but  also  in  the  case  of  an  elastic  suspension  of  any 
nature.  This  in  itself  means  that  all  the  indicated  errors  can 
be  both  deterministic  and  random. 


The  essence  of  the  method  of  inertial  navigation  reduces  to 
integration  of  equation  (1.3).  Integration  of  this  vector  equation 
obviously  requires  conversion  to  three  scalar  equations,  which  can 
be  obtained  by  projecting  the  vector  equation  to  any  three  non- 
coplanar  directions,  Equation  (1.3)  is  valid  in  the  inertial  system 
of  coordinates  while  vector  n,  contained  in  this  equation, 

is  known  by  its  projections  ng  to  the  axes  of  sensitivity  eg  of 
the  newtonometers.  Thus,  the  Most  natural  conversion  to  scalar  equa- 
tions is  the  projection  of  equation  (1.3)  either  to  the  axes  of 

the  coordinate  system  0 £*n*C*  or  to  the  directions  of  the  axes  of 
■+  ^ 

sensitivity  eg  of  the  newtonometers.  It  would  be  simplest  if  the 

directions  of  e were  fixed  in  the  coordinate  system  0 C*n*C*» 

S 2 

for  example,  if  they  coincided  with  the  directions  of  the  axes 
of  this  coordinate  system. 


If  the  directions  of  eg  vary  their  orientation  in  the  co- 
ordinate system  0 £*n*C*,  then  one  must  know  at  each  instant  of  time 
the  position  of  the  directions  of  eg  with  respect  to  axes  C*n*C*. 

One  must  also  know  the  rates  of  change  of  the  directions  of  e in 

s 

the  coordinate  system  because  the  right  side  of  equation 

(1.3),  which  contains  the  second  derivative  d2r  /dt2,  is  projected 

-►  0 2 

to  the  movable  direction  of  e . 

s 
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§ 1.3.  The  Precession  Theory  of  Gyroscopic  Devices  of  Inertial 
Systems 

1.3.1.  The  Free  Gyroscope 

One  of  the  possible  methods  of  fixing  the  direction  of  the 
axes  of  sensitivity  of  newtonometers  in  the  inertial  system  of 
coordinates  or  to  obtain  information  about  the  position  of  these 
directions  and  the  rates  of  their  change  is  to  use  gyroscopic  de- 
vices. The  gyroscope,  like  the  newtonometer,  is  the  main  sensing 
element  of  the  inertial  navigation  system. 

Let  us  consider  the  operating  principle  and  the  equations  of 
operation  of  the  main  gyroscopic  devices  which  can  be  used  in 
inertial  systems. 

When  deriving  the  equations  of  operation  of  gyroscopic  devices, 

we  will  not  go  beyond  the  bounds  of  precession  theory.  This  theory 

makes  it  possible  to  obtain  the  relations  of  interest  to  us  simply 

and  clearly.  At  the  same  time  restriction  to  laws  of  the  precession 

theory  of  gyroscopes  only,  as  was  indicated  in  A.  Yu.  Ishlinskiy's 
4 

investigation,  does  not  lead  to  any  appreciable  errors  or  in- 
accuracies in  the  consideration  of  those  aspects  of  the  phenomena 
with  which  we  must  be  concerned.  The  operating  principles  are 
usually  selected  and  the  circuits  of  gyroscopic  devices  are  con- 
structed usually  on  the  basis  of  this  theory.  We  resort  to  the 
complete  equations  of  motion  of  the  gyroscope  in  most  cases  only 
to  provide  stability  of  operation  of  the  circuit  (the  stability 
of  the  operating  conditions  determined  by  precession  equations) 
ai  d the  smallness  of  deviations  of  real  from  precession  motion. 

Ii  those  cases  when  the  motion  of  the  gyroscope  within  the  en- 
vi  -ons  of  precession  motion  is  of  a pre-oscillation  nature,  the 
complete  equations  are  required  to  investigate  the  stability  of 
the  natural  oscillations  and  to  find  their  amplitudes,  respectively. 
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Henceforth,  when  outlining  the  theory  of  gyroscopic  devices 
of  inertial  navigation,  wo  shall  employ  the  methods  of  precession 
theory  in  the  form  developed  by  A.  Yu.  Ishlinskiy.^  In  this 
case  we  shall  assume  that  the  considered  precession  conditions  are 
stable  and  we  will  not  be  concerned  with  the  nature  of  the  tran- 
sient processes  which  provide  this  stability.  Let  us  also  note 
that  precession  theory  in  the  problems  which  will  be  subsequently 
investigated  yields  high  accuracy.  This  is  a result  of  the  cir- 
cumstance that  small  and  slow  time-variable  rates  of  precession 
are  being  considered. 

Let  us  consider  an  ideal  free  gyroscope  (figure  1.4) that 
is  a heavy  disc  rotating  at  constant  angular  velocity  and  Installed 
without  friction  in  a weightless  gimbol  suspension  with  three  degrees  of 
freedom.6  The  center  of  mass  of  the  disc  is  located  at  the  point 
of  intersection  of  the  suspension  axes,  which  are  assumed  to  be 
mutually  perpendicular.  The  rotational  axis  of  the  disc  coincides 
with  its  axis  of  symmetry. 


o 


The  equation  of  motion  (rotation)  of  a heavy  solid  with  respect 
to  a fixed  point  has  the  following  form  in  the  inertial  coordinate 
system  (the  theorem  of  angular  momentum): 
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where  K is  the  vector  of  angular  momentum  and  M is  the  vector  of 
the  total  moment  of  external  forces  with  respect  to  the  point  of 
the  suspension. 

It  is  assumed  in  precession  theory  that  the  angular  momentum 
of  a gyroscope  is  determined  only  by  its  natural  rotation  and  is 
always  directed  along  the  axis  of  its  figure.  Therefore,  by  de- 
noting the  moment  of  inertia  of  the  gyroscope  with  respect  to  the 
rotational  axis  by  C,  the  angular  velocity  of  natural  rotation 
by  w and  the  unit  vector  of  the  gyroscope  axis  (the  axis  of  natural 
rotation)  by  e,  we  will  have: 

— - (Cc*)=.  jh.  (i.r.)  (1«6) 


Assuming  that  the  kinetic  moment  of  the  gyroscope  is  con- 
stant and  denoting  it  by  H,  we  find  the  equation 


to  M 

•2T~7r  • 


(1.7) 


which  relates  the  rate  of  change  of  direction  of  vector  £ to  the 
external  force  moment. 


If  M equals  zero,  it  follows  from  expression  (1.7)  that 


dt 

di 


«0. 


f3*'o 


(1.8) 


Thus,  a free  gyroscope  maintains  a constant  direction  of  its 
rotational  axis  (the  axis  of  the  kinetic  moment)  in  the  inertial 
coordinate  system. 

If  three  free  gyroscopes  are  taken  and  the  directions  of 
the  axes  of  sensitivity  of  the  newtonometors  are  related  to  the 
directions  of  their  kinetic  moments,  for  example  by  aligning  them 
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identically  (es=cs),  and  if  the  directions  of  eg  are  combined  with 
the  directions  of  the  coordinate  axes  £*,n*  and  then  the  new- 
tonometer  readings  of  ng  will  be  projections  of  equations  (1.3)  to 
the  axes  of  the  inertialssystem  of  coordinates.  It  is  easy  to  see 
that  two  free  gyroscopes,  with  whose  axes  t ■>  of  £*  and  n*r  for 
example,  can  be  combined  are  sufficient.  The  equalities  e =c  , of 
course,  do  not  have  to  be  fulfilled.  It  is  sufficient  to  have 
only  two  free  gyroscopes  with  non-collinearly  arranged  kinetic  moments 
and  to  be  given  the  position  of  the  directions  of  the  axis  of  sen- 
sitivity of  e*g  with  respect  to  the  directions  of  their  kinetic 
moments.  The  position  of  the  directions  of  e is  completely  de- 
termined  by  this  in  inertial  space. 

In  real  designs  the  moment  M is  distinct  from  zero  because 
of  friction  in  the  suspension  axes,  residual  unbalance  of  the 
rotor, etc.  Therefore, 


rft  *i. 

~St  ~7T ' 

where  M*  is  the  perturbing  moment.  Consequently,  the  axis  of  the 
gyroscope  rotor  will  be  slowly  processed  (the  so-called  free  de- 
flection of  the  gyroscope)  by  varying  its  orientation  in  space 
with  time. 

We  note  *-hat,  along  with  the  effect  of  the  above  perturbing 

moments,  a number  of  effects  determined  by  the  characteristics 

of  the  dynamics  of  motion  of  a free  gyroscope  in  a gimbal  suspension 

and  related  primarily  to  the  effect  of  equatorial  moments  of  inertia 

of  the  gyroscope  rotor  and  the  moments  of  inertia  of  the  suspension 

7 

rings,  is  also  added  to  the  free  deflection. 


Let  us  consider  a gyroscope  (Figure  1.5),  mounted  on  a platform  in 
a suspension  with  two  degrees  of  freedom.  The  center  of  mass  of 
the  gyroscope  coincides  with  the  center  of  the  suspension.  The 
gyroscope  housing  is  connected  to  the  platform  by  a spring,  which 
creates  an  elastic  moment  around  the  axis  of  the  housing  as  it 
rotates  with  respect  to  the  platform. 


$ 

Fig.  1.5 

For  comparison  of  the  equations  of  motion  of  the  gyroscope, 
let  us  introduce  a right-hand  orthogonal  system  of  coordinates 
Oxyz,  bound  to  the  platform.  Let  us  locate  its  origin  in  the 
center  of  the  gyroscope  suspension,  let  us  align  the  y axis  along 
the  axis  of  its  housing  and  the  z axis  normal  to  the  plane  of  the 
platform.  Let  point  0 be  fixed  in  the  inertial  coordinate  system 
and  let  the  platform  rotate  arbitrarily  with  respect  to  this  point, 
so  that  projections  of  its  absolute  angular  velocity  u>  to  the 
x,  y and  z axes  are  ux,uy,  and  uz* 

Let  us  connect  the  trihedron  Qx  y z obtained  from  the  tri- 

i i l 

hedron  Oxyz  by  rotation  of  it  by  angle  6 around  the  y axis,  to  the 
gyroscope  housing.  Rotation  is  counter  clockwise  if  we  look  from 
the  end  of  the  y axis  (fig.  1.6),  so  that  the  vector  of  relative  angular 
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velocity  6 is  directed  along  this  axis. 


scope  housing  with  rotor.  Let  us  project  the  vector  equation  (1.5), 
given  in  the  inertial  system  of  coordinates,  to  the  mobile  x,  y 
and  z axes. 


Let 


I 

K ~'K,x  + K‘,y  + K,i. 


(1.10) 


where  Kx,  Ky 
axes,  and  x, 


and  K are  projections  of  vector  fc  to  the  x, 

4 2. 

y and  z are  the  unit  vectors  of  these  axes. 


y and  z 
Then, 


<K 


*.*  + k,y  + K,t  + AT.  + K,  A i K 


•n 
• m 


(1.11) 


(time  differentiation  is  denoted  by  the  dots).  Since  dx/dt,  dy/dt 
and  dz/dt  are  the  velocities  of  the  ends  of  the  unit  vectors  of  the 
mobile  coordinate  system,  we  have 


4r“w<* 


(1.12) 


Consequently, 

= M',*  ) »-»  X(K,*  +K, y + K.*)  (1.13) 


The  vector  Kx  x + Kyy+Kzz  is  the  derivative  of  vector  K,  if  we 
assume  that  the  coordinate  system  xyz  is  fixed  with  respect  to  the 
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inertial  system.  This  derivative  is  usually  called  the  local 
derivative  of  the  vector. 


Thus 


4*  = *+«X* 


(1.14) 


(K  is  the  local  derivative)  and  from  expressions  (1.14)  and  (1.5), 
we  find: 

(1.15) 

K„  — u\tK f ™ MJt 

Ky  -f-  m ,K , — MtKt « Mf, 

K , -f  c »,Ky — MyK„  — Af 


Limiting  ourselves  to  within  the  scope  of  precession  theory, 
let  us  take  into  account  during  calculation  of  K only  the  kinetic 
moment  M Qf  the  gyroscope  rotor. 

It  follows  from  Figures  1.5  and  1.6  that 

Kr~lli  In  A,  K,  = II  cosA,  (1*1  ) 

It  is  obvious  that  in  the  considered  case  the  moments  Mx, 

My  and  Mz  are  made  up  of  the  elastic  moment  of  the  spring  and  of 
the  moments  of  the  normal  reacticns  of  the  suspension  pins  of  the 
axis  of  the  housing.  By  noting  that  normal  reactions  do  not  create 
a moment  with  respect  to  the  y axis  of  the  suspension  and  by  assum- 
ing that  the  elastic  moment  is  proportunal  to  the  deformation  of 
the  spring,  i.e.,  to  angle  o,  we  find  from  relations  (1.15)  and 

(1.16)  : 


//  («,i,  sin  A — Mr  tiis  A)  -u  — kb, 

where  k is  the  proportionality  constant 


(1.17) 


Thus , 


o>,  sin  A — w,  cosA= 


(1.18) 
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then  from  equality  (1.17),  we  find: 


(1.19) 


® 83  TT  u*1' 


By  assuming  that  angle  6 is  small  and  by  assuming  cos  6=1  and 
sin  6=6,  according  to  equality  (1.18)  we  can  write: 


(1.20) 


If  now 

//«,  (1.21) 

then 

A«4'-.V  (1.22) 

Thus,  the  value  6 of  elastic  deformation  of  the  spring  is  propor- 
tional to  the  projection  of  of  the  absolute  angular  velocity 

of  the  platform  to  the  axis  x , and  if  6 is  small  and  if  condition 

* 

(1.21)  is  observed,  then  the  value  of  6 is  proportional  to  the 
projection  of  wx  of  the  absolute  angular  velocity  of  the  platform 
to  its  x axis.  The  value  of  the  clastic  deformation  of  the  spring 
can  obviously  be  measured.  The  considered  device  may  be  called 
a one-component  absolute  angular  rate  meter. 

1.3.3.  A two-component  single-gyroscopic  absolute  angular 
rate  meter.  Wo  can  show  that  two  components  of  absolute  angular 
velocity  of  the  platform  can  be  measured  with  certain  assumptions 
using  a single  gyroscope,  i.e.,  the  rate  of  variation  of  some 
direction  in  the  inertial  system  of  coordinates  can  be  measured. 

This  possibility  is  indicated  by  the  circumstance  that  a free 
gyroscope  maintains  a direction  of  the  vector  of  the  kinetic  moment, 
fixed  in  absolute  space. 
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Let  us  consider  a diagram  (Figure  1.7)  which  differs  from 
that  presented  in  Figure  1.5  by  the  fact  that  the  gyroscope  is 
mounted  on  a platform  in  a suspension  with  three  degrees  of  freedom. 
The  gyroscope  housing  is  connected  to  the  frame  of  the  gimbal  sus- 
pension by  a spring  whose  deformation  leads  to  generation  of  a 
moment  which  acts  on  the  housing  and  which  is  directed  along  its 
axis  (as  in  a one-component  meter).  The  frame  of  the  device  (the 
platform)  is  connected  to  the  housing  in  the  same  fashion.  Con- 
sequently, the  gyroscope  housing  is  mounted  in  a flexible  suspension 
with  two  degrees  of  freedom.  The  total  elastic  moment  of  the  sus- 
pension is  the  only  external  moment  which  acts  on  the  gyroscope. 

The  vector  of  the  elastic  moment,  divided  by  the  value  of  the 
kinetic  moment  of  the  gyroscope  H,  determines  the  rate  of  variation 
of  the  direction  of  the  gyroscope  axis  in  the  inertial  system  of 
coordinates  according  to  equation  (1.7).  Therefore,  the  projections 
of  the  absolute  angular  velocity  to  the  axes  of  the  housing  and 
frame  can  be  determined  by  measuring  the  values  of  the  deformation 
of  the  springs. 


Let  us  analyze  in  more  detail  the  operation  of  the  device. 

Let  us  connect  to  its  housing  a right-hand  orthogonal  system  of 
coordinates  Ox'y'z'  (Figure  1.8),  whose  origin  we  locate  in  the 
center  of  mass  of  the  gyroscope,  we  direct  the  y'  axis  along  the 
axis  of  the  frame,  and  we  locate  the  x'  axis  in  the  plane  in  which 
the  frame  is  located,  when  the  spring  of  its  suspension  is  not 
deformed.  Lot  us  connect  to  the  frame  the  coordinate  system  0Xyz' 
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obtained  as  a result  of  rotating  system  Ox'y'z'  by  an  angle  4 around 

the  y'  axis.  Let  us  also  introduce  the  coordinate  system  Ox  y z , 

111 

rigidly  bound  to  the  gyroscope  housing.  The  trihedron  Ox  y^z  is 
obtained  from  the  trihedron  Oxyz  by  rotating  the  latter  by  an  angle  62 
(Figure  1.8)  around  the  x axis,  which  is  coincident  with  the  axis 
of  suspension  of  the  housing. 


1’ 


Lot  us  now  make  use  of  the  theorem  of  the  kinetic  moment 
(equation  (1.5)],  having  applied  it  to  the  two  mechanical  systems: 
to  the  housing  of  the  gyroscope  and  to  the  frame  with  housing.  If 
the  values  contained  in  equation  (1.5)  are  denoted  for  the  first 
system  by  tf1  and  M1  and  those  for  the  second  system  are  denoted  by 
if2  and  t{2,  we  find: 


dn> 

u 


•>.11'. 


dK' 

iT 


Al 


(1.23) 


Equations  (1.23)  are  equivalent  to  two  systems  of  scalar  equations 
of  the  type  of  (1.15).  The  six  equations  obviously  permit  calcu- 
lation of  the  unknown  values  of  5 ,6  and  four  moments  of  the  normal 

1 2 

reactions  of  the  axial  supports  of  the  suspension  of  the  housing 
and  of  the  inner  gimbal. 

Since  we  are  primarily  interested  in  the  relationship  of  the 
values  of  6^  and  5^  to  the  elastic  moments  of  the  suspension,  we 
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can  project  the  equations  (1.23)  to  those  axes  with  respect  to 
which  the  normal  reactions  do  not  yield  moments.  For  the  gyroscope 
housing,  this  axis  is  the  x axis  of  the  housing  suspension  and  for 
the  housing-frame  system,  it  is  the  y(y')  axis  of  the  frame  sus- 
pension. Then,  according  to  equations  (1.15),  we  will  have: 

A’l-*  <../•! I (1.24) 

Since  only  the  natural  kinetic  moment  of  the  gyroscope  is 
taken  into  account,  we  have 

A)e?A)>=0.  A'}  c A'1,  “ - II  slnA.%  A‘J«=  Kl  = //cosA,.  (1.25) 


By  noting  that  moments  M1  , M*  are  created  only  by  the  springs 

x y 

of  the  suspension,  and  by  assuming  that  they  are  proportional  to  the 
deformations  of  the  latter, 


Al 


— A6j.  ‘"f — 


(1.26) 


we  find  from  equations  (1.24)  and  relations  (1.25)  the  dependence 
of  6j  and  62  on  «x,  and  uz  of  interest  to  us: 

(1.27) 

//(••I,  COS  i,  4 <,./slllft,)-o  k\,  I | 

Jj 


The  first  equation  of  (1.27)  is  similar  to  equation  (1.17), 
tnd  since 


u,  co*  ^ -J  <•>,  t>i  *=  «■»,,, 


(1.28) 


t can  be  written  in  the  form  of  equation  (1.19): 


(1.29) 
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Since 


+ Ai  — 


(1.30) 


then  it  follows  from  the  second  equation  of  (1.27)  that 


(1.31) 


If  we  assume  cos  6 = cos  6 =1,  sin  6 =6  and  sin  6 =6  , we  have 

i l ti  ii 

(1.32) 


..  w i*  i 

6,  = «0i+«i,  j 


If  we  required  that  the  following  equality  be  fulfilled 


(1.33) 


we  find 


//  » w 

&J=*  *l=f<V 


(1.34) 


Thus,  we  can  find  the  projections  of  and  u of  the 

x i y i 

absolute  angular  velocity  of  the  gyroscope  housing  to  its  axes 

according  to  equalities  (1.29)  and  (1.31)  from  the  results  of 

measuring  the  deformations  S and  6 of  the  elastic  suspension, 

1 2 

these  projections  coinciding  with  those  of  u and  w of  the  abso- 

x y 

lute  angular  velocity  w to  the  axis  of  the  housing  suspension  and 

to  the  axis  of  the  frame  at  small  values  of  5 and  5 and  if  the 

1 2 

requirements  of  (1.33)  are  fulfilled. 
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The  considered  device  can  bo  called  a two-component  singlc- 

8 

gyroscope  absolute  angular  rate  meter. 

1.3.4.  A three-dimensional  absolute  angular  rate  meter. 

Throe  one-component  meters,  structurally  connected  into  a single 
block  so  that  their  axes  of  sensitivity  form  an  orthogonal  trihedron, 
are  employed  more  often  than  other  schemes  for  measuring  the  absolute 
angular  velocity  of  a rotating  trihedron.  This  unit  is  a platform 
(Figure  1.9),  on  which  throe  gyroscopes  G , G^,  are  installed  in 
suspensions  with  two-degrees  of  freedom.  A right-hand  orthogonal 
coordinate  system  Oxyz,  whose  °2  axis  is  normal  to  the  plane  of  the 
platform,  is  connected  to  the  platform.  The  axes  of  the  housings 
are  parallel  to  the  plane  of  the  platform,  whore  the  x^  and  x^  axes 
of  the  housings  of  gyroscopes  G^  and  G^  are  parallel  to  the  x axis 
of  the  platform,  while  the  y^  axis  of  the  housing  of  gyroscope  G^ 
is  parallel  to  the  y axis  of  the  platform.  The  gyroscope  housings 
arc  connected  to  the  platform  by  springs  (they  are  not  shown  in 
Figure  1.9),  which  create  moments  around  the  axes  of  the  housings 
similar  to  that  which  occurred  in  a one-component  absolute  angular- 
rate  motor  (figure  1.5).  In  the  position  when  the  springs  are  not 
deformed,  vectors  H ^ and  of  the  kinetic  moments  of  gyroscopes 

G^  and  G^  arc  normal  to  the  plane  of  the  platform,  and  vector 
of  the  kinetic  moment  of  gyroscope  G ^ is  parallel  to  the  y axis. 


O, 


The  orientation  of  the  gyroscope  housings  with  respect  to 
the  direction  of  the  x,  y and  z axes  is  determined  by  the  position 

of  the  systems  °^2^2Z2'  ant*  03X3^3Z3  T^e  or^9*n 

of  each  of  those  systems  is  shifted  with  the  center  of  the  sus- 
pension of  the  corresponding  gyroscope,  the  z ,z  ,and  y^  axes  coincide 
with  vectors  11^,11^, and  of  the  kinetic  moments,  while  the  Xj/Xj* 
and  y^  axes  are  directed  along  the  axes  of  the  housings  of  the  corres- 
ponding gyroscopes.  As  was  already  noted,  when  the  springs  of  the 
suspensions  are  not  deformed,  the  z , z and  z axes  are  normal  to 

I 2 J 

the  plane  of  the  platform  (the  xy  plane).  In  the  general  case, 
these  axes  are  deflected  from  the  normal  toward  the  platform  by 
angles  6 ^ , 6^  and  respectively,  so  that  the  table  of  the  direc- 

tion cosines  between  axes  x , y , z j x , y and  z and  x , y and 

1 1 1 2 2 2 3 I 

z and  between  axes  x,  y and  z has  the  form: 

(1.35) 


*>  )‘i  h *, 

x I 0 0 (os  A, 

y 0 tnsA,  —sin A,  0 

l 0 iliiA,  t»jA,  — sin  A, 


ys  >>  * i y.  1 1 

0 UnA,  | 0 0 

1 0 0 tns A,  —slnA, 

Cl  cusA,  0 slnA,  utsAj, 


Let  point  0 (the  center  of  the  platform)  bo  fixed  in  the  in- 
ertial coordinate  system.  Then  the  motion  of  the  platform  consists 
only  of  rotation  around  point  O,  so  that  the  projections  of  the 
absolute  angular  velocity  u of  the  platform  to  the  x,  y and  z will 

be  to  , u and  u . 
x y z 

Let  us  compose  the  equations  of  motions  of  gyroscopes  G^, 
and  G in  projections  to  the  x,  y and  z axes,  having  applied  the 
theorem  of  the  kinetic  moment  to  each  of  the  three  gyroscope  housings. 

Projections  of  the  kinetic  moments  K1,  K‘ , K}  to  the  x,  y and 
z axes  are  found  by  using  the  tables  of  the  direction  cosines  (1.35), 
if  we  take  into  account  that  the  vectors  il  , l!  and  i?  of  the  kinetic 

1 2 3 
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moments  arc  directed  along  the  z , z ^ and  axes,  respectively. 
These  projections  are  equal  to: 


(1.36) 

— //,«lnV  A‘l«=  //(  ecu  A,. 

K*  «*  MjilnAj,  !<’,  *•  0,  H]  //jtosftj. 

1 A'j « //.tcni6|, 


By  projecting  the  equations  of  the  angular  momentum  for  gyro- 
scopes G^  and  to  the  x axis  and  that  for  gyroscope  to  the 
y axis,  we  find  according  to  equations  (1.15): 

(1.37) 

/,'Kro','1  + *l.*lnAl)«.M;i  | 

i>,  c o?  A,)  =.  ,l| ■ , I 
MilA,  - WjUijAj  ^ ,|/j  | 

We  note  that  the  moments  of  the  normal  reactions  of  the  supports 
are  not  contained  in  the  moments  M^,  and  M^.  Moreover,  since 
the  gyroscope  housings  are  assumed  to  be  balanced  with  respect  to 
the  axes  of  their  own  suspensions,  the  moments  of  gravitational 
forces  may  be  assumed  equal  to  zero.  However,  one  should  bear  in 
mind  that  in  the  previously  considered  cases  the  origin  of  the  ro- 
tating coordinate  system  Oxyz  coincided  with  the  center  of  the 
gyroscope  suspension  (and  with  its  center  of  mass).  In  the  case 
now  being  considered,  the  centers  0 , 0^,  0^  of  the  gyroscope  sus- 
pensions do  not  coincide  with  the  center  of  rotation  of  the  plat- 
form 0.  Therefore,  additional  forces  of  transient  motion  inertia 
and  Coriolis  forces,  which,  generally  speaking,  may  create  moments 
around  the  axes  of  the  housings,  act  on  the  gyroscope  masses. 

However,  because  of  the  small  distances  of  points  0 , 0 and  0 

12  3 

from  the  center  of  rotation  of  0 and  because  of  the  limitation  of 
values  wx,  Uy  and  uz,  these  moments  are  negligible.  Also  taking 
into  account  that  perturbing  moments  may  be  created  by  only  that 
portion  of  the  forces  of  inertia,  which  determines  the  inhomogeneity 
of  the  inertial  force  field  within  the  gyroscope  housing  rather  than 


/I 
/ \ 
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by  all  the  forces  of  inertia  because  of  the  balance  of  the  gyro- 
scopes, we  disregard  the  indicated  moments  as  is  accepted. 

Thus,  the  only  moments  applied  to  the  gyroscopes  along  the 
axes  of  the  housings  are  those  of  the  flexible  couplings  of  the 
suspensions.  By  assuming  that  they  are  proportional  to  the  defor- 
mation of  the  suspensions,  we  have: 

AlJ  = — M). 


By  substituting  these  expressions  into  equalities  (1.37)  we 


find 

oi,  cos  A, 
o>,sinA, 
sin  A4 


(1.38) 

sin  Aj  «■  •—  -^r-  A,t 
01,  COS  Ajsa  — Aj, 

(os  A,  — — jj-  6,. 


In  the  relations  (1.38),  as  follows  from  the  table  of  direc- 
tion cosines  (1.35), 


(1.39) 

lit,  sin  A,  -a 

Ill,  Sin  A j 01,  COS  Aj  srt  — 

01,  Sill  A,  — III,  rni  A , — 0l,t. 


so  that 


( 1 . 4 ° ) 

, ,)'i  — ,lti> (1  .■IQ) 


The  system  of  equations  (1.38)  s)iould  be  solved  to  find  the 
values  of  u u and  u from  the  known  values  of  6 , 6 and  6 . 

x y z ill 
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The  determinant  of  the  system  of  algebraic  equations  (1.38) 


with  respect  to  u , u and  to  is 


0 cojA,  jlnA, 

— cos  6,  0 slnA, 

0 sin  Aj  cusAj 


(1.41) 


« -cos  A,  cos  (A,  — AJ. 


This  determinant  is  equal  to  zero  when  the  following  equalities 
occur  separately  or  simultaneously 

A,-»,-±“.  (1.42) 


When  fulfilling  the  first  equality  of  (1.42),  the  vector 
of  the  kinetic  moment  becomes  parallel  to  the  y axis,  and  when  the 
second  equality  is  fulfilled,  the  vectors  of  the  kinetic  moments 
H ^ and  become  parallel. 


In  our  case  angles  6 , 6 and  6 are  small,  the  determinant 
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(1.41)  is  different  from  zero  and  the  system  of  equations  (1.38)  has 
a single-valued  solution: 


*1  , . A, „ 

- 77,  **  + TITATfo,  X 

x ( /,j  *>tos  ~ v,  A> "" '''')  • 
=■  — (v*7  S,n  H 7*/,'  *' tos  A ')  * 

w.  “ - Tos ar=fj { ii, A,tn' *'•  ~ v; A|  4|" *■•) 


fl.43) 


Wo  note  that  formulas  (1.43)  are  accurate.  Their  derivation 
did  not  require  restrictions  of  the  type  of  (1.21)  and  (1.33),  which 
were  introduced  in  one-  and  two-component  (simple  gyroscope) 
absolute  angular  rate  meters. 


If  the  values  of  angles  6 , 6 and  6 are  small,  then,  by 

12  3 

retaining  terms  of  the  second  order  of  the  smallness,  we  find,  from 
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formulas  (1.43) 


(1.44) 


A- 

“» **"  ~ 7/'r  *•  ~ 7*; 

“* P,6>+j,\\\- 


Thus,  the  relations 


'V, 


h„ 


*|  A 

7/ A 


A' 


(1.45) 


determine  the  projections  of  the  absolute  angular  velocity  of  the 
platform  to  its  axes  with  an  accuracy  up  to  terms  linear  with  re- 
spect to  6 , 6 and  6 . 

1 2 3 


We  note  that  the  arrangement  of  the  gyroscopes  presented  in 
Figure  1.9  is  not  the  only  one.  Other  arrangements  are  possible 
which  satisfy  the  condition  that  the  vectors 

If,  X »4  X Sj  (1 


form  an  orthogonal  set  of  three  (here  s , s and  s are  the  unit 
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vectors  of  the  directions  of  the  axes  of  the  gyroscope  housings). 

In  the  gyroscopic  indicators  of  absolute  angular  velocity  con- 
sidered above,  the  elastic  moments  around  the  axes  of  the  gyroscope 
suspension  were  created  by  using  the  springs.  In  real  designs 
these  moments  can  also  be  created  by  forces  of  different  origin, 
for  example,  by  electromagnetic  forces.  The  nature  of  the  re- 
storing moments  has  no  essential  significance  for  derivation  of 
the  relations  which  determine  the  operation  of  gyroscopic  velocity 
meters.  As  in  the  newtonometer  circuit,  the  clastic  moment  in  gyro- 
scopic absolute  angular  rate  meters  does  not  have  to  be  proportional 
the  the  angle  of  rotation  (deformation  of  the  spring).  If  the  de- 
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pendence  is  linear,  the  corresponding  relations  become  especially 
simple  and  principally  important  only  in  order  that  the  dependence 
of  the  elastic  forces  onto  the  corresponding  angles  be  known  and 
single-valued.  As  a measuring  device  the  gyroscopic  absolute 

i 

angular  rate  sensor  is  similar  in  many  ways  to  the  newtonometer. 

The  sources  of  errors  of  newtonometers  and  of  absolute  angular 
rate  meters,  in  particular,  are  similar  in  many  ways.  The  main 
errors  of  the  latter  are  related  to  inaccurate  sampling  of  the 
value  of  spring  deformation,  to  an  imprecise  knowledge  of  the 
actually  existing  dependence  of  the  value  of  the  elastic  moments 
onto  the  corresponding  deformations  (or  the  instability  of  this  de- 
pendence from  measurement  to  measurement)  and  to  moments  not  taken 
into  account. 


These  moments  are  caused  by  two  main  factors:  non-coincidence 
of  the  center  of  mass  of  the  gyroscope  to  the  center  of  its  sus- 
pension and  to  the  moments  of  dry  and  viscous  friction  in  the  supports 
of  the  axes  of  the  gyroscope  housings.  Besides  the  indicated  factors, 
certain  affects  related  to  the  dynamics  of  motion  of  the  gyroscopic 
measuring  device  in  the  gimbal  suspension  with  regard  to  the  mo- 

Q 

ments  of  inertia  of  the  wheels  of.  the  latter,  also  leads  to 

errors  of  the  measuring  device. 


All  these  errors  can  be  represented  in  the  form  of  certain 
perturbing  moments  m£x,  and  M®x,  which  act  along  the  axes  of 

the  housings  of  gyroscopes  G , and  G ^ . The  instrument  errors 
Ao)x,  AWy  and  Awz  of  the  absolute  angular  rate  meter  will  then  be 
equal  to: 


Am 


■ ~n 


tx  . Am# 


(1.47) 


It  is  also  necessary  to  bear  in  mind  another  circumstance.  When 
deriving  all  the  relations  for  angular  rate  meters  it  was  assumed 
that  the  natural  kinetic  moment  of  the  gyroscope  is  constant.  More- 
over, in  real  gyroscopes  the  constancy  of  the  rate  of 
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turning  of  the  rotor  with  respect  to  the  housing  can  of  course  be 
maintained  only  with  some  finite  accuracy,,  The  difference  of  the 
value  of  the  kinetic  moment  of  the  gyroscope  from  the  constant 
value  also  leads  to  errors  in  absolute  angular  rate  meters.  The 
nature  of  these  errors  is  easily  established  by  resorting  to  the 
initial  equation  of  angular  momentum  (1.5).  Since  only  the  natural 
kinetic  moment  of  the  gyroscope  was  taken  into  account  when  deriving 
the  equations  of  motion  of  angular  rate  meters,  then  by  introducing 
the  unit  vector  c of  the  direction  of  the  kinetic  moment  vector, 
we  find: 

//  = //„-!  Ml (/).  (1.48) 


whore  AH ( t ) 


is  variation  of  the  value  of  the  kinetic  moment.  Then, 


('MW)*  *-.,.1 


Ml. 


(1.49) 


It  follows  from  expression  (1.49)  that  variation  of  the  kinetic 
moment  H by  value  AH (t)  leads  to  the  fact  that  only  H+AH  instead 
of  H should  be  substituted  in  all  the  derived  equations,  because 
the  perturbing  moment  AH  is  immaterial  in  view  of  the  fact 

that  it  is  directed  along  the  gyroscope  axis. 

For  a free  gyroscope  some  (small)  variation  of  the  value  of  H 
of  course  has  no  significance  whatever. 

1.3o5.  Free  and  controlled  gyrostabilized  platforms.  In  con- 
clusion let  us  consider  yet  another  type  of  gyroscopic  device,  used 
to  maintain  fixed  orientation  in  an  absolute  space  bound  to  the 
gyroscopes  of  a trihedron  or  to  change  this  orientation  by  a given 
law.  We  have  in  mind  devices  which  are  called  gyrostabilized  plat- 
forms. These  devices  are  employed  extensively  in  view  of  a number 
of  their  inherent  advantages.  Without  familiarization  with  them, 
exposition  of  the  operating  principles  of  gyroscopic  orientation 
displays  would  be  essentially  incomplete. 
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A three-dimensional  gyro stabilized  platform  (Figure  1.10)  is 
a platform  mounted  in  a suspension  with  three  degrees  of  freedom. 
Three  gyroscopes  , G^  and  G^  are  secured  on  the  platform  in  sus- 
pensions with  two  degrees  of  freedom  in  the  same  manner  as  in  the 
previously  considered  three-component  absolute  angular  rate  meter 
(Figure  1.9).  Unlike  the  latter,  there  is  no  flexible  coupling 
of  the  gyroscope  housings  to  the  platform.  Sensors  DU  , DU^  and 
DU^  of  angles  6^,  6^  and  6^  of  rotation  of  the  axes  of  the  housings 
with  respect  to  the  platform  are  installed  along  the  axes  of  the 
housings.  These  attitude  sensors  control  operation  of  engines  En^, 
En^  and  En^,  which  create  moments  with  respect  to  the  axes  of  the 
gimbal  suspension.  In  the  case  of  a controlled  platform,  moment 

t 

sensors  DM^,  DM^  and  DM^,  by  means  of  which  given  (control  or  correc- 
ting) moments  are  transmitted  to  the  gyroscopes  of  the  platform,  are 
installed  along  the  axes  of  the  housings.  The  attitude  and  moment 
sensors  are  denoted  only  by  gyroscope  G^  in  Figure  1.10. 
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Let  us  introduce  the  right-hand  orthogonal  coordinate  systems 


Ox'y'j',  Ox"y’t"  ....  i Oxyi, 

bound  to  the  base  on  which  the  gimbal  suspension  of  the  platform 
is  installed,  to  the  outer  ring  of  the  gimbal  suspension,  to  the 
inner  ring  of  the  gimbal  suspension  (to  the  outer  ring  of  the  ring 
mounting,  Figure  (1.10)  and  to  the  platform,  respectively. 

The  xQ  axis  is  directed  along  the  axis  of  the  outer  gimbal 
ring.  The  y*  and  z„  axes  form  a right-hand  orthogonal  set  of  three 
with  the  x*  axis. 

/• 


The  coordinate  system  Ox'y'z*  (Figure  1.11)  is  obtained  by 
rotating  the  coordinate  system  Ox*y*z*  around  the  x*  axis  by 
angle  a.  Counterclockwise  rotation  is  assumed  to  be  the  forward 
direction  of  rotation  if  we  look  from  the  end  of  the  x*  (x')  axis. 

Thus,  the  relative  angular  velocity  vector  a coincides  with  the  direc- 
tion of  the  x*  (>:')  axis.  The  position  of  the  y'  axis  determines 
the  direction  of  the  axis  of  the  inner  suspension  ring.  If  a=o, 
the  coordinate  system  Ox'y'z'  accordingly  coincides  with  the  coordinate 
system  Ox*y*z*,  bound  to  the  base. 

Trihedron  Ox"y"z"  (Figure  1.12)  is  obtained  from  trihedron 
Ox'y'z'  by  rotating  it  by  angle  3 around  the  axis  Oy'  (the  axis  of 
the  inner  suspension  ring) . The  vector  $ of  the  relative  angular 
rate  of  rotation  is  directed  along  axis  y'(y").  Axis  z"  of  tri- 
hedron Ox"y"z"  coincides  with  the  normal  to  the  plane  of  the  plat- 
form. 
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To  convert  to  the  coordinate  system  Oxyz  (Figure  1.13),  the 
trihedron  Ox"y"z"  should  be  rotated  by  angle  y around  the  z"  axis, 
which  obviously  corresponds  to  rotation  of  the  platform  by  angle  y 
with  respect  to  the  outer  band  of  the  ring  mounting.  Rotation 
counterclockwise  is  assumed  to  be  positive  if  looking  from  the  end 
of  the  z"  axis.  Vector  y of  the  relative  angular  rate  of  rotation 
is  directed  along  the  z" (z)  axis. 


The  relative  positions  of  the  coordinate  systems  Ox*y*z*, 
Ox'y'z',  Ox"y"z"  and  Oxyz  is  determined  by  the  following  tables 
of  direction  cosines 

(1.50) 


*'  y'  t' 

x,  i o o 

y,  0 <oi  a — sin  (i 
M9  0 tin  a cosu 


xT  f z* 
x*  <os0  0 slnfl 
y'  o io 
*'  — ilnp  0 <os0 


x y t 

X*  <05  V — tin  V 0 

)T  **"Y  <os  yO 

o or 


The  vectors  of  the  moments  of  the  engines  En  , En  and  En 

t z 3 

are  directed  along  the  axes  x*(x'),  y’(y")  and  z" (z)  which  are  the 

axes  of  the  platform  suspension.  The  engine  housings  are  installed 

on  the  base  (object)  (En  ),  on  the  outer  cardan  ring  (En  ) and  on 

i z 

the  platform  ( En  ) , respectively. 
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This  position  of  the  gyroscopes  on  the  platform  (relative 
to  the  bound  system  of  coordinates  oxyz)  is  the  same  as  in  the  case 
of  a three-component  absolute  angular  rate  meter  (Figure  1.9). 

Therefore,  to  determine  the  position  of  the  gyroscope  housings  re- 
lative to  the  x,  y and  z axes,  the  trihedrons  Oxyz,  xyz 

11112222 

and  Oxyz,  bound  to  them,  whose  orientation  in  the  coordinate 

13  3 2 

system  Oxyz  is  given  by  the  table  of  direction  cosines  (1.35),  may 
be  retained. 

Let  the  center  of  the  platform  suspension  - point  0 - be  fixed 
in  the  inertial  coordinate  system  and  let  the  projections  to  the 
x,  y and  z axes  of  the  absolute  angular  rate  u of  the  platform  in 
its  motion  with  respect  to  point  0 be  and  u>z. 

To  construct  the  equations  of  motion  of  a gyrostabilized  plat- 
form, six  mechanical  systems  should  be  considered:  1)  the  device  as 
a whole,  2)  the  inner  gimbals  that  which  is 

distributed  on  it,  3)  the  platform  together  with  the  gyroscopes 
mounted  on  it,  4)  the  housing  of  gyroscope  G , 5)  the  housing  of 
gyroscope  G^,  and  6)  the  housing  of  gyroscope  G ^ . The  motion  of 
these  systems  completely  determines  the  motion  of  all  parts  of  the 
device  both  relative  to  the  inertial  system  of  coordinates  and 
relative  to  each  other. 

The  theorem  of  the  kinetic  moment  [equation  (1.5)  ] is  used  to 
compile  the  equations  of  motion.  Having  applied  it  to  each  of  the 
systems  being  considered,  we  find: 

(1.51) 

« At'  (l»  I,  2.  3.  4.  5.  fi) 
at 

The  system  of  equations  (1.51)  is  equivalent  to  18  scalar  equations, 
of  which  in  the  general  case  18  unknowns  can  be  determined:  six 
angles  a,ii,y,6  ,6  and  6 and  12  moments  of  the  normal  reactions 

12  3 

of  t.he  supports  of  six  axes  ( three  gimbal  axes  of  the  platform 

and  three  axes  of  suspension  of  the  gyroscope  housings  on  the  platform) . 
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However,  on  the  basis  of  equations  (1.51),  we  can  find  those  six 
relations  into  which  the  moments  of  normal  reactions  do 
not  enter.  To  do  this,  we  should  obviously  project  the  i-th  equation 
of  (1.51)  to  the  direction  p1,  so  that  the  projection  of  the  vector  of 
the  moment  of  normal  reactions  in  this  direction  is  equal  to  zero. 

According  to  relations  (1.15)  and  (1.51),  this  type  of  equa- 
tion will  have  the  forms 

(ifjL  + „,*}  - cos  (x? i«')  + 

‘+[~7tL  f u.Ki  — + 

+ [~7T  + “•*»  - I ) tos  ('•'i *”■ 

>r.ll|lOs(t.  H')  + ‘MN0‘(»-  M<)4‘''l«t0S(?'  I1') 

Since, 

Alito$(xrii')  + '»lJtoj(yTl,,)+  AlJcoj(*TV)  = 


(1.52) 


(1.53) 


then  we  can  select  the  directions  of  the  suspension  axes  for  the 
directions  of  \i  . 

As  before,  on  the  basis  of  precession  theory,  when  calculating 
K1,  we  take  into  account  only  the  natural  kinetic  gyroscopic  moments. 
By  noting  that  all  three  gyroscopes  are  contained  in  the  first  three 
systems  into  which  we  divided  the  considered  device,  we  conclude 
that 


K'=*K1~K'  = K’. 

As  already  noted,  this  position  of  the  gyroscopes  of  the 
investigated  device  with  respect  to  the  x,  y and  z axes  is  similar 
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to  the  disposition  which  occurred  in  the  previously  considered  three- 
component  absolute  angular^rate  meter.  Therefore,  when  looking  for  the 
projection  of  the  vector  K'  to  the  x,  y and  z axes,  we  can  use  ex- 
pressions (1.36)  to  project  the  kinetic  moment  of  each  gyroscope 
to  these  axes.  By  totalling  the  corresponding  projections  and  by 
assuming  for  simplicity 


//|  = //j  « II, 


we  f ind 


//slnAj.  kj  e=  //( — sin  At  -f*  cos  A j). 
= W(cosA,  f-cosAj  — sin  6,). 


(1.54) 


Let  us  take  the  direction  of  axis  Ox* (Ox1)  of  the  outer 
gimbals  of  the  device  as  the  direction  of  u1  for  the  first 

system.  The  cosines  of  the  angles  of  this  axis  with  the  x,  y and  z 
axes,  according  to  the  tables  (1.50),  are  equal  to: 

(1.55) 

cos(jf,  x)«cospcos  y.  *os(jc  , y)*~  — cos  p sin  y. 

tos(jc\  *)=«slnp. 

By  substituting  expressions  (1.53),  (1.54)  and  (1.55)  into 
equality  (1.52),  we  find  the  equation  of  motion  of  the  first  system: 

(1.56) 

"{[*  sin 4, -f  w, (cos A,  -f-  cos  A, -f-  sin 6,)  — 

— «,(-  sin  A,  +cos6j)j  cos  p cosy—  [■—  (— slnA,  + cosAj)-f 
g m,  sin  A,  — w,  (cos  A, -(  cos  A,  1 sin 6,)J  cosf  sin y4- 
-f  (cos  6,  4- cos  A,  (- sin  A,)  -f  <■>,(—  sin  A,  -f-  cos  A,)  — 

— ti,  slnA,jsln|lJ-— 
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Lot  us  take  the  direction  of  the  y'  axis  of  the  inner  ring 
as  the  direction  of  j:  for  the  second  system.  Taking  into  account 
that 

, ^ (1. 57) 

co»(y,  *)t=»lny.  cus(y,  yjncoiy.  inj(y'.  *)  = 0, 


we  find  the  equation  of  motion  of  the  second  systems 

(1.58) 

II J | ~ shifty -f- oi(  (Col A,  f-C(  »A;  $lli iSj)  — 

— w,(  — sin  A,  -f-  tot  *,lj  sin  v -t  [ ,77  (—  sin  A,  •)  co»Jj)-f 
4-M,  sin  A,—  (^(cosA,  4 cos  A,  | ilnAj)Jc«i  yj  r*  ,\|t. 


For  the  third  system  ( the  platform  ) , the  direction  of  is 
the  direction  of  the  z axis?  therefore,  its  equation  of  motion  is 
simpler  than  the  two  proceeding  ones.  It  has  the  form: 

(1.59) 

//!-— (co»6,  cosA,  -f  slfiAj)  4 !!>,(—  sin  A,  -f-  cosAj) — 

• — u,  sin  A.|  «*  41  J. 

It  remains  for  us  to  draw  up  the  equation  of  motion  of  the 
gyroscoocs  C ,G  and  G . The  directions  of  g1  for  then  will  be  the 

I 2 3 

directions  of  the  axes  of  the  housings.  Since  disposition  of  the 
gyroscopes  with  respect  to  the  platform  is  taken  the  same  as  in  an 
angular  re-te  meter  with  three  degrees  of  freedom,  then  the  equations 
of  systems  4,  5 and  6 will  coincide  with  equations  (1.37),  if  we  set 

(1.60) 


< 


m)  =>  aiJ,  aiJ  «=  mV 


By  combining  equations  (1.37),  (1.56),  (1.58)  and  (1.59)  we 
find  a complete  system  of  six  first-order  differential  equations 


/ 
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which  describe  the  motion  of  the  gyrostabilized  platform: 

/^,{i'S<J,ln6i  + "»<co*4i  + coj/i,-)-slp6,)  _ I,  (1.61) 

"•(—  slnA,  +co«6j)jcos(lco»  y—  ! 

~ s,n4i  + t0*4a).+  o,  slnAj  — I 

— u,  (cos  ft,  4-  cos  A,  4-  sip  A,)]  cos  ft  Sip  y 4. 

fd  J * * 

dt  <C0‘  *•  + “”  4i  t «ln  A,)  +u,  (-  si,  A,  4-cos  AJ- 

"{{jt  ,|n*a-»r<'V(co».  '‘,i4j+  jlpA,)  — 

+ COi4*‘]1,l"V  + [■»  + cosft,)+ 

+ “.*'nA-M,<cot  A, +«»*,+  slnA,)]cosyj  = (g>.. 

V [jf  (co«  4i  + cos A,  4.  slnAj)  4. 

-f  <o£  (-  sin  A,  4.  cos  A,)  — u>  sin  «,]..=  At}. 

/((<■',  cos  A,  4-  u,  sin  A,)  =,  Af*, 

//(w,  sin  A,  — ut  cos  AjJ.ra  A/}. 

sin  A,  — o,cos  Aj)  «a  A/i.  j 


Let  us  consider  the  right  sides  of  equations  (1.61). 

The  moments  M^,  mJ  and  M»  which  act  along  the  axes 

of  the  gimbals  of  the  platform,  can  be  represented  in  the  follow- 
ing form: 


whore  M*  ,,  M2  , and  MJ  are  the  moments  created  by  the  relief  en- 
1 y i ^ 

qines  En^,  En^  and  En^  and  which  are  dependent  on  the  angles  6^,  6^ 

and  of  the  rotation  of  the  gyroscope  housings  relative  to  the 

platform,  and  M1  M2  , and  M*  are  the  destabilizing  moments.  The 
2X  ty  iz  J 

destabilizing  moments  are  formed  by  the  friction  forces  in  the  supports 
of  the  platform  suspension  axes  and  by  attractive  forces  (within 
accurate  balancing) . The  moments  caused  by  errors  of  forming  the  un- 
loading moments  are  also  related  to  this. 


The  moments  M*,  and  M*,  which  act  along  the  axes  of  the 
gyroscope  housings,  may  be  represented  in  the  forms 


(1.63) 


M)  r.  At,',  p .11.',. 


Here  M1*,  Hs  and  H6  are  the  controlling  moments  which  orient  the 
ix  iy  ix  v 

platform  in  the  given  manner.  Moments  M%„,  M5  and  Me  occur  be- 

2 X 2y  2 x 

cause  of  friction  in  the  supports  of  the  axes  of  the  gyroscope 
housings,  unbalancing  of  the  housings  relative  to  their  axes 
and  because  of  errors  of  forming  the  controlling  moments.  The  per- 
turbing moments  M1*  , M5  and  M*  are  the  main  cause  of  errors  in 
2 X 2 y 2 X 

orientation  of  the  gyrostabilized  platform. 

We  note  that  equations  (1.61)  are  sufficient  to  describe  the 
motion  of  the  system  (within  the  limits  of  precession  theory)  only 
on  the  assumption  that  the  friction  forces  in  the  supports  of  the 
axes  are  not  dependent  on  the  magnitudes  of  the  normal  reactions. 

In  the  opposite  case,  it  is  of  course  necessary  to  retain  all  18 
equations  of  (1.51).  Let  us  note  those,  where  the  left  sides  of 


equations  (1.61)  are  dependent  only  on  a,  but  are  not  dependent 
on  a.  Angle  a is  thus  a cyclic  coordinate. 


Together  with  relations  (1.62)  and  (1.63),  equations  (1.61) 
describe  the  motion  of  both  a free  and  controlled  gyrostabilized 
platform.  In  the  case  of  a free  gyrostabilized  platform 


Alt,  •=•  Ali,  «=  A)?,  = 0, 

/ ■ 


(1.64) 


In  the  case  of  a controlled  gyrostabilized  platform,  these 
moments  are  distinct  from  zero. 


Let  us  first  consider  the  case  of  a free  gyrostabilized  platform. 
In  this  case  the  last  three  equations  of  (1.61)  yield: 


(1.65) 


"»  COI  A,  4-  U,  sin  4,  «.  0,  o,  sin 4,  - u,  cos  A, . 
u,i(nA,—  u,  cos  A, 0. 


Relations  (1.65)  are  a homogeneous  system  of  linear  equations 
relative  to  «x,  and  uz.  Its  determinant  A,  according  to 
expression  (1.41),  is  equal  to: 

(1.66) 

cosAJco,(Al-4j. 


When 


ftl<V  IM  < J . l<W<y 


(1.67) 


the  determinant  is  distinct  from  zero  and  system  (1.65)  permits 
only  a zero  solution: 

(1.68) 


css  ea  tog  b 0. 


This  obviously  means  that  the  platform  retains  its  fixed  orien- 
tation in  the  inertial  coordinate  system. 
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If  in  addition  to  equality  (1.64),  we  assume  that 

(1.69) 

ai!,=*  K-,o. 

then,  by  taking  into  account  the  solution  of  (1.68),  from  the  first 
three  equations  of  (1.61),  we  find: 

(1.70) 

H | (it ,ln  *>) co*  ** co'  v ~ ( iC  sln  + tu*  Ai>]  X 

Xtoi>ilnV-f-[^  (coifi,  + cosft,  (-sinftjjslnp  J t-  0. 

H|(^-ilu4,)»l"Y-f  [^  <— *ln6,4-co*ai)Jco»vJ  « 0.  ■ 

//  (coifi,  4-  coift,-f  *ln  ft,)  0. 

12  3 

In  the  case  where  the  destabilizing  moments  M2x' ' M2y’'  M2x  act 

along  the  x',  y',  z axes,  values  6^,  fij,  63  will  vary  with  time  and 

can,  in  particular,  take  those  values  under  which  determinant  (1.66) 

will  become  equal  to  zero.  Then  the  existence  condition  for  of 

solution  (1.68)  is  broken  and  the  orientation  of  the  platform  will 

no  longer  remain  invariant.  In  order  for  this  not  to  occur,  that  is, 

in  order  that  angles  6^  &2,  63  will  bo  small  and  that  inequalities 

(1.67)  be  trivially  fulfilled,  the  engines  En^  En2  and  En3  are 

introduced  into  the  circuit  of  the  device.  These  engines  create  unloading 

moments  M*  , , M2  , , and  M3  , which  counteract  the  affect  of  the 
1 * 1 y 1 x 

perturbing  moments.  The  unloading  moments  can  be  formulated  in  the 
following  manner: 

(1.71) 

All,  =3—  *r^,ii)spti>sY  — 4,4,  coi  (i  sin  r. 

All,-  = — ft/',  sin y f-  ft | *,  cos  v. 

All,  *-3  — ftjft  | 


By  taking  into  account  inequalities  (1.67),  we  note  that  the 
unloading  of  moments,  calculated  by  relations  (1.71),  provides  the 
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existence  of  a trivial  solution  of  the  first  three  equations  of 
(1.61),  if  of  course  there  are  no  destabilizing  moments.  Having 
taken  coefficients  k # and  sufficiently  large,  i.e.,  such 
that  the  values  on  the  right  sides  of  relations  (1.71)  exceed  those 
corresponding  to  the  destabilized  moments  at  small  values  of  6 , 6^ 
and  6 , we  can  provide  trivial  fulfillment  of  inequalities  (1.67). 


We  can  easily  ascertain  that  the  equilibrium  position 
the  circuit 


ftj  t=  Aj  -»  Aj  0 


of 

(1.72) 


is  stable  (within  the  limits  of  precession  theory). 


and 


At  small  values  of  6 , 
(1.71)  we  find: 


6 and  6 , from  relations  (1.61),  (1.68) 
t s 

(1.73) 


//(&,  ITS  p cos  Y -f-  &|  cos  p sin  y -f  sin  p)  = 
*=  — *,A,  cos  p sin  y - A/,  cos|l  cosy, 
H (JijSln  Y — A,  (.os  V)=  ltt\  <os  y — */',5ln  y. 

//A,™-*/, 


It  follows  from  the  last  equation  of  (1.73)  that  at  k^X)  the 
value  of  6^  approaches  zero  in  time.  Therefore,  the  stability  of 
the  equilibrium  position  pf  (1.72)  is  obviouf ly  determined  by 
the  properties  of  the  solutions  of  the  system  o::  the  two  first 
equations  of  (1.73)  at  6 =0,  which  in  this  case  assume  the  form: 

(1.74) 

//cbs(l((S|Cos  y-f  A,  slity)  a 

«=  — tos  (I  sin  y -)•  * cos  y), 

//(Ajslny  -Aivosyl^t^tosy—  *^,slny. 
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Having  multiplied  the  first  equation  of  (1.74)  by  cos  y and 
the  second  by  cos  8 sin  y and  having  added  the  results  obtained, 
we  find 

“0,-  ' ^ 


Having  multiplied  the  first  equation  of  (1.74)  by  sin  y and 
the  second  by  cos  8 cos  y,  and  having  added  the  results,  we  find: 

(1.76) 

+ *,*,)= o. 

The  stability  at  3 >0  and  k >0  also  follows  from  the 

1 2 

form  of  equations  (1.75)  and  (1.76). 

The  comment  with  respect  to  disposition  [see  (1.46)]  of  the 
gyroscopes  on  the  platform,  made  during  analysis  of  operation  of  the 
absolute  angular  rate  meter,  remains  in  force  for  the  gyrostabilizer 
circuit. 

It  should  be  noted  that  consideration  of  the  stability  of  the 
gyrostabilized  platform  within  the  limits  of  precession  theory  is 
usually  insufficient.  Final  solution  of  the  problem  of  the  sta- 
bility of  the  equilibrium  position  of  (1.68)  and  (1.72)  requires 
consideration  of  more  complete  equations  than  (1.61),  in  which  the 
equatorial  moments  of  inertia  of  the  gyroscopes,  the  moments  of 
inertia  of  the  gyroscope  housings  and  the  gimbal  , 
as  well  as  the  dynamic  processes  occurring  in  the  formation  circuits 
of  the  unloading  moments,  should  be  taken  into  account.  Complete 
investigation  of  the  stability  of  precession  motion  of  gyroscopic 
devices  is  a special  problem  which  is  not  considered  here.  A 
number  of  well-known  investigations,  to  which  one  should  turn 

if  necessary,  is  devoted  to  the  solution  of  this  problem. 
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Let  us  now  consider  the  case  of  a controlled  gyrostabilized 
platform.  In  this  case  orientation  of  the  platform  docs  not  re- 
main fixed  in  inertial  space,  as  in  the  case  of  a free  gyrostabil- 
ized  platform,  but  varies  by  a given  law.  Moment  sensors  Dll  , DMj 
and  DIl^  mounted  on  axes  x , y^  and  x^  of  the  gyroscope  housings 
(Figure  1.10),  are  used  to  control  rotation  of  the  platform.  The 

corresponding  moments  were  denoted  by  M M*  and  M*  . 

1 ix,  iy  ix 


It  follows  from  the  three  last  equations  of  (1.61),  provided 
that  the  conditions  of  (1.67)  are  fulfilled,  that 

, (1.77) 


“ *7/  ' 40*  ft,  CO*  A,T 
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Expressions  (1.77)  are  obtained  in  similar  fashion  to  formulas 
(1.43),  derived  during  analysis  of  operation  of  a three-component 
absolute  angular  rate  meter.  If  6^,  6^  and  6^  are  small,  then, 
similar  to  (1.45),  we  obtain  from  expressions  (1.77) 


Thus,  if  moments  M*  , M5  and  M6  are  formed  as  the  given  time 

ix'  iy  ix  * 

functions  and  if  the  value  of  H is  assumed  to  be  constant,  then. 


according  to  the  equalities  of  (1.78),  the  projections 

to  are  also  given  time  functions.  The  values  of  M*  , M5 
* ix  jy 

or  any  other  values  which  uniquely  determine  these  moments 


Wy  and 

and  M* 
ix 

, may  be 


used  as  the  information  source  of  the  projections  of  to^,  to^  and 
to?  of  the  absolute  angular  rate  of  the  platform  onto  the  axis  of 
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the  coordinate  system  xyz,  bound  to  it 


Equalities  (1.68)  for  an  uncontrolled  gyrostabilized  plat- 
form and  relations  (1.78)  for  a controlled  gyrostabilized  platform 
are  valid  if  (1.69)  is  assumed.  If  this  assumption  is  not  ful- 
filled, i.e.,  if  perturbing  moments  M*  , Ms  and  M*  act  along  the 

2X  2y  2X 

axes  of  the  gyroscope  housings,  then  in  both  cases  instrument  errors 


AV 


Aui  and  Au 

y z 


, determined  by  the  following  equalities,  occur: 

(1.78a) 


Aw, 


Aw, 


A ai. 


*ijt 


The  values  of  Au  , Au  and  Am  are  called  "free  deflections" 

x y -11  z 

of  the  gyrostabilized  platform. 


1.3.6.  Free  and  controlled  gyro  frames  . The  gyroscopic  platform  ^may  not 
be  the  load-bearing  element  buc  the  friction  in  its  suspension  may 
be  insignificant.  For  example,  the  platform  may  be  surrounded  by 
a spherical  shell  and  suspended  in  a liquid  with  a low  viscosity 
factor. 

In  this  case,  the  angle  of  rotation  sensors  of  the  gyroscope 
housings  with  respect  to  the  platform,  the  unloading  engines  and 
circuits  of  formation  of  the  unloading  moments  may  be  eliminated 
from  the  circuit  considered  in  section  1.3.5. 

The  corresponding  gyroscopic  devices  are  usually  called  gyro 
frames  (in  the  given  case  this  will  be  a three-dimensional  three- 
gyroscopic  gimbal) . Like  gyrostabilized  platforms,  gyro  frames 
may  be  free  or  controlled,  depending  on  whether  the  controlling 
moments  are  applied  along  the  axes  of  the  gyroscope  housings  or 
whecher  they  are  absent.  In  the  first  case  the  platform  of  the 
gyi  > frames  retains  its  own  fixed  orientation  and  in  the  second 
cas  j it  rotates  at  an  angular  rate  u,  whose  projections  onto  the 
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x,  y and  z axes  of  the  gyroframe  are  bound  to  the  controlling 
moments  of  relations  (1.78).  The  perturbing  moments  along  the 
axes  of  the  gyroscope  housings  lead  to  deflections  of  the  gyro- 
frame  according  to  the  equalities  of  (1.78a). 

1,3,7,  Additional  comments.  In  concluding  consideration  of 
gyroscopic  devices  of  inertial  navigation  systems,  it  is  useful  to 
make  several  comments  of  a general  nature. 

We  have  considered  several  methods  of  constructing  gyroscopic 
devices,  by  means  of  which  information  can  be  obtained  about  the 
orientation  of  some  trihedron  connected  to  the  gyroscopes  in  an 
inertial  coordinate  system.  All  these  devices  can  be  combined  by 
a single  common  name  of  absolute  angular  rate  meters.  This  ex- 
pansion of  the  concept  "absolute  angular  rate  meter"  is  useful  be- 
cause it  permits  consideration  of  almost  all  gyroscopic  devices  of 
inertial  navigation  systems  from  a single  viewpoint.  However,  it 
should  be  noted  immediately  that  there  is  a considerable  difference 
between  a free  gyroscope  and  free  gyrostabilized  platform,  on  the 
one  hand,  and  a controlled  stabilized  platform  and  essentially 
angular  rate  meters.  Free  gyroscopes  and  gyrostabilized  platforms 
retain  a given  fixed  orientation  of  the  trihedron  bound  to  them. 
Thus,  the  orientation  of  this  trihedron  in  an  inertial  coordinate 
system  is  immediately  known. 

A strictly  angular  rate  meter  and  a controlled  platform  permit 
onl}  measurement  of  the  value  of  projections  of  the  absolute  annular 
rate  of  a mobile  trihedron  to  its  axis.  The  orientation  of  the 
mobile  trihedron  in  the  inertial  coordinate  system  can  be  determined 
by  these  values.  This  additional  problem  requires  solution  of  a 
system  of  differential  equations,  which,  as  we  shall  see  below,  re- 
duces to  the  well-known  Poisson  equations.1^ 
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One  of  the  consequences  of  the  noted  difference  is  the  circum- 
stance that  the  inconstancy  of  the  quantities  of  the  natural  kinetic 
moments  of  the  gyroscopes  in  the  circuit  of  the  controlled  gyro- 
stabilized  platform  (or  of  the  absolute  angular  rate  meter)  leads, 
as  was  already  noted,  to  orientation  errors  (or  to  errors  in  deter- 
mining the  projections  of  the  absolute  angular  velocity),  and  in 
the  case  of  a free  gyroscope  and  free  gyrostabilized  platform  the 
inconstancy  of  the  kinetic  moments  of  the  gyroscopes  do  not  induce 
any  of  the  indicated  errors. 

This  is  obvious  from  relations  (1.65),  (1.68)  and  (1. 75) - (1. 78 ) . 

Relations  (1.65)  were  obtained  from  the  three  last  equations  of 

(1.61)  under  the  condition  (1.64)  and  are  not  dependent  on  the  value 

of  H.  The  existence  of  solutions  of  (1.68)  is  also  not  dependent 

on  H.  The  stability  of  this  solution  is  retained  according  to  (1.75) 

and  (1.76)  at  any  values  of  H distinct  from  zero.  The  value  of  H is 

essential  in  relations  (1.77)  and  (1.78).  When  calculating  u , w 

x y 

and  oo2  from  the  known  values  of  M*x,  and  M®x  [according  to 
formulas  (1.77)  and  (1.78)],  the  difference  of  the  real  value  of  H 
from  the  calculated  value  by  the  quantity  AH  leads  to  errors: 

* am  . mi  . Ml 

A<«>,  *=*  M,  -yy-  , Ag»j  =1  — Wj  -yy-  , Ah*,  a — &>,  yy  . 

In  the  circuits  of  a three-component  absolute  angular  rate  meter, 
free  gyrostabilized  platform  and  controlled  platform  considered 
above,  the  gyroscopes  are  installed  so  that  their  axes  of  sensi- 
tivity form  an  orthogonal  set  of  three.  The  axis  of  sensitivity 
of  a gyroscope  is  here  understood  as  the  direction  perpendicular  to 
the  plane,  containing  the  direction  of  the  natural  kinetic  moment 
and  axis  of  the  gyroscope  housing,  and  determined  by  equalities 
(1.46).  The  mutual  orthogonality  of  the  directions  of  the  axes 
of  sensitivity  of  the  gyroscopic  moments  is  of  course  not  compulsory. 
The  condition  of  orthogonality  is  usually  observed  in  most  real 
designs  of  devices,  because  this  condition  leads  to  simpler  relations 
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when  calculating  the  values  of  the  components  of  the  absolute 
angular  velocity,  controlling  and  unloading  moments  etc..  As  is 
well  known,  it  is  also  suitable  for  a number  of  design  and  tech- 
nological concepts.  Construction  of  circuits  in  which  the  direc- 
tions of  the  axes  of  sensitivity  are  not  orthogonal  is  essentially 
possible.  It  is  important  only  that  the  three  directions  of  the 
axes  of  sensitivity  not  be  coplanar. 

The  following  comments,  which  it  is  necessary  to  make,  concern  the 
assumption  made  during  derivation  of  the  equations  of  the  pre- 
cession motion  of  the  gyroscopic  devices  considered.  The  fact  is 
that  the  angular  momentum  theorem  [expression  (1.5)]  is  generally 
valid  only  if  the  point,  relative  to  which  the  angular  momen- 
tum of  the  system  and  the  external  force  moments  are  determined, 
is  fixed  in  the  inertial  coordinate  system.  In  all  cases  when 
equation  (1.5)  was  used,  the  stipulation  was  made  that  the  origin  0 
of  the  trihedron  Oxyz  is  fixed  in  the  coordinate  system  0 £*n*C*. 
Actually,  the  platform  of  the  gyroscopic  device  is  mounted  on  a 
moving  object  and,  therefore,  the  origin  of  the  coordinate  system 
Oxyz  moves  in  inertial  space.  However,  the  derived  equations  remain 
valid  in  this  case  as  well.  In  order  to  prove  this,  let  us  con- 
sider the  coordinate  system  0£*n*c*,  whose  origin  is  combined  with 
the  vertex  of  trihedron  Oxyz,  while  the  directions  of  the  axes 
coincide  with  the  directions  of  the  corresponding  axes  of  the  in- 
ertial coordinate  system  The  coordinate  system  0£*n*C* 

moves  in  a forward  direction  with  respect  to  the  system  0^#n*C*7 
therefore,  the  left  sides  of  the  equations  of  angular  momentum, 
written  in  those  coordinate  systems,  are  coincident.  The  right  sides 
differ  by  the  value  of  the  force  moments  of  inertia  of  transient 
motion.  Since  the  motion  of  the  trihedron  0£*n*f;*  is  forward,  the 
inertial  forces  are  parallel  (there  are  no  Coriolis  forces)  and  they 
are  determined  by  the  acceleration  of  the  translational  motion  of 
trihedron  0',*n*5*,  i.e.,  by  the  acceleration  of  its  origin.  If 
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the  gyroscopic  elements  of  the  circuits  are  balanced,  the  forces 
of  inertia  of  translational  motion,  like  the  attractive  forces,  do 
not  create  additional  moments,  hence  follows  the  validity  of  the 
equations  of  motion  derived  for  a fixed  point  0 , and  also 
for  a moving  point.  When  considering  unbalanced  systems,  the  mo- 
ments of  inertial  forces  should  be  taken  into  account  along  with 
the  moments  of  attractive  forces.  In  particular,  the  inertial 
forces  will  create  perturbing  moments  if  balancing  is  incomplete. 

The  given  argument,  strictly  speaking,  is  exhaustive  only  if  the 
origin  0 of  the  moving  trihedron  coincides  with  the  center  of  mass 
(and  simultaneously  with  the  center  of  suspension)  of  the  gyro- 
scopes. If  several  gyroscopes  are  placed  on  the  platform,  this 
condition  is  not  fulfilled  and  moments  of  centrifugal  and  Coriolis 
forces,  which  occur  as  the  result  of  rotation  of  the  coordinate 
system  Oxyz  (of  the  platform)  with  respect  to  the  system  0£*n*C*» 
act  on  the  gyroscopes.  However,  these  moments  are  negligible  in 
view  of  the  limitation  of  the  values  of  and  wz  and  the  small 

dimensions  of  the  platform,  as  a result  of  which  these 
additional  moments  are  usually  disregarded. 

Finally,  it  is  also  useful  to  note  the  following.  In  con- 
sidering gyroscopic  devices  of  inertial  navigational  systems,  we 
assumed  that  the  gyroscopes  are  mounted  in  an  ordinary  mechanical 
gimbal  suspension.  In  modern  gyroscopic  devices,  other  principles 
of  suspensions  - floating,  gas-dynamic,  magnetohydrodynamic,  mag- 
netic, electrostatic  etc,  - are  coming  into  use  more  and  more. 

However,  the  main  relations  which  determine  the  operation  of 
gyroscopic  devices  and  those  obtained  above  under  the  example  of 
a mechanical  gimbal  suspension,  retain  their  validity  for  any  other 
type  of  suspension  as  well.  Therefore  (as  in  newtonometer  circuits)  , 
there  is  no  need  to  go  into  the  details  of  the  operating  principle 
of  this  or  that  type  of  suspension.  We  will  also  not  find  this 
necessary  during  further  consideration. 
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1.4.  The  Fundamental  Equation  of  Inertial  Navigation.  General 
Principles  of  Constructing  Inertial  Systems. 


1.4.1.  Conversion  of  the  fundamental  equation  of  inertial  navigation 
anc.  integration  of  it  with  respect  to  fixed  orientation  axes.  The 
fundamental  equation  of  inertial  navigation  is  equation  (1.1)  of 
motion  of  the  sensitive  mass  of  a three-dimensional  newtonometer 
or  relation  (1.3),  which  relates  the  reading  of  the  newtonometer 
as  a measuring  device  to  the  acceleration  of  motion  d*r0j/dt*  of 
its  sensitive  mass  and  to  the  total  attractive  force  of  the  unit 
sensitive  mass  by  the  aggregate  of  celestial  bodies: 


n 


d'r, 

di‘ 


(1.79) 


The  essence  of  the  inertial  navigation  method  consists,  as 
already  noted,  in  integration  of  equation  (1.79),  which  differs 
from  equation  (1.1)  only  in  its  notations. 

Equation  (1.79)  can  bo  integrated,  for  example,  in  the  follow- 
ing manner.  Lot  three  one-component  newtonometers  be  mounted  on 
a gyrostabilized  platform,  considered  in  the  preceding  section, 
such  that  the  directions  of  their  axes  of  sensitivity  form  an 
orthogonal  trihedron  whose  axes  are  directed  parallel  to  the  axes 
of  the  inertial  coordinate  system  Let  us  assume  that 

the  system  of  three  one-component  newtonometers  is  equivalent  to 
a single  three-dimensional  newtonometer.  The  readings  of  the  newton- 
ometers will  then  be  projections  of  the  vector  n onto  the  directions  of 
their  axes  of  sensitivity:  nr  , n and  n„  . Let  us  denote  the 

projections  of  vector  r onto  the  axes  of  the  inertial  coordinate 

0 2 

system  by  g*  anc^  £*•  In  inertial  space  these  projections  are 
obviously  Cartesian  coordinates  of  point  0 of  the  location  of  the 
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sensitive  masses  of  the  newtonometers 
we  have 


13 


From  relation  (1.79), 


(1.80) 

t,). 

tt>‘  *!»•  O- 


By  integrating  equality  (1.80)  twice,  we  find; 


t / 

+ C.,l  di  di  4 

I < 


n.-=f  f K.+ r^a..  .u.  t,)\,ii,n  f ikp. / ^ ,u(n). 

« o 
l f 

C.  - / f !«:.  4 U. . n..  M di dt  4 & )2L  / | ;i(o, 
0 0 


(1.81) 


Integration  of  equations  (1.80)  requires  that  the  correspon- 
ding computer  and  also  the  clocks,  from  which  the  absolute  (world 
or  Newtonian)  time  signals  enter  the  computer,  are  contained  in 
the  apparatus  of  the  inertial  navigation  system.  It  is  ob- 
vious that  the  form  of  functions  F.  , F and  F should  be  known  and 
that  the  initial  values  of  coordinates  £*(0),  n*(0)  and  t*(0)  and 
their  time  derivatives  be  d£*(0)/dt,  dn*(0)/dt  and  dc*(0)/dt  should 
also  be  known. 


The  Cartesian  coordinates  n*  and  C*  of  the  point  at  which 
are  located  the  sensitive  masses  of  the  newtonometers  are  obtained 
as  a result  of  double  integration^  The  position  of  this  point  on 
the  object  on  which  the  inertial  system  is  mounted  is  generally 
arbitrary.  In  particular,  it  may  not  coincide  with  the  center  of 
mass  of  the  moving  object.  It  is  not  essential  to  determine  the 
coordinates  of  the  object,  because  the  resulting  error  obviously 
does  not  exceed  the  linear  dimensions  of  the  object.  However, 
determination  of  the  velocity  and  acceleration  of  the  object  along 
with  the  coordinates  may  also  be  contained  in  the  task  of  the  inertial 
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system.  The  velocity  and  acceleration  of  the  center  of  mass  of 
the  object  may  differ  considerably  from  those  of  the  sensitive 
mass  of  the  newtonometer  if  the  latter  is  not  located  in  the 
center  of  mass  of  the  object.  The  resulting  problems  will  be  dis- 
cussed i,n  the  following  section  of  this  section. 

Relations  (1.80)  and  (1.81)  and  the  concepts  expressed  in 
regard  to  them  fully  determine  the  essence  of  the  operating  prin- 
ciple of  inertial  navigation  systems.  However,  they  do  not  yet 
provide  a practical  method  of  realizing  this  type  of  system.  In 
fact,  the  inertial  coordinate  system  to  which  are  re- 

lated all  the  arguments,  have  not  yet  been  determined  in  practice. 
The  form  of  functions  Ff  , F and  F is  also  still  unknown.  The 
fundamental  relations  of  inertial  navigation  in  the  coordinate 
system  specifically  bound  to  those  celestial  bodies  (or  body) 
in  whose  neighborhood  and  relative  to  which  the  navigation 
problem  should  be  solved,  must  first  be  obtained  for  practical 
realization  of  the  considered  principle.  A system  whose  origin  is 
combined  with  the  center  of  mass  of  some  celestial  body  may  be 
taken  as  this  coordinate  system.  Henceforth,  we  shall  consider 
this  celestial  body  to  be  the  earth. 


Let  us  introduce  a right-hand  orthogonal  coordinate  system 
the  origin  of  which  coincides  with  the  earth's 
center  of  mass.  Let  the  orientation  of  trihedron  be  un- 

changed in  the  inertial  coordinate  system.  Without  loss  of  gen- 
erality, we  can  obviously  assume  that  the  directions  of  the  co- 
ordinate axes  0^£*n*C*  and  coincide  and  retain  their 

fixed  position  relative  to  the  directions  from  the  earth's 
center  of  mass  O to  moving  stars. 

1 r 


Let  us  denote  radius  vector  of  point  0 of  the  location  of 
the  sensitive  mass  of  the  newtonometer  relative  to  the  earth's 
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center  of  mass  0 by  r and  the  radius  vector  of  point  0 rel- 
' 1 i 

*tive  to  the  origin  O of  the  inertial  coordinate  system  by 

r Q (Figure  1.14).  It  is  obvious  that 

ru  — r ot  ~hr‘ 


(1.82) 


By  substituting  equality  (1.82)  into  relation  (1.79),  we  finds 


n r-= 


HP  1 W ~ 1 (rM' 


(1.83) 


Force  F (r  ),  which  acts  on  the  sensitive  mass  of  the  newton- 
02 

omotor,  is  the  total  attractive  force  of  this  mass  by  the  earth  and 
by  the  remaining  celestial  bodies.  According  to  the  law  of  Newton's 
gravitational  force,  the  value  of  the  attractive  force  by  the  earth 
of  the  unit  sensitive  mass  of  the  newtonomotor  is  dependent  only  on 
r.  Let  us  denote  this  force  by  g(r).  Let  us  denote  the  attractive 
force  of  the  unit  sensitive  mass  of  the  newtonomotor  by  the  remaining 
celestial  bodies  by  F (r) . Expression  (1.83)  may  then  be  rewritten 
in  the  form 


t -£r -*<'>-*('). 


il’r  I 


(1.84) 


i 
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It  is  easy  to  see  that 


(1.85) 


px  (0)= o 

ttr 


In  fact,  ? (0)  is  the  attractive  force  of  the  unit  mass  placed 

l 14 

at  point  0^  by  the  celestial  bodies,  with  the  exception  of  the  earth. 

Therefore,  equation  (1.85)  is  nothing  more  than  the  equation  of 
motion  of  the  earth's  center  of  mass  within  the  gravitational  field 
of  the  remaining  celestial  bodies. 


Taking  into  account  equation  (1.85),  equality  (1.84)  assumes 
the  form: 


(1.86) 

•“Ur  — r(r)  f r,  (0)  - r,  <*). 


If  the  motion  of  the  object  (and  consequently,  of  point  O) 
occurs  at  a small  distance  from  the  earth's  center,  commensurate, 
for  example,  to  its  radius,  then  the  difference 

(1.87) 


AF,  (f)  =■  F(  (0)  — F,  (r) 


of  the  attractive  forces  at  points  0 and  0 become  negligible 

4 i 

compared  to  the  force  g (r)  even  for  nearby  celestial  bodies,  in- 
cluding that  for  the  moon  and  sun.15 


Thus,  deflection  of  the  vertical,  induced  by  the  difference 
of  the  sun’s  attractive  forces  at  the  center  of  the  earth  and  at 
some  point  on  its  surface,  does  not  exceed  a value  of  0.008". 
Accordingly,  this  deviation  does  not  exceed  a value  of  0.017"  for  the 
moon.  At  the  same  time,  deflection  of  the  vertical,  induced  by  the  non- 
uniformity of  the  earth's  distribution  of  mass,  has,  as  was  noted 
in  § 2.1  an  order  of  several  angular  seconds.  Therefore,  we  may 
assume  with  a sufficient  degree  of  accuracy  that 


(1.88) 
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The  coordinate  system  0^*0*?*  moves  in  a forward  direction 
relative  to  the  inertial  coordinate  system  ^£*0*5*?  therefore, 
we  can  obviously  assume  that  differentiation  in  equation  (1.88)  is 
carried  out  in  the  coordinate  system  ^£*0*5*. 


This  equation  (1.88)  is  valid  in  the  coordinate  system  0 £*1*£* 
and  has  the  same  form  as  equation  (1.79),  obtained  for  the  inertial 
coordinate  system.  Consequently,  with  respect  to  Newton's  laws,  the 
coordinate  system  0 £*n*S*  near  its  origin  is  practically  indis- 
tinguishable from  the  inertial  system.  At  the  origin  itself  they 
are  completely  indistinguishable.  The  principle  of  the  equivalence 
of  the  general  theory  of  relativity,  which, as  is  well  known,  is  of 
a local  nature,  is  essentially  included  in  this.^  The  coor- 
dinate system  is  distinguished  near  its  origin  from  the 

inertial  system  only  to  the  extent  to  which  the  gravitational  field 
in  which  the  earth  moves  is  inhomogeneous.  The  difference  (1.87) 
also  characterizes  this  inhomogeneity . 


From  equation 


(1.88),  similar  to  equations  (1.81), 

I I 
i t 
I I 

«.  = j j («,.  + iT(.)  dt  + / -(-{,(()) 


we  find: 

(1.89) 


If  w’e  assume  that  the  earth's  gravitational  field  is  central  (or 
rather  spherical),  we  have 


(1.90) 


where  |j  is  the  product  of  the  earth's  mass  by  the  gravitational 


constant.  The  equations  (1.89)  assume  the  form: 

(1.91) 

j j (»u  - •£-)  u°>. 

K - 7>) dl  <“  t -ir ' + 

t.  - J j K - j£)  M4I  + &P-I+  ?.(«). 

If  the  sphericity  of  the  earth's  gravitational  field  is  taken 
into  account,  then  the  projections  of  gr  , g„  and  g,  in  equations 

* n * c# 

(1.89)  may  also  be  assumed  unknown  functions  of  coordinates  £*»  n* 
and  c*  and  time  functions.  In  fact,  if  the  earth's  body  axis  sys- 
tem 0 C n C,  (rotating  together  with  it),  is  introduced,  then  the 
projections  of  g^,  g^  and  g^  of  vector  g to  the  axes  of  this  system 
will  be  known  functions  of  coordinates  £,  n and  C of  point  0.  The 
time  motion  of  the  coordinate  systems  and  rel- 

ative to  each  other  is  known.  It  is  defined  by  the  law  of  the 
earth's  rotation  with  respect  to  its  center.  Therefore,  the  pro- 
jections of  g^,  g^  and  g^  may  be  calculated  as  functions  of  coor- 
dinates £*,  n*  and  c*  and  as  time  functions, 

The  problem  of  determining  the  coordinates  of  the  object 
during  its  motion  near  the  earth's  surface  is  essentially  solved 
by  equations  (1.89)  or  (1.91).  In  fact,  since  the  earth's  motion 
in  the  coordinate  system  0 ^ is  known,  we  can  transform  from 
Cartesian  coordinates  £*,  n*  and  c*  by  appropriate  calculation  to 
any  other  coordinates,  including  the  earth's  body  axis  system.  The 
orientation  parameters  of  the  object  in  any  coordinate  system  may 
also  be  found  by  using  the  required  calculations.  In  order  to 
ascertain  this,  it  is  sufficient  to  recall  that  the  angles  of  ro- 
tation of  the  gimbal  rings  of  the  gyrostabilized  plat- 
form, which  can  be  measured,  determine  the  orientation  of  the  ob- 
ject with  respect  to  the  coordinate  system  0 ^*1*?*,  because 
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in  the  considered  case  the  orientation  of  the  gyrostabilized  platform 


relative 


to  the  coordinate  system  0^*0*^*  is  fixed.  By  knowing 


the  orientation  of  the  object  in  the  coordinate  system  we 

can  convert  to  the  parameters  which  characterize  its  orientation 
in  any  other  coordinate  system,  whose  motion  relative  to  the  sys- 
tem 0^*0*$*  is  defined,  of  course  including  that  in  thd  earth's 
body  axis  system.  A similar  case  holds  for  the  rates  of  variation 
of  the  orientation  parameters. 


Let  us  consider  in  more  detail  the  problem  as  to  what  extent# 
disregarding  the  inhomogeneity  of  the  gravitational  field,  i.e., 
the  difference  of  the  attractive  forces  determined  by  equality 
(1.87),  is  essential.  In  other  words,  is  this  disregard  essen- 
tially required  or  can  wo  get  along  without  it. 

We  can  show  that  the  latter  case  is  valid,  i.e.,  that  diff- 
erence (1.87)  may  be  taken  into  account,  and  that  the  exact  equality 
(1.86)  rather  than  the  simplified  relation  (1.88)  may  be  taken  as 
the  equation  of  inertial  navigation. 


Let  there  be  k celestial  bodies  whose  gravitational  difference 
at  point  O ^ and  at  point  0 of  the  position  of  the  sensitive  mass 
of  the  newtonomoter  should  be  taken  into  account.  Let  us  denote 
the  radius  vector  of  the  center  of  mass  of  the  i-th  of  the  ce- 
lestial  bodies  relative  to  point  O^by  r^.  The  radius  vector  r^  of 
the  point  O relative  to  the  center  of  mass  of  the  i-th  body  is 
then  equal  to: 


r't*=r-  r,. 


(1.92) 


Let  us  assume  that  the  masses  of  the  celestial  bodies  taken 
into  account  and  their  motion  in  the  coordinate  system 
are  known,  so  that 


r,<=r,(i) 
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If  we  assume  that  the  gravitational  field  of  each  of  the 
celestial  bodies  is  spherical,  then  on  the  basib  of  Newton's  law 
of  universal  gravitation,  we  can  writes 

(1.93) 

The  right  sides  of  the  projections  of  the  vector  equality 
(1.93)  onto  the  axes  of  the  coordinate  system  0 depend 

only  on  (t)  , n^ft)  and  C*^(t)  and  on  £*»  n*  and  C„.  Introduc- 
tion of  them  into  the  integrands  (1.89)  or  (1.91),  although  it 
complicates  these  expressions,  ' essentially  does  not  change  the 
methods  of  solving  equations  (1.89),  (1.91)  and,  consequently, 
equation  (1.  86) . 

Essentially,  nothing  changes  if  we  reject  the  assumption  of 
the  sphericity  of  the  gravitational  fields  of  the  celestial  bodies 
taken  into  account.  In  this  case  it  would  be  neccsary  to  intro- 
duce k additional  coordinates  systems,  rigid ‘y  linking  them  to 
the  considered  celestial  bodies.  We  may  asLt'me  that  the  gravita- 
tional fields  in  the  body  axis  systems  are  def.'.ied,  while  the  mo- 
tions (rotations)  of  the  latter  relative  to  the  coordinate 
system  are  known  in  time.  Projections  of  the  difference 

(1.87)  to  axes  £*,  n*  and  C*  will  then  be  dependent  on  the  time 
and  parameters  which  characterize  the  disposition  of  the  considered 
celestial  body  axis  systems  with  respect  to  trihedron  O'  at 

the  initial  instant  of  time.  Taking  into  account  the  non-sphericity 
of  the  gravitational  fields  of  each  of  the  k bodies  is  therefore  quite 
similar  to  taking  into  account  non-sphericity  of  the  earth's  gravi- 
tational field. 

It  follows  from  the  foregoing  that  a knowledge  of  the  required 
parameters  of  the  gravitational  fields  in  the  coordinate  function 
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is  a necessary  condition  for  realization  of  the  principle  of 
inertial  navigation.  It  is  true  that  we  shall  subsequently  see 
that  the  schemes  which  operate  under  specific  conditions  and  with 
incomplete  information  about  the  gravitational  field  can  be  con- 
structed for  solution  of  some  special  problems  of  navigation. 

1.4.2.  Determining  the  velocity  and  acceleration  of  the  center 
of  mass  of  an  object.  The  radius  vector  of  point  0 of  the  position 
of  its  sensitive  mass  in  the  coordinate  system  0 is  denoted 

by  r in  equation  (1.88),  which  determines  the  readings  of  a three- 
dimensional  newtonometer. 

If  we  assume  that  point  O always  coincides  with  the  center 
of  mass  of  the  object,  then  equation  (1.88)  will  determine  the 
acceleration  of  the  object,  and  as  the  result  of  integration  of 
this  equation,  the  velocity  and  coordinates  of  the  location  of 
the  center  of  mass  of  the  object  will  be  obtained. 

Actually,  the  position  of  the  sensitive  mass  of  the  newton- 
ometar  does  not  coincide  with  the  center  of  mass  of  the  object. 

This  is  explained  by  the  followin'*  factors.  First,  even  if  the 
center  of  mass  of  the  object  occupies  a fixed  position  in  its  body 
and  if  the  center  of  suspension  of  the  sensitive  mass  of  the  new- 
tonometer (the  position  in  which  the  suspension  is  not  deformed) 
coincides  with  the  center  of  mass  of  the  object,  the  sensitive 
mass  completes  some  motion  relative  to  the  center  of  the  sus- 
pension as  the  result  of  deformation.  The  velocities  and  accel- 
erations of  this  motion  may  be  significant. 

Second,  the  center  of  mass  of  an  object  usually  does  not 
occupy  a fixed  position  within  the  body  of  the  object.  Its  posi- 
tion varies  because  of  motion  of  the  mass  on  the  object,  combus- 
tion of  fuel  etc..  Therefore,  even  if  the  center  of  suspension  of 
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the  sensitive  mass  of  the  newtonomcter  and  the  center  of  mass  of 
the  object  initially  coincided,  they  would  subsequently  diverge. 

Furthermore,  a newtonomcter  can  be  established  at  some  dis- 
tance from  the  center  of  mass  at  the  very  beginning.  Finally, 
additional  variation  of  their  mutual  disposition  is  possible  be- 
cause of  deformations  {or  elastic  oscillations)  of  the  object. 

Because  of  the  non-coincidence  of  the  center  of  mass  of  the 
object  and  of  the  sensitive  mass  of  the  newtonometer,  the  accel- 
eration, velocity  and  coordinates  of  the  center  of  mass  of  the 
object,  strictly  speaking,  may  not  be  obtained  directly  from 
equation  (1.88).  Moreover,  equation  (1.88)  is  the  equation  of  a 
three-dimensional  (three-component)  newtonometer,  whereas  three 
one-component  newtonometers  with  three  sensitive  masses  are  ac- 
tually used. 

Let  us  consider  the  posed  problems  in  more  detail.  This  is 
even  more  necessary  since  exposition  of  the  operating  principle 
of  the  newtonometer  and  interpretation  of  the  objective  content 
of  its  readings  are  not  always  accurate  and  rigorous  in  the  litera- 
ture on  inertial  navigation. 

Let  us  link  trihedron  0 'xyz  to  the  housing  of  a three-dimen- 
sional newtonometer.  Its  origin  will  coincide  with  the  center 
of  suspension  of  the  sensitive  mass,  i.e.,  with  the  position  which 
it  occupies  when  the  suspension  is  not  deformed  and  the  readings 
of  the  newtonometer  are  equal  to  zero.  For  the  diagram  presented 
in  Figure  1.1,  the  x,  y and  z axes  may  be  directed  along  the  axes 
of  the  springs. 
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The  position  of  point  0*  relative  to  the  earth's  center 
0 is  determined  by  the  radius  vector  r',  and  the  position  of 

i + + 

point  0 relative  to  O'  is  determined  by  radius  vector  p.  Vector  p 
characterizes  the  motion  of  the  sensitive  mass  relative  to  the 
housing  of  the  device  and,  consequently,  the  deformation  of  the 
suspension.  Obviously, 


Let  us  find  the  equation  for  p.  It  follows  from  that  out- 
lined in  § 1.2  and  section  1.4.1  that  the  equation  of  motion  of 
the  sensitive  mass  of  the  newtonometer  in  the  coordinate  system 
0 may  be  represented  in  the  form 

(1.95) 


where  ^ is  the  total  force  acting  on  the  sensitive  mass  on  the 
side  of  the  suspension.  By  substituting  the  value  of  from  (1.94) 
and  noting  that  the  inhomogeneity  of  the  gravitational  field  in  the 
mass  of  the  device  may  be  disregarded,  we  find 

(1.96) 

« rfjf  "[7,1 — *('■’)]+/■ 


If  the  force  1 is  only  the  result  of  elastic  deformation  of  the 
suspension,  then  f=kp  and  equation  (1.96)  is  represented  in  the 
following  form: 


?jr +vV«»  — [73  *(»■')]. 


m 


(1.97) 


Differentiation  is  carried  out  in  the  coordinate  system  o ^*0*4*. 
By  integrating  in  this  same  coordinate  system,  we  find  the  expression 
for  7’! 

(1.98) 


* ( 

P—  - ■“  Ji  [$r  - *<»•')]  'I" v«  - 

-f  p"to»  v<  4-  7 -%■  *ln  v/, 


where  p°  and  dp°/dt  are  the  corresponding  initial  values. 

In  order  to  maintain  the  analogy  with  relation  (1.88),  let  us 
take  as  the  readings  of  the  three-dimensional  newtonometer  the 
vector 


It  follows  from  relations  (1.98)  and  (1.99)  that  the  instan- 
taneous values  of  the  velocity  and  acceleration  of  the  point  of 
the  object  in  which  the  center  of  suspension  of  the  newtonometer 
is  located,  may  not  be  found  from  the  readings  of  the  newtonometer. 
However,  there  is  the  following  possibility  here.  Let  the  natural 
oscillation  frequency  v of  the  sensitive  mass  be  taken  so  large  that 
the  variation  of  function 


(1.100) 


over  a period  of  T=2tt/v  oscillations  may  be  disregarded.  This  meanr 
that  the  range  of  essential  frequencies  of  the  function  q are  consid- 
e ably  below  the  frequency  of  v.  Solution  of  the  problem  then 

*♦  -f 

p ovidcs  calculation  of  the  average  value  of  n of  vector  n within 
t)  o period  of  natural  oscillations. 
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According  to  equalities  (1.98),  (1.99)  and  (1.100)  we  haves 


(1.101) 


r 

-K  f if  j ')d%' 


The  range  of  integration  in  variables  t*,  t is  depicted  in 
Figure  1.15.  By  changing  the  order  of  integration  in  equation 
(1.101),  we  find: 


:-4w 

'♦T 

+ / «.J 


— t )<//*  + 


4(t)tlnv(S* — t )<//* 


(1.102) 


Fig.  1.15 

The  first  integral  in  the  square  brackets  is  obviously  equal 
to  zero.  From  the  second  integral,  we  find 

(1.103) 


'sir 


▼ 

J ?(»)|l  — COS  v (/  — •»)! 


Since  the  square  bracket  in  the  integrand  (1.103)  does  not 
change  sign,  then,  according  to  the  well-known  mean  value  theorem, 
we  will  have 

'•£  (1.104) 

■“7; j |l  — tojv(/  — ,)jrft. 
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Hence, 


(1.105) 


»-*(?),  /«W-f-2l8,  o<o<  i. 


Thus,  we  found  that  the  mean  value  n of  vector  n during  the 
period  of  natural  oscillations  of  the  sensitive  mass  is  equal  to 


* - ~ ft'')- 


(1.106) 


where  the  right  side  corresponds  to  some  instant  within  the  averag- 
ing interval.  Expression  (1.106)  coincides  with  equality  (1.88) 
with  the  only  difference  that  the  right  side  of  expression  (1.106) 
does  not  depend  on  the  radius  vector  r of  the  current  position  of  the 
sensitive  mass  of  the  nowtonometer,  but  depends  on  the  radius 
vector  r'  of  the  current  position  of  the  center  of  its  suspension. 
Consequently,  one  can  determine  the  value  of  the  velocity  and 
acceleration  of  the  point  of  the  object  corresponding  to  the  center 
of  suspension  of  the  newtonometer  with  a lag  not  exceeding  T=2tt/v 
from  the  newtonometer  readings.  This  lag  is  insignificant  at  large 
values  of  v. 


In  practice  the  newtonometer  readings  are  averaged  due  to 
damping  of  the  natural  oscillations  of  the  sensitive  mass,  which 
is  introduced  to  provide  stability  of  the  newtonometer  operation. 
Damping  is  accomplished  by  forces  proportional  to  the  rate  of  dis- 
placement of  the  sensitive  mass  with  respect  to  the  newtonometer 
housing.  If  the  newtonometer  is  mounted  on  a gyrostabilized  plat- 
form, then  obviously  the  damping  forces  will  be  proportional  to  the 
ab  olute  derivative  d7>/dt.  Then  in  equation  (1.96),  one  should 
set. 

(1.107) 


/“  - *p  — *i 
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and,  instead  of  equation  (1.97),  we  find 


(1.108) 


7F 


*.-£•  v>*». 


By  integrating  equation  (1.108)  in  the  coordinate  system 

we  find  the  forced  solution  in  the  following  form  (the 
solution  of  the  homogeneous  equation  vanishes  rapidly  and  it  can  be 
discarded  immediately) : 

(1.109) 

0 

X f-W-  n dn  I'v1-  A>  (/ — 


The  rigidity  of  the  suspension  k and  the  damping  coefficient 
k ^ are  selected  so  that  the  values  of  v,  h,  (v2-h2)ls  are  consid- 
erably greater  than  the  maximum  value  of  the  frequencies  taken  into 
account  in  the  range  of  vector  function  d2r'/dt2-g  (r1 ) . This 
function  may  then  be  assumed  constant  in  the  subintegral  expression 
of  the  right  side  of  solution  ( 1. 109 ) . In  this  case,  after  inte- 
gration, we  find  the  established  value 

(1.110) 


. ? rfV  . 

' “ v I*  “ -j,-r  ~ x(r  ). 


i.e.,  we  again  arrive  at  relation  (1.106). 


Thus,  we  can  find  the  velocity  and  acceleration  of  the  sensitive 
mass  of  the  center  of  suspension,  i.e.,  the  velocity  and  accelera- 
tion of  the  corresponding  point  of  the  object,  from  the  readings  of 
a three-dimensional  newtonometer. 
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Let  us  return  to  the  problem  of  calculating  the  velocity  and 

acceleration  of  the  center  of  mass  of  an  object.  Let  us  denote  the 

radius  of  the  center  of  mass  C of  the  object  with  respect  to  the 

center  of  mass  0 of  the  earth  by  r and  the  radius  vector  of  the 
1 ^ 

center  of  mass  C of  the  object  with  respect  to  the  center  O'  of 
the  newtonometer  suspension  by  pc„  Obviously, 

(1.111) 


rc*=r’  i |>C. 


If  vectors  dr'/dt  and  d2r'/dt2  are  taken  instead  of  drc/dt  and 
d2rc/dt2,  the  resulting  errors  of  calculating  the  velocity  and 
acceleration  are  vectors  dpc/dt  and  d2pc/dt2. 

If  the  object  is  assumed  to  be  a rigid  body,  then  the  vectors 
dpc/dt  and  d2pc/dt2  can  be  calculated  as  soon  as  the  position  of 
the  center  of  mass  C and  the  body  of  the  object  is  known.  In  fact, 
the  projections  of  vector  pc  onto  the  axes  of  the  platform  can  then 
bo  found  by  the  angles  of  rotation  of  the  gyrostahilized  platform 
in  a gimbil  suspension,  whose  values  can  be  measured,  and  the  pro- 
jection of  vectors  dpc/dt  and  d2f>c/dt2  can  be  found  by  differen- 
tiating these  projections. 

It  is  more  difficult  to  calculate  the  elastic  oscillations  of 
the  object,  because  this  requires  knowledge  of  the  time  of  its  de- 
formation at  each  instant. 

It  follows  from  the  foregoing  that  if  the  problem  of  the  in- 
ert il  system  is  calculation  of  only  the  coordinates  of  the  object, 
thoi  it  makes  no  difference  where  the  newtonometers  are  located  on 
the  object. 

But  if  it  is  necessary  to  calculate  rather  accurately  the  velocity 
of  «•  n object  (for  example,  during  control  of  a ballistic  missile 
on  the  active  leg  of  its  flight),  and  even  more  so  acceleration, 
the  newtonometers  should  be  located  near  the  center  of  mass  of  the 
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object.  In  any  case  one  should  keep  in  mind  that  disposition  of 
them  far  from  the  center  of  mass  may  lead  to  considerable  errors 
in  calculating  the  velocity  and  acceleration  of  the  center  of  mass 
of  the  object,mainly  because  of  its  elastic  deformations. 

Let  us  turn  to  the  problem  of  the  correctness  of  replacing 
three  linear  newtonometers  with  a single  three-dimensional  device. 
To  do  this,  let  us  find  the  precise  equation  of  operation  of  the 
linear  newtonometer. 


Let  trihedron  O'xyz  again  be  rigidly  bound  to  the  newtono- 
meter housing.  Let  its  x axis  be  the  axis  of  sensitivity  of  the 
newtonometer,  i.e.,  the  axis  along  which  the  sensitive  mass  may 
move  and  along  which  the  elastic  force  of  the  suspension  is  applied 
to  it.  Let  point  O'  correspond  to  the  position  of  the  sensitive 
mass  in  which  its  suspension  is  not  deformed.  For  generality,  let 
us  assume  that  the  newtonometer  housing,  i.e.,  trihedron  O'xyz, 
rotates  at  an  absolute  angular  velocity  !>.  Let  us  compile  the 
equation  of  motion  of  the  sensitive  mass  of  the  newtonometer  along 
the  x axis. 


Let  us  use  equation  (1.95).  Instead  of  r,  let  us  substitute 
in  it  the  value 


r=«r'-fn.  p=»p,*. 


(1.112) 


*►  t 

and,  instead  of  f,  the  value 

(1.113) 

(the  unit  vector  of  the  O'x  axis  in  relations  (1.112)  and  (1.113) 
is  denoted  by  x]  . We  find 

(1.114) 

(p,x)  + 2/IP.X  + v’p,*  =*  -\4tT-* (»■')] • 
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Projection  to  the  O'x  axis  yields: 


(1.115) 


'•  -£r(r^)  + ihpM  + v’,>,=  [*£.  _g(r,} j 


Let  us  find  the  value  of  the  first  term  in  the  left  side  of 
equality  (1.115).  Obviously, 

(1.116) 

■*  • ■j£r  (Pr*)  *=*/>.+  * 4f  "*■  • 


Since  vector  x is  the  unit  vector. 


_ id,  . 

* ‘ if  ™ 5 *,(•*' x)  “ 0. 

_ rf'jr  rfx  rfx 

*'  Sir '“--if  If 


(1.117) 


But 


"5T ' 


s»X», 


(1.118) 


there  fore, 


lI’X 

* • *j jr  ■=—(<••  X .*)  ■ (in  x jt). 


(1.119) 


According  to  the  well-known  Lagrange  identity,  the  right 
side  of  equality  of  (1.119)  is  expanded  in  the  following  manner: 

(1.120) 

(1.1  x *)  • <»  x *)  = u’  — w;  «=  Ii>’  4 <•>'. 


where  to^,  and  wz  are  the  projections  of  the  absolute  angular 
velocity  of  trihedron  O'xyz  on  its  axes. 


Taking  into  account  equalities 
equation  (1.115)  assumes  the  form: 

p,  + 5*f>.  + (v’-u’-u’)pJ  «* 


(1.116),  (1.119)  and  (1.120), 


(1.121) 


When 


v’rsxoj-f  i'>) 


(1.122) 


the  established  value  of  deformation  of  the  suspension  spring  is 

(1.123) 


h “*  - V X ' \lftr  ~ £(r  )l ' 


Having  taken  as  the  newtonometer  readings  the  value 


(1.124) 


we  arrive  at  the  relation  similar  to  relation  (1.4),  by  which  we 
earlier  determined  the  readings  of  a linear  newtonometer.  We  can 
find  the  same  relation  by  considering  the  equation  of  motion  of 
the  sensitive  mass  of  a one-component  pendulum  newtonometer. 

Now  let  three  one-component  newtonometers  n , n and  n be 

x y z 

mounted  (Figure  1.16)  on  a gyrostabilized  platform  or  on  the  plat- 
form of  a gyroscopic  absolute  angular  rate  meter.  Let  the  axes 
of  newtonometer  sensitivity  coincide  with  the  axes  of  the  trihedron  Oxyz 
associated  with  the  platform,  and  let  the  centers  of  the  suspensions 
of  their  sensitive  masses  be  separated  from  the  vertex  of  the  in- 
dicated trihedron  by  distance  l , j l and  l . Then  the  readings 

x y z 
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of  newtonometer  nx  will  be  calculated  according  to  relation 
by  the  equality 

[4?r— 


(1.121) 

(1.125) 


where  r^  is  the  radius  vector  of  the  center  of  suspension  of  newton- 
ometer n relative  to  the  center  of  the  earth  0 ' . 

X 1 


If  the  radius  vector  of  point  0 relative  to  the  earth's 
center  of  mass  is  denoted  by  r,  then 

(1.126) 

r,~r+l^. 


By  substituting  equality  (1.124)  into  relation  (1.123)  and  by 

noting  that  the  difference  g(r)-g(r  ) at  a small  value  of  t is 

1 ** 

negligible,  we  find  (at  f * const)* 

(1.127) 


Similar  expressions  are  also  obtained  for  n and  n , 

y ^ 

the  projections  of  n^,  n^  and  nz  determine  the  vector 


so  that 


(1.128) 
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where 


Ah#  = lM  • x,  An,  =»  lt  j(r  * y» 


An, 


■'*  V/f  J 


Thus,  three  linear  newtonometers,  mounted  near  point  O,  are 
equivalent  to  a single  three-dimensional  device  mounted  at  this 
point,  with  an  accuracy  up  to  the  error  determined  by  the  vector  An. 


If  orientation  of  the  x,  y and  z axes  is  fixed  (a  gyrosta- 
bilized  platform),  then  d2x/dt2=d2y/dt2=d2 z/dt2=0  and  this  means  that 
the  vector  An  is  also  equal  to  zero.  If  the  newtonometers  are 
mounted  on  a platform  rotating  at  angular  velocity  w (for  example, 
on  the  platform  of  an  absolute  angular  rate  meter),  then,  accor- 
ding to  relations  (1.119)  and  (1.120), 


Ad  + <■>?)• 

A*,- -*,H + <■>;>•  A". 


=•- 1,  + *’’»)• 


(1.129) 


At  small  values  of  i ^ and  l g (usually  of  the  order  of  several 

centimeters)  and  at  limited  values  of  u>x,  and  u>z,  the  modulus 
of  vector  An  is  negligible.  It  should  be  noted  that  since  &x,  i 
and  2-z  are  known,  while  projections  tox,  and  u>z  are  measured  by 
a gyroscopic  meter,  then  in  principle  the  error  of  An  can  be  com- 
pletely eliminated. 


In  the  above  consideration,  the  axes  of  sensitivity  of  the 
throe  linear  newtonometers  formed  a rigid  orthogonal  trihedron. 
Obviously,  this  does  not  change  if  this  trihedron  is  not  orthogonal 
or  if  it  is  not  even  rigid,  but  orientation  of  the  axes  of  sensi- 
tivity of  all  throe  newtonometers  is  independent.  If  the  axes  of 
sensitivity  are  non-coplanar,  then  the  newtonometer  readings  still 
determine  the  vector 


it 


<t’r  , 
’Str  — elr), 


(1.130) 
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where  the  radius  vector  of  the  suitably  selected  point,  near  which 
the  newtonometers  are  located,  may  be  taken  as  ?. 


1.4.3.  General  principles  of  constructing  inertial  naviga- 
tional systems.  A typical  block  diagram.  The  method  of  integrating  a„ 
fundamental  equation  of  inertial  navigation,  considered  above  (sec- 
tion 1.4.1),  when  the  directions  of  the  axes  of  sensitivity  of  three 
newtonometers  form  an  orthogonal  trihedron,  invariant  oriented  in 
absolute  space,  as  already  noted,  completely  solves  the  problem  of 
calculating  the  navigation  parameters.  This  method,  is,  in  any 
case,  from  the  formal  viewpoint,  the  more  natural  one  and  a direct 
method  of  solving  the  problem.  However,  the  formal  simplicity 
and  naturalness  of  constructing  the  diagram  is  not  always,  as  is 
well  known,  related  to  the  simplicity  and  even  the  possibility  of 
its  technical  and  engineering  realization. 

Therefore,  in  real  designs  the  directions  of  the  axes  of 
sensitivity  of  newtonometers  may  vary  their  orientation  in  inertial 
space  during  operation  of  the  inertial  system,  where  variation  of 
the  orientation  of  the  newtonometers  is  usually  a function  of  the 
coordinates  determined  by  the  inertial  system  itself.  The  orienta- 
tion of  newtonometers  may  be  varied  with  respect  to  the  inertial 
coordinate  system,  for  example,  by  linking  them  rigidly  to  the  con- 
trolled gyrostabilized  platform,  considered  in  the  preceding  sec- 
tion, and  by  forming  in  the  required  manner  the  controlling  mo- 
ments M4  , M*  and  M*  . A free  gyrostabilized  platform  may  be 
iy  ix 

taken  as  the  base  of  the  diagram  and  the  required  orientation  of 
the  newtonometers  relative  to  the  platform  and,  consequent-  „ 
lv,  relative  to  the  axes  of  the  inertial  coordinate  system  can  be 
provided  by  using  a special  kinematic  diagram.  Finally,  orienta- 
tion of  the  directions  of  the  axes  of  sensitivity  does  not  have  to 
be  a previously  known  coordinate  function.  For  example,  newton- 
ometers can  be  linked  to  the  platform  of  a three-component  absolute 
angular  rate  meter  and  integration  of  the  fundamental  equation  in 
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the  coordinate  system  bound  to  the  platform^  can  be  accom- 
plished by  taking  advantage  of  the  fact  that  rotation  of  the  plat- 
form in  inertial  space  is  known  from  the  readings  of  the  angular 
rate  meter. 


A number  of  circumstances  must  be  taken  into  account  in  each 
cor  rote  case  in  order  to  dwell  on  various  schemes  for  construc- 
ting an  inertial  navigation  system.  One  of  the  problems  which  must 
be  solved  here  is  to  select  the  reference  grid  in  which  it  is  more 
convenient  for  sore  reason  than  in  others  to  navigate  a 

specific  object  (or  class  of  objects).  The  coordinates  which  de- 
termine the  position  of  point  0 with  respect  to  trihedron 
may  be  in  the  general  case  some  curvilinear  and  non-crthogonal 
coordinates  x1,  x 2 and  * 1 . They  may  obviously  be  transient  as  well, 
i.e.,  the  coordinate  surfaces  x*=  const  may  alter  its  position  in 
time  with  respect  to  trihedron  This,  for  example,  will 

occur  if  coordinates  xl,  x2  and  x3  determine  the  position  of  the 
object  in  the  earth  body  axes  system. 

If  the  readings  of  three  newtonometers  are  denoted  by  njf  n^ 

and  n , the  values  of  n , n and  n with  arbitrary  orientation  of 
1 12  3 

the  axes  of  sensitivity  will  be  some  time  functions,  functions  of 
the  three  coordinates  of  x1  and  of  their  first  and  second  time  de- 
rive ti\es; 

n,r=  /,<x'.  X5.  x\  y.1.  x\  x\  x?.  x\  I)  (1.131 

(lal,  2.  3) 


Equalities  (1.131)  are  nothing  more  than  projections  of  equa- 
tion (1.88)  on  the  directions  of  the  axes  of  sensitivity  of  the 
now  mometers.  The  essence  of  the  principle  of  inertial  naviga- 
tio  , as  already  noted,  reduces  to  integration  of  equation  (1.88). 
In  ho  considered  case  this  reduces  to  integrating  the  system  of 
thr>  o differential  equations  (1.131),  which  (if  the  directions  of 
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the  axes  of  sensitivity  of  newtonometers  nj#  and  n^  are  not 
co-planar)  are  equivalent  to  the  vector  equation  (1.88).  In  order 
to  integrate  equations  (1.131),  we  could,  for  example, proceed  in 
the  following  manner:  roproject  equalities  (1.131)  to  axes 
and  5*,  use  equations  (1.89)  and  find  the  values  of  x1,  x*  and  *3 
from  the  obtained  values  of  £*,  n*  and  c*.  This  method  presumes 
computer  operations  on  the  readings  of  the  newtonometers  until  in- 
tegration of  these  readings. 


However,  it  is  well  known  that  the  signals  taken  from  the 
newtonometers  are  rather  rapidly  variable  time  functions.  Per- 
forming the  computer  operations  directly  on  these  signals  with 
the  required  accuracy  is  related  to  considerable  difficulties  and 
usually  leads  to  significant  errors,  adding  to  the  errors  of  the 
newtonometers  themselves.  Therefore,  the  solution  of  equations 
(1.131),  in  which  the  first  operation  completed  on  the  newtono- 
meter  readings  is  the  integration  operation,  is  more  feasible. 

The  condition  of  integrating  the  newtonometer  readings  until  the 
computer  operations  on  them  have  been  executed  -is  obviously  a 
practically  required  condition  which  must  be  satisfied  in  construc- 
ting the  diagram  of  an  inertial  navigation  system. 


At  least  two  variants  are  possible.  The  highest  derivatives 
x2  and  S*  occur  in  the  functions  of  f^,  which  are  on  the 
right  sides  of  equations  (1.131),  as  the  result  of  projection  of  the 
acceleration  d2r/dt2  on  the  directions  of  the  axes  of  sensitivity 
of  the  newtonometers.  Because  of  this,  the  func- 
tions f^  are  linear  in  x1,  x2  and  x 3 , i.e.,  equalities  (1.131)  may 
be  represented  in  the  form 


n,  — «(|x'  + «(,x>  -f  atx'  4 /;  (x>.  x’.  x\  x',  x1.  x\  /). 


(1.132) 


Coefficients  a . . 

13 


9 


as  we  shall  subsequently  see,  are  functions  of 
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the  coordinates x 1 , x*  and,**,  time  t and  of  the  parameters  which 
determine  orientation  of  the  directions  of  the  axes  of  sensitivity 
of  the  newtonometers.  The  latter  can  be  either  known  time  functions 
or  time  functions  of  coordinates  **,  *2  and  x3.  Consequently, 
equalities  (1.132)  can  be  written  in  the  form 


\ t.i  / »-i 

-f  /!<»'.  **.  **•  *'•  0- 


(1.133) 


The  first  variant  of  integrating  equations  (1.131)  therefore  j.n- 
volves  the  solution  of  equations  (1.133)  with  respect  to  the  sums 

• V 

Ea^x  according  to  the  relations 


1 


+ 5J«»(0)**«>)  (1.130 

»-• 


(1.134) 


* K k 

The  values  of  x and  x are  then  found,  which  are  then  used 
to  form  the  subintegral  expressions  (1.134).  This  variant  places 
no  restrictions  of  any  kind  on  disposition  of  the  axes  of  sensi- 
tivity of  the  newtonometers.  Orientation  of  the  axes  of  sensi- 
tivity with  respect  to  the  axes  should  be  only  a known  time 

function  and  a function  of  coordinates  xl,x2  and  x3. 

The  second  variant  presumes  a completely  specific  dependence 

of  the  directions  of  the  axes  of  sensitivity  of  the  newtonometers 

on  the  coordinates  and  time;  orientation  of  the  axes  of  sensitivity 

should  be  selected  such  that  only  a , a and  a of  all  values 

11  22  91 

of  a^  be  distinct  from  zero  in  equalities  (1.132).  Then,  instead 
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of  relations  (1.134)  we  find  the  following: 


(1.135) 


4-  a„(0)K*<0) 


Of  course,  variants  which  are  intermediate  between  relations 
(1.134)  and  (1.135)  are  also  possible,  when  orientation  of  one  (or 
two)  of  the  three  newtonometers  is  subject  to  deriving  equations  of 
type  (1.134),  while  the  readings  of  the  remaining  two  (or  one)  are 
integrated  according  to  relations  (1.135). 

To  provide  the  required  dependence  of  the  directions  of  the 
axes  of  sensitivity  of  the  newtonometers  on  coordinates  x*  and 
x1  and  time  t,  it  is  obviously  necessary  to  form  some  controlling 
effects  that  depend  in  the  general  case  on  the  coordinates  x*-,  their 
time  derivatives  and  clearly  reentrant  time.  The  number  of  con- 
trolling effects  may  vary  from  zero,  when  orientation  of  the  new-' 
tonometers  relative  to  axes  and  t*  is  fixed,  to  six,  when  the 

directions  of  the  axes  of  sensitivity  of  all  three  newtonometers 
vary  independently  of  each  other. 

Selection  of  both  the  reference  grid  x1,  xl  and  x5  and  also 
the  directions  of  the  axes  of  sensitivity  of  the  newtonometers,  and, 
consequently,  of  the  kinematics  of  the  diagram  and  of  the  form  of 
the  controlling  effects,  should  of  course  provide  the  greatest  sim- 
plicity possible  of  the  latter.  One  naturally  strives  in  this 
case  toward  simultaneous  simplification  of  functions  f^,  and  not 
only  of  their  parts  which  occurred  due  to  projection  of  the  accelera- 
tion d2r/dt2  on  the  directions  of  the  newtonometer  axes,  but  also 
of  those  which  are  obtained  from  projecting  vector  q.  This 
usually  leads  to  the  necessity  df  specifically  orienting  the  axes 
of  sensitivity  of  the  newtonometers  relative  to  the  gravita- 
tional field. 
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Selection  of  the  diagram  is  greatly  affected  by  the  possibility 
of  using  one  or  another  means  of  correcting  the  operation  of  the 
inertial  system,  the  requirements  placed  on  the  process  of  pre- 
paring the  system  for  operation  and  on  the  process  of  operating  it, 
the  general  characteristics  of  the  object  for  which  the  system  is 
designed,  its  velocity,  range  etc. 

✓ Finally,  the  given  accuracy  with  which  the  navigational  para- 
meters must  be  determined  and  navigation  must  be  accomplished,  both 
in  selecting  the  structure  and  operating  algorithm  of  the  initial 
system  and  in  selecting  its  elements,  is  of  decisive  importance. 

Selection  of  the  elements  of  the  diagram  and  selection  of  its 
structure  and  algorithm  (equations  of  ideal  operation)  are  of  course 
unrelated  to  each  other.  The  typical  properties  of  the  elements  and 
devices  selected  for  constructior  of  the  diagrams  usually  place 
quite  specific  requirements  on  the  structure  of  the  diagram  and  on 
its  operating  algorithm.  And,  on  the  other  hand,  elements  with 
quite  specific  properties  are  required  to  realize  the  given  struc- 
ture. 

o 

Of  course,  the  method  of  constructing  the  diagram  is  primarily 
determined  by  the  characteristics  of  the  sensing  elements  and  mainly 
by  the  accuracy  and  the  possible  range  of  measurement.  But  the  pro- 
perties of  the  remaining  elements  and  devices  — computers,  altitude 
and  moment  sensors,  tracking  systems  etc.  --  may  also  be  no  less  deter- 
mining. 

Thus,  .if  we  assume  rather  large  and  accurate  computer  facili- 
ty s (for  example,  a digital  computer  with  suf ficier.tly  high  speed 
am  sufficiently  large  storage  capacity  in  combination  with  analog- 
to-  iigital  converters  with  the  required  accuracy),  it  is  ob- 
viously possible  to  facilitate  the  task  performed  by  the  sensing 
elements,  especially  by  the  gyroscopic  elements.  In  particular, 
in  combination  with  accurate  tracking  systems  this  makes  it  possible 
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to  use  free  gyroscopes  rather  than  load-bearing  gyroscopic  com- 
ponents (of  the  stabilized  platform  type). 

It  should  be  noted  that  the  properties  of  elements  which  can 
be  used  in  the  system  naturally  affect  not  only  the  structure  of 
the  inertial  navigation  system,  but  its  structural  performance  as 
well,  as  far  as  arrangement  of  the  system  on  the  object. 

Thus,  when  using  accurate  tracking  system  and  high-speed 
computers,  the  inertial  sensing  elements  (gyroscopes  and  newtono- 
ometers)  can  be  linked  to  each  other  by  the  tracking  systems  with- 
out forming  a common  rigid  unit.  In  the  opposite  case,  the  sen- 
sing elements  should  obviously  comprise  a monounit,  in  which  the  ar- 
rangement of  individual  sensing  elements  is  rigidly  fixed  rela- 
tive to  each  other. 

The  concepts  presented  above  about  the  common  principles  of 
constructing  the  diagrams  of  inertial  navigation  systems  have  a 
common  nature  and  of  course  do  not  contain  a number  of  important 
details,  whose  significance  can  be  discussed  only  after  detailed 
analysis  of  them.  However,  these  common  concepts  permit  rather 
good  representation  of  the  typical  block  diagram  of  the  inertial 
navigation  system.  It  may  be  represented  as  consisting  of  four 
functional  blocks  (Figure  1.17):  the  block  of  sensing  (inertial) 
elements  1,  computer  block  2,  time  block  3,  and  initial  data  input 
block  4.  Of  course  (which  follows  from  the  foregoing),  these 
functional  blocks  do  not  have  to  be  common  blocks  in  the  design 
sense  and  in  the  configuration. 


Fig.  1.17 
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The  sensitive  element  block  contains  the  newtonometers  and 
the  absolute  angular  rate  meters.  The  block  accomplishes  given 
orientation  of  the  axes  of  sensitivity  of  the  newtonometers  and 
of  the  absolute  angular  rate  meters.  Data  is  fed  from  the  sensing 
elements  into  the  computer  block. 

The  initial  orientation  of  the  sensing  elements  and  input 
into  the  computer  block  of  the  initial  conditions  required  to 
integrate  the  fundamental  equation  of  inertial  navigation  are 
accomplished  by  the  initial  data  input  block.  World  (absolute) 
time  signals  are  cleared  from  the  time  block  to  the  computer. 

The  main  purpose  of  the  computer  block  is  to  integrate  the 
fundamental  equation  of  inertial  navigation  and  to  calculate  the 
required  navigational  parameters.  Therefore,  the  operational 
program  of  the  computer  block  should  contain  double  integration. 

If  the  block  provides  variation  of  orientation  of  the  newtonometers 
and  of  the  gyroscopes  of  the  inertial  element  block,  the  task  of 
the  computer  includes  formation  of  the  corresponding  controlling 
affects.  Finally,  if  automatic  navigation  is  assumed,  the  task  of 
forming  the  programmed  trajectory  of  motion  of  the  object  is  also 
placed  on  the  computer  block  and  the  number  of  output  parameters 
will  contain  the  instructions  which  control  the  steering  gear  of 
the  object  to  maintain  it  on  the  programmed  trajectory  with  the 
required  accuracy. 

1,4,4.  The  main  problems  of  the  theory  of  autonomous  inertial 
navigation.  Data  on  the  principles  of  operation  and  on  the  equations 
of  operation  of  inertial  sensing  elements  were  outlined  in  the  pre- 
ceding sections  and  the  fundamental  equation  of  inertial  navigation 
was  also  derived.  An  example  was  given  for  constructing  the  diagram 
of  an  inertial  navigation  system  with  directions  of  the  axes  of 
sensitivity  of  the  newtonometers  and  of  the  gyroscopic  absolute 
angular  rate  meters,  invariantly  fixed  in  inertial  space.  Some 
common  concepts  were  also  presented  on  the  possible  methods  of 
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constructing  the  structural  diagrams  and  operating  algorithms 
of  inertial  navigation  systems,  and  the  more  essential  circum- 
stances were  enumerated  which  should  be  taken  into  account  when 
selecting  the  method  of  constructing  the  diagram  in  various 
specific  cases. 

We  can  now  formulate  the  essence  of  the  problems  which  occur 
during  theoretical  analysis  of  operation  of  inertial  systems. 

The  first  problem  which  occurred  here  may  be  called  the 
problem  of  construction  and  analysis  of  the  equations  of  ideal 
operations  of  an  inertial  navigation  system,  i.e.,  the  mathema- 
tical algorithm  of  its  operation  with  ideal  elements  and  correctly 
given  initial  conditions.  This  problem  obviously  includes  de- 
termination of  the  form  of  projections  of  the  fundamental  equation 
of  inertial  navigation  onto  the  directions  of  the  axes  of  sensitivity 
of  the  newtonometers  with  different  selection  of  coordinates  x1,*2 
and  *3 , which  characterize  the  current  position  of  the  object  in 
space,  and  which  characterize  it  as  a function  of  the  orientations 
of  tin.  directions  of  the  axes  of  sensitivity  of  the  newtonometers. 

The  indicated  problem  also  contains  a search  for  (with  the  given 
reference  grid  x*,  x2  and  xJ)  of  the  newtonometer  orientation 
which  permits  rather  simple  integration  of  the  fundamental  equation 
of  inertial  navigation  directly  in  projections  onto  the  axes  of  sen- 
sitivity of  the  newtonometers  and  which  permits  rather  simple  con- 
struction of  the  algorithm  of  integration  itself.  This  also  in- 
cludes mathematical  formulation  of  the  problems  of  forming  the 
instructions  for  controlling  variation  of  orientation  of  the  axes 
of  sensitivity  of  the  newtonometers  and  gyroscopes  with  considera- 
tion of  the  kinematics  of  the  gyroscopic  devices  described  in  §1.2, 
and  also  calculation,  if  possible,  of  the  parameters  which  charac- 
terize the  orientation  of  the  object. 
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Consideration  of  the  equations  of  ideal  operation  and  of 
inertial  navigation  systems  should  be  preceded  by  the  derivation  of 
the  required  functions  which  characterize  the  earth's  gravitational 
field,  its  shape  and  motion. 

The  second  important  problem  is  derivation  and  analysis  of 
the  equations  of  perturbed  functioning  (motion)  of  the  inertial 
navigation  system,  i.e.,  study  of  its  operation  with  regard  to  the 
ins  rument  errors  of  the  elements,  inaccuracies  of  the  initial 
nr.:angement  of  the  directions  of  the  axes  of  sensitivity  of  the 
newtonometers  and  gyroscopes,  and  also  with  regard  to  errors  of 
.ntioducing  the  initial  conditions.  It  is  obvious  that  perturbed 
functioning  of  the  system  is  different  from  that  which  is  attributed 
-.0  it  by  the  equations  of  ideal  operation,  and  the  navigational 
>arameters  are  determined  in  this  case  inaccurately  and  with  errors. 

The  equations  which  describe  time  variation  of  deviations 
of  perturbed  motion  of  the  system  from  unperturbed  and  ideal  motion, 
are  therefore  naturally  called  error  equations.  Error  equations 
are  consequently  equations  in  variations.  The  importance  of  study- 
ing the  properties  of  these  equations  is  obvious,  because  they  de- 
termine the  operational  stability  of  the  inertial  system  and  they 
relate  the  errors  of  the  elements  and  of  the  initial  conditions  to 
the  errors  of  calculating  the  navigational  parameters.  The  main 
purpose  of  analyzing  the  error  equations  is  to  establish  a direct 
relationship  between  the  accuracy  of  the  system  and  the  instrument 
errcrs  of  its  elements. 

The  next  problem  it  theoretical  analysis  of  the  phenomena 
and  affects  which  occur  during  correction  of  inertial  systems  due 
to  . Iditional  data  sources. 

The  use  of  outside  information  sources  to  correct  an  inertial 
system  has  as  its  purpose  an  increase  in  the  accuracy  of  calculation 
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reduction  of  the 


by  the  system  of  navigational  parameters,  i.e., 
magnitude  of  errors.  Accurate  data  on  the  coordinates  of  the  ob- 
ject at  some  known  time  instants  or  on  the  rate  of  variation  of  the 
coordinates  or,  finally,  the  possibility  of  "tying  in"  to  some 
direction  whose  orientation  relative  to  the  inertial  coordinate 
system  is  known,  for  example,  to  the  direction  of  some  celestial 
body  (astrocorrection) , can  be  used  as  the  data  for  making  the 
correction.  Correction  can  be  accomplished  by  different  methods. 

The  simplest  method  is  obviously  introduction  of  corrections  into 
the  output  parameters  of  the  inertial  navigation  system.  The  second 
method  is  to  bring  the  system  at  the  point  of  correction  to  a state 
similar  to  that  in  which  it  was  located  at  the  moment  of  beginning 
operation  at  the  starting  point,  with  simultaneous  introduction  of 
corrections  into  the  output  parameters.  The  first  method  generally 
has  no  essential  effect  on  the  inertial  system.  The  second  method 
essentially  differs  in  no  way  from  preparation  of  the  system  for 
beginning  of  operation.  Both  methods  affect  neither  the  error 
sources  or  the  dynamics  of  their  time  variation.  Correction  methods 
are  possible  which  alter  the  structure  of  the  error  equations;  they 
can  be  used  to  improve  the  stability  of  the  inertial  system,  for 
example,  a system  unstable  without  correction  can  be  made  stable. 
These  methods  make  it  possible  to  avoid  error  accumulations.  Analysis 
of  this  type  of  methods  of  correction  is  closely  related  to  study 
of  the  properties  of  the  error  equations  of  autonomous  inertial  sys- 
tems. 


We  can  further  isolate  the  group  of  problems  related  to  sim- 
plification of  the  equations  of  ideal  operation.  Simplifications 
are  possible  not  only  by  selecting  the  reference  grid  and  special 
orientation  of  the  axes  of  sensitivity  of  the  newtonometers  and 
gyroscopes  relative  to  this  reference  grid  and  gravitational 
field. 
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The  extent  and  nature  of  time  variation  of  various 
terms  of  the  equations  of  ideal  operation  are  determined  to  a great 
extent  by  the  motion  of  the  object.  For  a given  class  of  the  pro- 
grammed trajectories  of  motion  of  an  object,  some  terms  of  the 
equation  of  ideal  operation  may  be  small  and  may  be  disregarded. 

Other  terms  may  be  close  to  their  values  on  the  programmed  trajectory, 
and,  therefore,  it  may  be  possible  to  form  them  as  functions  of 
their  programmed  values,  i.e.,  as  time  functions,  rather  than  as 
functions  of  the  current  coordinates  of  the  object.  The  equations 
of  ideal  operation  may  also  be  simplified  if  the  time  variation 
of  one  or  another  navigational  parameters  are  known  from  the  out- 
side information  sources  or  from  the  specifics  of  motion  of  the 
object  or  if  the  functional  relations  which  link  some  of  these 
parameters  are  known. 

Introduction  of  simplifications  into  the  algorithm  of  ideal 
operation  of  the  system  usually  leads  to  the  occurrence  of  addi- 
tional errors  in  calculating  the  navigational  parameters.  Simpli- 
fications are  permissable  if  the  value  of  the  errors  caused  by  them 
are  small  conpared  to  other  errors,  for  example,  to  those  which 
occur  as  the  result  of  instrument  errors  of  the  elements.  The 
possibility  of  simplifying  the  equations  of  ideal  operation  of  the 
system  can  best  be  determined  only  as  the  result  of  analyzing  these 
equations  together  with  the  corresponding  error  equations. 

The  given  list  of  problems  whose  solution  is  required  when 
investigating  operation  of  inertial  navigation  systems  is  of 
course  not  exhaustive.  Only  the  main  groups  of  problems  and  only 
those  in  the  most  common  form  were  touched  on  here.  These  prob- 
lems may,  of  course,  be  more  detailed  only  during  their  solution. 


Draper  C.  C. , Wrigley  W.,  Hovorka  J. , Inertial  guidance, 

Pergamon  Press,  New  York,  1960. 

Ishlinskiy,  A.  Yu.,  Equations  of  the  problem  of  calculating 
the  location  of  a moving  object  by  means  of  gyroscopes  and 
accelerometers,  Prikladnaya  Matematika  i Mekhanika  Vol.  21, 

No.  6,  1957. 

Strict  proof  of  this  statement  will  be  given  in  the  next 
section  of  this  chapter. 

Ishlinskiy,  A.  Yu.,  On  the  Theory  of  Gyroscopic  Stabilization 
of  Complex  Systems,  Prikladnaya  Matematika  i Mekhanika  Vol. 22, 

No.  3,  1958. 

Ishlinskiy,  A.  Yu.,  On  the  Theory  of  Gyroscopic  Stabilization 
of  Complex  Systems,  Prikladnaya  Matematika  i Mekhanika  Vol.  22, 
No.  3,  1958. 

A suspension  which  provides  three  degrees  of  freedom  of  the 
gyroscope  rotor  is  called  a suspension  with  three  degrees  of 
freedom.  This  name  is  generally  accepted  in  the  Soviet 
literature  on  gyroscopic  devices.  In  the  non-Soviet  literature 
(for  example,  in  American  literature)  this  suspension  is 
often  called  one  with  two  degrees  of  freedom,  bearing  in  mind 
the  number  of  degrees  of  freedom  of  the  gyroscope  housing. 

Magnus,  K. , On  the  stability  of  motion  of  a heacy  symmetrical 
gimbaled  gyroscope.  Prikladnaya  Matematika  i Mekhanika,  Vol.  22 
No.  3,  1958;  Klimov,  D.M.  Appendices  1 and  2 tos  Nikolai,  Ye.  L., 
Giroskop  v vardanovom  podvese  (Gimbaled  Gyroscopes) , Fitzmatgiz, 
1964. 
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Such  devices  are  sometimes  called  specific  moment  sensors 
in  the  literature  (for  example,  Gorenshteyn,  I.  A.,  I.  A. 
Schul'man  and  A.  S.  Safaryan,  Inertsial 1 naya  navigatsiya 
(Inertial  navigation),  Sovetskaya  Radio,  1962),  bearing  in  mind 
the  rotational  moment  relative  to  the  kinetic  moment  of  the 
gyroscope.  This  name  may  lead  to  a misunderstanding,  because 
the  specific  moment  is  most  often  called  the  rotational 
moment  relative  to  the  moment  of  inertia.  Therefore,  we  will 
use  the  generally  accepted  name  absolute  angular  rate  meter 
(sensor) . 

See  the  remark  on  page  19  (Footnote  3) . 


Bylgakov,  B.  V.  Prikladnaya  teoriya  giroskcpov  (Applied  theory 
of  Gyroscopes),  Gostekhizdat,  1955?  Roytenberg,  Ya.  N.  Free 
oscillations  of  gyroscopic  stabilizers,  Prikladnaya  Matematika 
i Mekhanika,  Vol.  II,  No.  2,  1947. 

Deflections  of  a gyrostabilized  platform,  like  deflections  of 
a free  gyroscope,  may  be  caused  not  only  by  the  perturbing 
moments  along  the  axes  of  the  housings  but  also  by  certain  dynamic 
affects  of  the  motion  of  the  platform  (see  the  literature 
indicated  in  footnote  7). 

Appel'P.,  Teoreticheskaya  mekhanika  (Theoretical  mechanics), 

Vol  2,  Fizmatgiz,  1960. 
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13.  The  assumption  of  the  equivalence  of  a single  three- 
dimensional  newtonometer  to  three  linear  ones,  as  already 
indicated,  assumed  the  fact  that  the  sensitive  masses  of 
all  three  newtonometers  are  located  at  the  same  point  of 
space. 

14.  Duboshin  G.  H. , Teoriya  prityazheniya  (Theory  of  Attraction), 
Fizmatiz,  1961. 

15.  Blazhko  S.  N. , Kurs  sfericheskoy  astronomii  (A  Course  in 
Spherical  Astronomy),  Gostekhizdat,  1954. 

16.  Einstein  A.,  Infeld  L. , The  Evolution  of  Physics,  Gostekhizdat, 
1948. 

17.  Andreyev  V.  D. , "On  the  General  Equations  of  Inertial  Naviga- 
tion", Prikladnaya  Matematika  i Mekhanika,  Vol.  28,  No.  2,  1964. 
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Chapter  2 


THE  SHAPE,  GRAVITATIONAL  FIELD  AND  MOTION  OF  THE  EARTH. 

I 

S 2.1.  The  shape  of  the  earth.  The  fundamental  earth  body  axis 
systems. 

The  earth's  surface  is  usually  assumed  to  be  a fluid  surface 
of  oceans  and  seas  which  is  thought  of  as  continuing  inside  the  continents 
along  thin  canals  which  do  not  change  the  distribution  of  masses. 

The  shape  of  this  surface  is  the  result  of  the  total  effects 
of  the  gravitational  forces  of  the  earth's  mass  and  of  the  centri- 
fugal force  caused  by  rotation  of  the  earth  about  its  own  axis. 

The  normal  to  the  quiet  surface  of  the  ocean  thus  coincides  with 
the  direction  of  the  resulting  gravitational  forces  of  the  earth 
and  centrifugal  force,  i.e.,  to  the  direction  of  gravity.  This 
direction  is  called  the  perpendicular  direction  or  the  true  vertical. 

The  level  surface  of  the  earth  is  very  complex  and  may  not  be 
accurately  represented  by  any  true  geometric  figure.  A special 
term  - geoid,  proposed  in  1873  by  the  German  scientist  I.  Listing, 
was  used  to  define  it. 

A geoid  can  be  approximated  with  a sufficient  degree  of  accuracy 
by  a surface  formed  by  rotation  of  an  ellipse  around  its  small  axis, 
coincidina  with  the  earth's  rotational  axis.  The  ellipsoid  of  ro- 
tation obtained  in  this  case,  usually  called  Clairaut's  ellipsoid 
will  obviously  be  determined  if  its  semiaxes  a and  b are  given. 

The  ellipsoid  of  rotation  may  also  be  defined  by  being  given  one 
of  the  semiaxes,  for  example,  the  major  semiaxis  a and  the  compression 

(2.1) 
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or  eccentricity  e,  whose  square  is  equal  to 


(2.2) 


«*-»* 


In  view  of  the  smallness  of  a and  e*  and,  consequently,  due 
to  the  proximity  of  Clairaut's  ellipsoid  to  the  sphere,  another  name 
of  the  level  surface  is  also  used  - the  terrestrial  spheroid. 

The  ends  of  the  minor  semiaxis  b of  the  terrestrial  ellip- 
soid are  called  poles:  one  north  and  the  other  south.  The  cross 
sections  of  the  ellipsoid  surface,  normal  to  the  minor  semiaxis, 
are  circles  called  parallels.  The  largest  of  them  is  called  the 
equator.  The  plane  of  the  equator  passes  through  the  center  of 
the  earth.  The  cross  sections  of  the  surface  of  Clairaut's  ellipsoid 
by  the  planes  which  pass  through  the  minor  axis  are  called  meridians. 
These  are  obviously  ellipses  with  semiaxes  a and  b. 

The  parameters  of  the  terrestrial  ellipsoid  (the  reference 
ellipsoid)  are  obtained  by  geodetic  measurements  carried  out  es- 
pecially for  this  purpose.  In  different  countries  the  parameters 
of  the  reference  ellipsoid  are  taken  as  somewhat  different  from 
each  other. 

The  parameters  obtained  in  1940  by  the  Soviet  geodesist  F.  N. 
Krasovskiy  are  used  for  geodetic  and  cartographic  work  in  the 
Soviet  Union.  The  parameters  of  F.  N.  Krasovskiy' s ellipsoid  are 
the  following  1 

(2.3) 

major  semiaxis  a=6, 378,245  m, 

minor  semiaxis  b=6,356,863  m, 

primary  compression 

a = = -57^—3-  = 0.00335233, 


\ 
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square  of  first  eccentricity 

e2  = = 0.0066934, 

square  of  second  eccentricity 

= ■-*-  ■ = 0.0067386, 

polar  radius  of  curvature  of  ellipsoid 
a2 

c = -57  = 6,399,699  m, 

radius  of  the  sphere  of  an  identical  volume  with  the  terres- 
tricl  ellipsoid 

R'  = 6,371,110  m, 

radius  of  the  sphere  of  an  identical  surface  with  the  terres- 
trial ellipsoid 

R"  = 6,371,116  m. 

We  note  that  deviation  of  the  normal  to  the  geoid,  i.e.,  the 
true  vortical,  from  the  direction  of  the  normal  to  Clairaut's  ellip- 
soid idocs  not  exceed  several  angular  seconds  (2-3")  with  appro- 
priate selection  of  its  parameters,  while  the  deviation  of  the  geoid 
surface  from  the  ellipsoid  surface  along  the  normal  is  of  the  order 
f t jns  of  meters  (100-150)  • 

For  further  exposition  of  the  properties  of  the  terrestrial 
< J.l  >soid,  let  us  associate  with  it  the  right-hand  orthogonal  coordinate 
s /si'im  0 Cnc  (Figure  2.1).  Lot  us  locate  the  origin  of  this  co- 

l 

ordinate  system  at  the  center  of  the  earth  , and  let  us  direct 
the  axis  0^  along  the  minor  axis  of  the  terrestrial  ellipsoid  in 
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the  direction  of  the  north  pole.  The  axes  Q^C,  and  O^g  will  then 
be  located  in  the  equatorial  plane.  In  order  to  finally  determine 
this  coordinate  system,  let  us  locate  the  axis  along  the  line 
of  intersection  of  the  equatorial  plane  with  the  plane  of  the  Green- 
wich meridian. 


Fig.  2.1 

The  equation  of  Clerot' s ellipsoid  in  the  given  coordinate 
system  has  the  forms 

£$*  + &-'■ 

Let  point  O be  some  arbitrarily  selected  point  in  the  co- 
ordinate system  (Knc.  Let  us  draw  the  normal  to  clairaut's  ellip- 
soid through  this  point.  It  will  obviously  be  located  in  the  meri- 
dional plane O containing  point  0,  and  will  intersect  the  ellipsoid 
at  point  A,  the  equatorial  plane  at  point  B and  axis  C at  point  C 
(Figure  2.1).  The  location  of  point  0 in  the  coordinate  system 
may  be  determined  by  angle  <p' , formed  by  the  normal  to  the 
ellipsoid  with  the  equatorial  plane,  angle  A between  the  meridianal 
planes  of  point  o and  the  Greenwich  meridian  and  by  the  segment 
of  the  normal  h from  point  A to  point  0.  Angles  s'  and  A are 
called  geographic  latitudes  and  longitudes,  and  the  value  of  h co- 
incides with  the  greatest  accuracy  to  the  height  of  point  0 above 
sea  level. 


Lot  us  link  the  right-hand  orthogonal  trihedron  Ox^yz^ 
point  0.  Let  us  direct  the  z^  axis  along  the  positive  normal  to 
the  terrestrial  ellipsoid,  lot  us  locate  the  axis  in  the  meri- 
dianal  plane,  containing  point  O,  and  let  us  direct  it  in  the  di- 
rection of  the  north  pole.  The  position  of  the  xj  is  now  clearly 

determined.  It  is  easy  to  see  that  trihedron  x y z will  be  or- 

iii 

iented  along  the  cardinal  points  by  the  accompanying  trihedron 
(Darboux's  trihedron)  on  to  the  surface  h = const,  surrounding  the 
earth.  Orientation  of  this  trihedron  relative  to  the  earth's 
body  axes  C»  n and  c is  characterized  by  the  table  of  direction 
cosines : 

<2*4 

t — »lnX-  — ilnf'coj).  cmif'coiX 
H coiX  — »ln<|'»inX  cosy' tin  X 
t 0 coiy'  ilnip'. 


Having  considered  the  meridianal  cross  section  of  the  ellip- 
soid (Figure  2.2),  which  passes  through  point  0 and  whose  equation 
obviously  has  the  form 

(2.5) 

V + »T”1, 


we  find  the  following  expression  for  calculating  <P ' 


(2.6) 


coi  <r'=»— 


It  is  easy  to  find  from  relations  (2.2),  (2.5)  and  (2.6)  the 
expressions  to  calculate  x and  c by  <? * , h and  the  parameters  of 
the  ellipsoid: 

(2.7) 


v 1(1  1 
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The  coordinates  £ and  n ar e expressed  in  turn  by  x and  X: 


t'=jrcos>.,  >|.-^.tj|nX. 


(2.8) 


At  h * 0 formulas  (2.7)  and  (2.8)  yield  the  expressions  for 
coordinates  £,  n and  £ of  the  point  of  the  ellipsoid  surface  to  9* 
a.  • d X . 


Lot  us  determine  the  radii  of  curvature  r and  r of  two 

2 J 

mutually  perpendicular  main  normal  cross  sections  of  the  surface 
h*  const  which  pass  through  axes  Ox  ^ and  . Having  turned  to 
the  first  formula  of  (2.7),  we  note  that  it  yields  an  expression 

for  the  radius  of  the  parallel  of  surface  h=const  at  latitude  9*. 

3 

According  to  Henier's  theorem  , it  follows  directly  from  this 
formula  that  the  radius  of  curvature  of  a normal  cross  section  tan- 
gent to  the  parallel  is 

(2.9) 

' '*  a (I  — »*  jlnVi1*  ^ 


i.  e.,  it  is  equal  to  segment  OC  (Figure  2.2). 


The  radius  of  curvature  of  the  meridional  cross 
calculated  by  the  well-known  formula  of  differential 


section  is 
geometry 


<£±i 


(2.10) 


(differentiated  with  respect  to  <P  is  acnotoa  Dy  prime).  By  using  (2.7), 
we  find: 

(2.11) 

+*• 
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If  we  now  draw  some  arbitrary  normal  cross  section  such  that  it 
♦ orms  an  angle  with  the  meridianal  plane,  then  the  radius  of 
curvature  of  this  cross  section  is  calculated  from  Euler's  formula 


'* ' 


»ln»  ♦ I coi1  f 
'»  ‘ r, 


(2.12) 


It  follows  from  formulas  (2.9),  (2.11)  and  (2.12)  that  tne 

racius  of  curvature  of  the  normal  cross  section  of  the  surface 

h = const  (and  of  the  surface  of  the  terrestrial  ellipsoid  h»0) 

with  the  anqle  <j.  varying  from  0 to  it/ 2 increases  continuously 

from  its  minimum  value  r to  the  maximum  value  r . It  is  also  easv  to 

] J 

see  from  formulas  (2.9),  (2.11)  and  (2.12)  that  the  meridianal 
cross  section  at  the  equator  has  the  minimum  radius  of  curvature, 
when 

(2.13) 

',  = 0(1 


while  the  maximum  value  of  the  radius  of  curvature  corresponds  to 
latitude  <?'=tt/2,  when 

(2.14) 

= "j + *■ 


In  view  of  the  smallness  of  eccentricity  of  the  terrestrial 
ellipsoid,  formulas  (2.7),  (2.9)  and  (2.11)  can  be  simplified.  By 
•'ecomposing  the  right  sides  of  these  formulas  into  series  of 
row  rs  of  e2  and  by  retaining  only  values  of  the  first  order  of  small- 
i.ec  with  respect  to  the  square  of  eccentricity,  instead  of  (2.7) 
f it  (2.8) , we  find: 

(2.15) 

ie“[a  (•  + -y  aJcoh/coiX, 

[a  *•»'  T*]  *4-  xj  coi  <f'  »lnX, 

— ~ -f-  A J sin  <f'. 
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Accordingly,  instead  of  formulas  (2.9)  and  (2.11),  we  will  havet 


4-  -j-i’jln’f'j -f  *, 

— »’+  ^ f’lln’ip'j-M, 


(2.16) 


Along  with  the  geographic  coordinates  X and  h,  let  us 
introduce  the  additional  geocentric  coordinates  of  the  point  0.  In 
order  to  calculate  them,  let  us  combine  point  0 with  the  center 
of  the  earth  0 by  the  segment  of  a straight  line  (Figure  2.3). 

The  direction  toward  the  center  of  the  earth  may  be  called  the 
geocentric  vertical.  The  geocentric  coordinates  of  point  0 will 
be  length  r of  segment  C^O,,  angle  9 between  the  meridianal  plane 
and  direction  0 0,  and  angle  X between  the  plane  containing 
axis  and  point  O,  and  the  plane  O^C. 


It  is  obvious  that  the  geocentric  longitude  is  equal  to  the 
geographic  longitude.  Let  us  establish  the  relationship  of  9 and 
r to  j ' and  h.  To  do  this,  we  note  that  coordinates  £,  n and  c of 
point  0 are  expressed  by  r,  9 and  X by  means  of  the  equalities 


l r coiipcos  X,  = t-j=rjln<p, 


(2.17) 


hence,  it  follows  that 


t«n 


-isln*. 

*1 


(2.18) 
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But,  from  formulas  (2.7)  and  (2.8), 

-»lnX^=(l — ■ •-*"■-  ijj 

H l a f-  *(l  — *•  Mu’  t l"  J 


(2.19) 


By  substituting  relation  (2.19)  into  formula  (2.18),  we  find: 


ll.  f l«  I — IWfV 

1 a f A(l •'»,<T> ' 


(2.20) 


It  now  follows  from  formulas  (2.7)  and  (2.17)  that 

1 (I  a'Un't’l  • J »>•* 


(2.21) 


Having  substituted  instead  of  sin  f its  expression  by  h and 
easily  obtained  from  relation  (2.20),  we  find  the  dependence  of 
r on  v'  and  h.  The  dependence  of  r on  9*  and  h.may  also  be  found 
directly  from  formulas  (2.7)  and(2.8).  In  fact, 

(2.22) 

l/(rT7T?. 


By  substituting  the  values  of  £,  n and  C from  formulas  (2.7) 
and  (2.8),  we  find 


(2.23) 


Figure  2.3 
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Let  us  introduce  the  moving  trihedron  Ox  y z (Figure  2.3),  associated 

111  . 

with  the  point  O on  the  sphere  of  radius  r concentric  to  the 

earth,  similar  to  the  manner  in  which  the  moving  trihedron  °xjyj 

on  the  surface  h *=  const  was  introduced.  Let  us  direct  the  z axis 

2 

along  the  geocentric  vertical  from  the  center  of  the  earth.  Let  us 

locate  the  y axis  in  the  meridianal.  plane  of  point  0 and  lot  us 
2 

direct  it  toward  the  north  pole.  Lot  us  select  the  direction  of 

the  x axis  so  that  the  y and  z axes  are  completed  to  form  a right- 
2 2 2 
hand  orthogonal  set  of  three. 

Orientation  of  the  trihedron  Ox  y z to  the  coordinate 

2 2 2 

system  O^SnC  is  calculated  by  the  table  of  direction  cosines, 
similar  to  table  (2.4).  The  difference  will  be  only  in 
that,  instead  of  geographic  latitude  9*  , the  expressions  for  the 
geocentric  cosines  will  contain  the  geocentric  latitude  9» 

It  is  easy  to  see  that  the  x and  x axes  of  trihedrons  Ox  y z 

2 1 2 2 2 
and  Ox  y z coincide.  These  trihedrons  are  expanded  with 

l i l 

respect  to  each  other  by  angle  (?'  - 9 ),  i.e.,  by  the  value  of  the 
difference  of  the  geographic  and  geocentric  latitudes.  The  mutual 
disposition  of  these  trihedrons  is  characterized  by  the  table  of 
direction  cosines: 

(2.24) 


y,  0 cos  Of' -«f)  — sin  (cf-'  — «f> 

0 — If)  iUl(lf'  — If). 


The  difference  (9'-  9)  is  calculated  from  formula  (2.20),  hence. 


(2.25) 


t.oOr'-T)™- 

(I  — c»  slnV)"i  |a  (|  — ,'HnVf'i  “Ml  ' 
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In  view  of  the  smallness  of  the  values  of  e2  and  ( qi*  - <f), 
formulas  (2.20),  (2.23)  and  (2.25)  can  be  simplified.  By  assuming 
that  the  value  h/a  is  also  small  and  by  decomposing  the  right  sides 
of  the  indicated  formulas  into  series  in  powers  of  c2  and  h/a,  we 
find 


lanqi  =[t—  »*(l  — 

r = a (l  — -i-f’sfnV)  4-*  *■*  « (l  — ' -j  + 

f'  — (l  — y (l  — 


(2.26) 

(2.27) 

(2.28) 


The  smallness  of  the  values  of  e2  and  (v  ’ - <? ) also  simplify 
the  table  of  directions  cosines  (2.24).  Assuming  that 

— f)..  |,  — 9)<aV'_7i 


we  find 


(2.29) 


~(l  -{■)  »!«?<» 


t(’  ~ t)  ,ln 


Substituting  the  value  e2=0.00G7  into  formula  (2.28),  we 
find  that  the  maximum  deviation  of  the  true  vertical  from  the 
geocentric  vertical  is  equal  to 

It'  — *L„  *0.00335. 


(2.30) 


which  corresponds  to  nil. 6'  and  is  achieved  at  latitude  <P->45 
(or  'i'=45')  on  the  earth's  surface.  As  the  distance  from  the 


I 


earth's  surface  increases,  the  value  of  this  difference  decreases. 
However,  this  decrease  is  very  slow  in  direct  proximity  to  the 
earth's  surface.  Thus,  at  h=100  km,  from  formula  (2.28)  we  obtain 


It'  — »!•«  0,00355(l  — gyjj  * 0,0033, 


which  corresponds  towll'. 

Therefore,  at  small  values  of  h,  we  may  assume: 


(2.31) 


I 


and  is  the  second  eccentricity  of  Clairaut's  ellipsoid,  calculated 
by  the  fifth  equality  of  (2.3). 

The  values  of  Pq  and  Qq  are  constants  which  do  not  depend 
on  coordinates  x,  y and  z.  They  are  calculated  only  by  t.he  value 
of  Du  and  by  the  second  eccentricity. 


For  the  potential  * V of  the  gravitational  field  inside  the 
spheroid,  the  following  expression  holds: 

..  ......  '2.35) 


V - - { />„*»  _ \ P(y>  _ J + 


where 


(2.36) 


Kq  si  2aD|I  *y  llfl*'  l 


is  the  potential  of  the  spheroid  to  its  center,  which  is  also  a 
constant  value. 


The  projections  Fx,  Fy  and  Fz  can  be  expressed  by  derivatives 
the  potential  Vof  coordinates  x,  y and  z: 


(2.37) 


p dV  p tV  _ »V 

F'-~ST-  rr“-77’  r' ” - TT • 


Formulas  (2.33)— (2.36)  are  valid  for  the  interior  points  of 
a homogeneous  ellipsoid,  also  including  the  points  on  its  surfao* 
which  are  maximum  points. 

We  are  primarily  interested  in  the  gravitational  field  of  a 
homogeneous  spheroid  outside  its  volume.  In  this  case  expressions 
(2.32)  for  Fx,  Fy  and  Fz  remain  valid,  but  direct  calculation  of 
the  integrals  on  the  right  sides  is  cumbersome.  The  resulting 


I 


1 


difficulties  can  be  avoided  here  by  using  Maclaurin's  theorem 
that  two  confocal  homogeneous  spheroids  of  equal  mass  produce  an 
identical  effect  in  the  entire  space  external  to  both  spheroids. 
This  theorem  permits  easy  distribution  of  formulas  (2. 33) - (2. 36) 
to  the  case  of  the  extrinsic  point  by  altering  them  somewhat. 

The  semiaxes  of  the  ellipsoid,  confocal  to  the  given  ellipsoid 
and  passing  through  point  A(x,y ,z),  as  is  well  known,  are  equal  to: 

(2.38) 


where  v is  the  positive  root  of  the  equation 


l: 


(2.39) 


the  second  eccentricity  of  the  confocal  ellipsoid  is  equal  to 


T*TV 


(2.40) 


and  finally,  the  density  of  the  confocal  spheroid,  having  the  same 
mass  as  the  given  sphereoid,  is  found  from  the  equality 


ir 


ti'i 


<«'  | V) I »*  I V 


(2.41) 


On  the  basis  of  Maclaurin's  theorem,  projections  F , F and  F 

x y 

for  point  A(x,y,z),  extrinsic  with  respect  to  Clerot's  ellipsoid, 
are  calculated  by  formulas  (2 . 33) -(2 . 36) , if  a',  b',  £'  and  D', 
i^bpectively,  from  formulas  (2 . 38) - (2 . 41)  are  substituted  in  them 


instead  of  a,  b,  £ , and  D.  By  carrying  out  this  substitution 
and  denoting 


D' 


P 


Pb 

(•'  - »•)''* 


const. 


(2.42) 


we  arrive  at  the  following  formulas  for  F , 


F 


y 


and  F : 
z 


-Px. 


F,~-Py.  F,=*  ~ Q*- 


(2.43) 


who  re 


p - Jn0»'  ('  * ''  ~ t+f)  • 

,,"V) 


(2.44) 


For  potential  V,  we  find  the  expression 

V* — {/»*>-  j/y 


(2.45) 


who  re 

(2.46) 

K =.2 «•«*'/' 

Unlike  formulas  (2. 33) - ( 2 . 36) , the  values  of  Pj  Q and  K in 
formulas  (2. 43) - (2. 46)  are  variables,  because  they  are  function 
of  i , and  consequently,  in  view  of  relations  (2.40)  and  (2.39), 
they  are  functions  of  x,  y and  z.  However,  formulas  (2.37)  remain 
valid  for  Fx,  F^  and  F2,  because  it  is  easily  established,  for 
example,  that 


i ap_ 
v u.r 


*2 


i f)p 


~ 2 *3 7 y 


,7 


I f>0 
7'rfv 


*>* 


~ 0. 
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Similar  equalities  are  obtained  upon  differentiation  of  V with 
respect  to  y and  z. 

Formulas  (2.43)  would  yield  accurate  expressions  for  F , F and 

x y 

Fz  if  the  terrestrial  spheroid  were  homogeneous  and  its  density 
D and  gravitational  constant  p were  known  with  some  accuracy.  How- 
ever,  in  fact  the  distribution  of  masses  in  the  terrestrial  spheroid 
is  non-uniform,  the  value  of  p is  known  from  direct  measurements 
with  accuracy  only  up  to  0.1%,  while  the  average  value  of  D (or, 
which  is  the  same  thing,  the  earth's  mass  M)  is  calculated  only 
indirectly  and  also  with  an  accuracy  of  the  order  of  0.1%.  Their 
values  are  equal  to: 

(2.47) 

|»«6.67  • 10*'  -£5^-1 . 0 — 5.82*. em-»,  Af  e.  J.9S- I0"t 

f • • 


Therefore,  formulas  (2.43)  yield  only  sope  approximate  values 
for  projections  of  the  earth's  gravitational  field  intensity  on  its 
body  axes. 

2.2.2.  Solution  of  the  Stokes  problem  for  a level  surface 
given  in  the  form  of  a spheroid.  More  accurate  calculation  of  the  earth's 
gravitational  field  can  be  had  by  solving  the  Stokes  problem  for  the 
terrestrial  ellipsoid.  However,  before  going  into  exposition  of 
the  solution  of  the  Stokes  problem,  let  us  show  that  the  spheroid 
can  be  s figure  of  equilibrium  of  a homogeneous  heavy  rotating 
liquid. 

It  is  known  from  hydrostatics  that,  for  the  equilibrium  of  a 
liquid,  on  which  a force  having  the  components  f x,  f^  and  fz  and 
arbitrary  point  (x,y,z),  is  acting,  it  is  necessary  that  the  follow- 
ing equalities  be  fulfilled 

(2.48) 


& =»%•  &•=»/.. 
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where  p is  pressure  and  D is  the  density  of  the  liquid  at  the 
given  point.  It  follows  from  these  equalities  that 

(2.49) 

dp~DV,dx  + f,dy + I.diy 


Let  the  pressure  on  the  external  surface  of  the  liquid  be 
equal  to  zero:  dp=0.  Then, 


f ■f’/,  dy  -f-/,  ds  ■»  0. 


(2.50) 


Further,  let  the  shape  of  the  surface  of  the  figure  of 
equilibrium  of  the  liquid  be  calculated  by  the  equation 

S{x.  y.  *)—0' 


Differentiation  of  this  equation  yields 

Tfcdx  +4f-rfy  + -37  diwO. 


(2.51) 


By  comparing  this  equality  with  equality  (2.50),  we  conclude 
that  the  partial  derivatives  of  S should  be  proportional  to  the 
force  components: 

(2.52) 

/,  ft  f* 

TT  ” 7>  C ” "33*  • 

Tii  ~dj  ~3t 


But  3S/3x,  3S/3y  and  3S/3z  are  proportional  to  the  direction 
cosines  of  the  normal  to  the  surface  S.  Consequently,  surface  S is 
a level  surface. 


109 


Let  forces  fx,  f and  admit  the  force  function  W. 
instead  of  relation  (2.50),  we  find 


Then, 


TT  dx  + Sf  ay  + SJ-  dt  - J & o o. 


Hence,  it  follows  that  W*  const  and  this  means  that  the  surface  S 
is  again  level. 

For  a spheroid,  function  S has  the  form 


(2.54) 


Therefore , 


(2.55) 


**  **  « _ ^ is  7, 

Tj  "V  -gf™  t, 


The  components  of  gravity  F by  a homogeneous  spheroid  of  unit 
mass,  located  inside  or  on  the  surface  of  a spheroid,  are  given 
by  formulas  (2.33).  By  adding  centrifugal  forces  to  them  we  find 


/,«| i>y-Pty,  F'a~Qtt< 


(2.56) 


where  u is  the  earth  rate. 


By  introducing  expressions  (2.56)  and  (2.55)  into  the  con- 
dition of  equilibrium  (2.52),  we  arrive  at  the  equalities 

(2.57) 

a’(4i'  — 1\)  ■=>  a’(u’  — Wf 


Thu  first  of  them  is  satisfied  identically,  and  from  the  second  one 
and  from  (2.34)  follows  the  relation 

(2.58) 


The  function  on  the  right  side  of  this  relation  initially 
increases  as  & increases  from  zero,  reaching  a maximum  equal  to 
0.22467  at  $.=7.5293,  and  then  decreases,  asymptotically  approaching 
zero  at  when  t increases  without  bounds. 


Thus,  at 


(2.59) 


W<0'22467 


there  are  two  (one  at  the  maximum  point)  solutions  of  equation 
(2.58),  one  of  which  corresponds  to  a slightly  compressed  spheroid. 
Lyapunov's  and  Poincare's  investigations  showed  that  stable  figures  of 
equilibrium  of  a rotating  liquid  are  obtained  only  upon  fulfillment 
of  the  condition 

(2.60) 


The  conditions  of  (2.59)  and  (2.60)  are  fulfilled  for  the 
earth's  parameters.  In  the  first  approximation  equation  (2.58) 
•ields  for  compression  of  the  terrestrial  ellipsoid  a the  following 
aluo  found  by  Newton 

(2.61) 
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where  q = 


u?a 

9e 


, u is  the  earth  rate  and  ge  is  the  value  of  the 


acceleration  o * gravity  at  the  equator. 


Equation  (2.58)  relates  the  second  eccentricity  of  Clairaut's 
ellipsoid  to  the  earth  rate  and  its  density. 

Therefore,  if  the  shape  of  the  spheroid  and  the  angular  velocity 
of  its  rotation  are  assumed  to  be  given,  the  completely  specific 
value  of  density  D is  obtained  from  equality  (2.58).  In  this  case 
the  mass  of  the  spheroid  will  not  coincide  with  the  earth's  mass. 

Let  us  turn  to  the  Stokes  problem.  The  Stokes  theorem  is  valid* 
"Let  there  be  a fixed  body  uniformly  rotating  about  a fixed  axis  at 
a constant  angular  velocity  u.  Let  there  be  known  some  level  surface 
of  gravity,  which  completely  envelopes  the  body.  The  potential 
function  of  gravity  and  its  first  derivatives  (i.e.,  the  force  com- 
ponents) will  be  clearly  determined  both  on  the  level  surface  itself 

and  in  the  entire  external  space  if  the  total  mass  of  the  body  is 

* £ 

known  regardless  of  the  law  of  distribution  of  this  mass." 

The  principal  possibility  of  determining  the  potential  of 
gravity  and  of  gravity  itself  follows  from  the  Stokes  theorem  if 
the  shape  of  the  level  surface  and  the  total  mass  of  the  body  are 
known.  The  Stokes  problem  also  comprises  the  search  for  the  po- 
tential function  W of  gravity  by  the  given  conditions.  The  potential 
of  gravity  consists  of  the  gravitational  potential  Vq  and  the  po- 
tential of  centrifugal  forces  U: 


(2.62) 


r-i'.lt/. 


The  potential  of  centrifugal  forces  does  not  depend  on  the 
shape  of  the  level  surface  and  is  expressed  by  the  obvious  formula 


■ y (*’  ) y’j. 


(2.63) 
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Thus,  the  Stokes  problem  reduces  to  finding  the  potential  function 
VQ  of  gravitation. 


Function  VQ  should  satisfy  the  general  properties  of  the  poten- 
tial function  of  gravitation] 

1.  Externally,  it  should  satisfy  the  Laplace  equation  with 
relative  to  the  level  surface  of  the  space 

(2.64) 

<•»'.  , O'V'.  , <»H’, 

-jjr  + 


2.  It  should  be  continuous  and  finite  and  it  should  have  con- 
tinuous and  finite  first  derivatives  at  any  finite  values  of  co- 
ordinates x,  y and  z. 


3.  It  should  be  subject  to  the  limiting  condition 


llm 


(2.65) 


■/hero  r = / x:+y2+z2  , and  M is  the  earth's  mass. 

Moreover,  the  following  equality  should  bo  fulfilled  on  the 
jiven  level  surface 

(2.66) 

V,™  contl 


Let  us  take  Clairaut's  ellipsoid  as  the  reference  surface  and  let  us 
assume  that  the  condition  of  Stokes  theorem  is  fulfilled  for 
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it,  i.c.,  let  us  disregard  the  circumstance  that  the  masses  of 
continents  are  not  enveloped  by  the  surface  of  Clairaut's  ellipsoid 
Then,  solution  of  the  Stokes  problem  will  be  the  function 

(2.67) 

. \t**ck  + v + u. 


where  C is  some  arbitrary  function;  K is  a function  calculated  by 
equality  (2.46);  V is  the  potential  function  of  gravitation  of  a 
homogeneous  spheroid  limited  by  Clairaut's  ellipsoid,  taken  at  the  ref 
erence  surface;  and  U is  the  potential  function  of  the  centrifugal 
forces  calculated  by  equality  (2.63).  „ 

Then,  for  the  potential  function  of  gravitation  VQ,  from 


equalities  (2.62)  and  (2.67),  we  find  the  expression 


V,**CK  + V. 


(2.68) 


The  function  VQ,  given  by  equality  (2.68),  satisfies  the  first 
of  the  conditions  formulated  above,  because  each  of  the  functions 
of  V and  K is  individually  a solution  of  the  Laplace  equation,  which 
is  easy  to  ascertain  by  taking  the  second  derivatives  in  coordinates 
from  the  functions  of  V and  K,  calculated  by  formulas  (2.45)  and 
(2.46)  and  by  taking  into  account  equation  (2.39)  and  relation  (2.40). 
Function  (2.68)  also  satisfies  the  second  of  the  conditions  indicated 
above. 


The  remaining  two  conditions,  i.c.,  the  conditions  placed  on 
equalities  (2.65)  and  (2.66)  can  be  fulfilled  by  selecting  in  the 
appropriate  manner  constant  C and  density  D of  the  homogeneous 
spheroid  contained  in  expression  (2.45)  for  potential  V according 
to  relations  (2.44). 


In  fact,  let  us  take  for  D the  value  resulting  from  (2.68) 

The  surface  of  Clairaut's  ellipsoid  will  then  be  the  reference  surface 
of  function  V + U,  i.e.,  we  will  have  on  this  surface: 

(2.69) 

V+O"  conil. 


But  since  function  K on  the  given  Clairaut's  ellipsoid  is  also  a 
constant,  then  condition  (2.66)  is  fulfilled. 


Now,  by  forming  the  product  rVQ  and  passing  to  the  limit 


as  r*>“,  we  find 


llm  rV„  aClaPna'A  + ^ jiD|ia»A. 


(2.70) 


By  comparing  the  right  sides  of  equalities  (2.70)  and  (2.65), 
we  conclude  that,  in  order  to  satisfy  condition  (2.65),  we  must  take 


H 7 

Cr=7ZIurS~T 


(2.71) 


Thus,  for  the  components  of  the  earth's  gravitational  field 


intensity,  we  find  the  expressions: 


where 


f, ■=■  - Py  + c 77  ■ 


„ . rtK 

f,  =,-<?:  4-C^j-. 


(2.72) 


(2.73) 


To  calculate  the  constants  D and  C,  contained  in  expressions 
(2.72)  and  (2.73),  the  following  equalities  are  used 


5n25iT 


34/’  , ‘1,  3 

~F~  '*"  '-  ;r  ■ 


r _ 3f  7 


(2.74) 


Equation  (2.39)  and  relation  (2.40),  by  means  of  which  the 
value  of  the  second  eccentricity  of  the  confocal  ellipsoid  at  the 
current  point  is  found,  and  also  equality  (2.3),  which  determines 
the  second  eccentricity  l of  a level  ellipsoid,  must  also  be  added 
to  expressions  (2.72),  (2.73)  and  (2.74). 

Thus,  formulas  (2.72),  (2.73),  (2.74),  (2.39),  (2.40)  and 
(2.3)  make  it  possible  to  find  the  values  of  F^,  Fy  and  Fz  if  the 
following  are  known:  the  semiaxes  a and  b of  the  level  ellipsoid, 

the  earth  rate  u,  the  earth's  mass  M and  the  gravitational 
constant  w. 

+ 

However,  as  already  indicated  above,  the  accuracy  with  which 
the  gravitational  constant  and  earth's  mass  are  known  is  estimated 
by  a value  of  the  order  of  0.1%.  Therefore,  the  constants  con- 
tained in  the  formulas  (2.72)  and  (2.73)  are  best  calculated  in 
the  following  manner.  Find  the  value  of  Dp  from  the  first  relation 
of  (2.74)  and  obtain  the  value  of  C by  comparing  the  acceleration 
of  gravity,  obtained  from  formulas  (2.72),  (2.73)  and  (2.74)  to  the 
measured  value  of  the  acceleration  of  gravity  at  any  point  on  the 
earth's  surface,  for  example,  at  the  equator. 

From  the  first  equality  of  (2.72),  for  the  component  of 
acceleration  of  gravity  g on  the  surface  of  the  terrestrial  ellip- 
soid, we  find  the  value 

(2.75) 


r,=iVr-c(**)5-«»,. 
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» 


where  (3k/3x)Q  is  the  value  of  the  derivative  of  K with  respect  to  x at 
the  point  taken  on  the  surface  of  the  reference  ellipsoid. 


It  follows  from  equalities  (2.46),  (2.40)  and  (2.39)  that 


iK 

37' 

»K 

If 

iK 

T7' 


i — 2nD|i 
. - 2 nO|» 


«■>  Jt 

«'»  y 


(2.76) 


where 


T‘-  ^Y^hTv. 


(2.77) 


Having  taken  the  point  with  coordinates  y=z=»0  and  x=a  at  the 
equator  and  taking  into  account  that  v=0  on  a level  ellipsoid,  we 
find  from  (2. 75) - (2. 77)  : 

(2.78) 

g,  «=»  C2,-tD|ifl  + Paa  — ii*o. 


where  ge  is  the  measured  value  of  acceleration  of  gravity  at  the 
equator.  Hence, 


(2.79) 


c 


117 


2.2.3.  Calculating  the  projections  of  the  earth's  regularized 
jravitational  field  intensity  onto  the  axes  of  the  geocentric  and 


geographic  moving  trihedrons.  Let  us  find  the  explicit  expressions 
for  projections  Fx^,  Fy^  and  Fz^  of  the  earth's  gravitational  field 
intensity  onto  the  axes  of  the  geocentric  moving  trihedron  0:<2yaZj# 
introduced  in  the  preceding  section* 

From  relations  (2.72),  (2.73),  (2.76)  and  (2.77),  having 
taken  into  account  the  table  of  direction  cosines  (2.),  we  find* 


(2.80) 


' j/-) agtg^a.1. 

T+r  I t «■  + v)  (»>  + »)  J 
r+- - j -^TTTTTT  [2 «'  - n + 

+ toi* f (a  t..*v  - - 2/')]  + 


By  using  equalities  (2.17),  (2.2)  and  (2.77),  we  find  the 
following  expressions  for  the  terms  of  the  right  sides  of  formulas 

(2.80),  containing  Ti 

(2.81) 


Crt'b  (.’  >>) 

T~  <«*  + v)  !*'  + >>  ' 


C«'t  / fo»' 


. Il\  J'A'J'  *>  rn'’f  t-  («’  + »)  >ln>,  | (t>  4.  W< 
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The  right  sides  of  the  second  and  third  formulas  of  (2.80) 
can  be  expanded  into  rather  rapidly  convergent  series  by  powers 
of  e.  Let  us  find  this  expansion  with  an  accuracy  up  to  the  terms 
containing  the  factor  e1*. 


L 


From  equation  (2.39)  of  a confocal  ellipsoid,  calculation  of 
(2.40)  of  its  second  eccentricity  and  from  the  equalities  for  x,  y and 
z,  similar  to  equalities  (2.17)  for  £,  n and  z,  we  find: 

(2.82) 

I' mm  l/— , SgZjSII  ~ 

r '* - <«• - n + ' 


The  expression  for  V is  easily  represented  in  the  form 


where 


We  now  find: 


(a*  **)' 1 \ I + 1 ’ 


_Ji2l «•-  l.n-'O 

(«*-**)• 
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(2.83) 


(2.84) 


(2.85) 


By  .substituting  expressions  (2.83)  and  (2.84)  for  V and  s,  we 
find:  ' 


K-V  ( 3 ~ jfjr  -«')  - 


Now  let  us  find  the  expansions  in  powers  of  e of  expressions 
(2.81),  also  contained  in  the  formulas  for  calculating  Fy  and  FZ 
From  relations  (2.83),  (2.84)  and  (2.40),  we  find  2 


v =»  /’  Jl—  (I—  + . 


Taking  this  into  account,  we  find: 


(*’  + v)*'1  ■=  f f I — y-  co*»  <f  (i  )’  4- 

«*'*[•  — ••  j . 

(A*  v)*  cos7  if  -f  (a7  -{-  v)7  sin7 s=s 

- 2f>  CP',  ?.r  (y)'  + 

+ ,«(|  + ••  •] . 
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By  substituting  expressions  (2.88)  into  formulas  (2.81)  and  by 
performing  termwise  multiplication  and  division  of  the  series, 
we  find: 

(2.89) 


Ct'hr  («•-*•) 

~~T~  W'-f  *)(»’ ■<  ')  J ( 


Ct'hr 


/ f0>,y  . „ 

\ d1  f v ' P-f-  v ) 


Let  us  now  substitute  expressions  (2.89)  and  (2.86)  into  formulas 
(2.80).  Converting  everywhere  to  trigonometric  functions  of  sin  9 
and  sin  2t j>,  we  find  the  following  equalities: 

(2.90) 


F>.  r 

pt>  — nDni,1  tin  2'f  (y )'  { — -j  - C -f 

+H(M) +■<*.(• 

-»"**(*+*  )M>)’+ 

+ [w  + t + sin’f  (w  ■+  r)  + 


These  equalities  are  also  the  desired  expansions  in  powers  of 
e of  the  projections  of  the  earth’s  gravitational  field  intensity  on- 
to axes  x , y and  z . The  rapid  convergence  of  the  series  ob- 
2 2 2 

tained  is  provided  by  the  smallness  of  the  earth's  eccentricity  e. 

The  right  sides  of  formulas  (2.90)  contain  the  constants  Dp 
and  C,  calculated  by  the  first  equality  of  (2.74)  and  by  equality  (2.79), 
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respectively.  Let  us  find  the  explicit  expressions  for  constants 
Dr  end  C. 


From  the  first  equality  of  (2.74) 


(2.91) 


hence,  by  expanding  the  function  on  the  right  side  by  powers  of  1, 
we  find: 


d““v5Ft('  + t'’  + >+-4 


(2.92) 


By  converting  in  relation  (2.92)  to  the  first  eccentricity 
and  by  using  for  this  the  relation 


we  find  Du  in  the  following  form: 


(2.93) 


It  remains  to  find  C.  However,  it  is  more  convenient  to  find 
directly  the  value  of  ttDuC,  because  constant  C is  contained  in 
formulas  (2.90)  in  this  combination. 


From  formula  (2.79) 


(2.94) 


n£)|<Cc=  (£,  -f  rfa  — Pva). 
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«» 


Accordincj  to  (2.34), 


(2.95) 


P,  = 2.1  D,»  i+L|, r^?r| . 


Expansion  into  a series  in  l and  conversion  afterwards  to 
the  first  eccentricity  yield  the  following  value  for  PQ 

"TO'4)  • 


(2.96) 


By  substituting  expression  (2.96)  into  formula  (2.94)  and 
taking  into  account  relation  (2.93),  we  arrive  at  the  equality 


(2.97) 


which  also  yields  the  explicit  representation  of  the  constant 
ttDwC. 

Substitution  of  expressions  (2.93)  and  (2.97)  into  formulas 

(2.90)  leads  to  the  following  expressions  for  Fy  and  Fz  : 

2 2 


(2.98) 


+[t- T + ,(~?  • ii')~ 

-•'"’■‘(t-  - T + jf  «•  ))!(>X  t 

+ ['2r  ~ w q + 4|", ''  (;  r ~ Is  i)  ~~ 
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where  the  ratio  of  the  centrifugal  force  occurring  because  of  the 
earth's  rotation  to  gravity  at  the  equator  is  denoted  by  q,  i.e.. 


»*» 

iT* 


(2.99) 


1 f we  take  1 0 


•“■rcmo“,7iJ92"6,  <°*'  »/*»«• 


• =0378245  «>  = 0,0060934. 

#.“978,049  tm/iic1, 


f “0.00346775, 


The  numerical  values  of  the  coefficients  contained  in  formulas 
(2.98)  will  then  be  equal  to 

(2.102) 


$<#-,»)=-  1.577.  l+^'n^^-1.008.  j 

f’Tfi^'i^0005,  f’  i'if-*)  = -°-013-  J 

I --y  — TT  , 00,R371 

+ f?)i~  0.001627, 

* 3 ,«  4 ? (_  3 + « = 0.004878.  | 

*>  (f  55 1)  “ 0.000005. 
f'  — ftl)-  0,000008, 

**(5  **—»*) 


1 
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The  numerical  values  of  the  coefficients  indicate  that 
formulas  (2.98)  can  be  written  with  an  accuracy  of  the  order  of 
0.02  cm/sec2  in  the  following  manner: 

(2.103) 

rH~  -4'+7?  + 

+ t^  (-  t 3sli,’<|) (y)1]  • 


where 

(2.104) 

•*-%—  *=  - I.W.  t^-c0.001C. 

I — — h •j?  0,0018. 


Formulas  (2.98)  or  the  similar  formulas  (2.103)  yield  expressiors 

for  Fy  and  Fz  as  a function  of  the  geocentric  coordinates  9 and  r. 
2 2 

At  the  same  time  it  may  happen  that  the  directly  known  values  will 
be  the  geocentric  latitude  9 and  the  height  above  sea  level.  The 
latter,  as  was  noted  in  §2.1,  coincides  with  great  accuracy  to  the 
distance  h along  the  normal  to  Clairaut's  level  ellipsoid. 

Formulas  (2.23),  which  yields  the  expression  r in  9',  h and 
the  parameters  of  Clairaut's  ellipsoid,  was  obtained  in  §2.1.  The 
following  value  is  obtained  from  this  formula  for  r2 : 


r* 


■H 


jlj  iVjl-O  %lii*9* 
l — ? sin* 


* \r\  — fbinV 


(2.105) 
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Let  us  consider  the  case  of  small  values  of  h,  when  the  ratio 
h/r  has  the  same  order  of  smallness  as  the  square  of  the  first  eccen- 
tricity e2.  Then  with  an  accuracy  up  to  values  of  the  order  of  e* 
inclusively,  we  have: 

(2.106) 


With  an  accuracy  up  to  values  of  the  order  of  e2,  the  geo- 
centric latitude  is  related  to  the  geocentric  relation 


(2.107) 


. line 
tin  V ■=*  | _^T 


which  ensues  from  functions  (2.20)  and  (2.25).  From  equality 

(2.107),  it  is  easy  to  find  in  turn  the  expression  for  the  square 
of  the  sin  of  geographic  latitude:  * 

(2.108) 


By  substituting  expression  (2.108)  into  formula  (2.106),  we 


find 


(2.109) 


r*  = n?  ^ I *f  y 4"  — y — 

— c>  sin’  — c*  sin’  ip,  cos’fj, . 


Then, 


(2.110) 


I a\7  i 2ft  , .IV  . ft  , 

“ 1 a ■+  jr-1  3 a r>  si" ’ V + r’ till’ q>  4- sin’ 9. 
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Let  us  substitute  expression  (2.110)  into  formulas  (2.98). 
After  obvious  transformations  we  find 


“ J~7  + •'  J»] . 

4-f  (l  + j + 

+ »*  (-  T ""*f  - ^ »•»*  *»)  + 
4±»»(3en}if-  l)  + 

2*  . UM 
~T  + Vj- 


These  formulas  with  an  accuracy  up  to  values  pf  the  order  of  e* 
yield  expressions  for  Fy^  and  Fz^  in  p and  h. 

Let  us  turn  in  formulas  (2.111)  to  the  geographic  latitude  p'. 
Since  the  trigonometric  functions  of  the  geocentric  latitude  p are 
contained  in  formulas  (2.111)  with  factors  having  an  order  of  e2 
and  e4,  then  the  values  of  sin2tp,  sin  2p  and  sin22p,  expressed  by 
the  trigonometric  functions  of  geographic  latitude  p'  with  an 
accuracy  only  up  to  values  of  the  order  of  e2,  must  be  substituted 
into  these  formulas.  From  equality  (2.107),  we  find 


sin’ v «=  Jin’ <[•'(!  — Sf'tos'p'), 

»ln2p  = jlnSp'JI  4 »!( Sifn7  ip'  — l)|, 
*ln72*j't=  sin*  2<p'  (I  -h  e’(4  sin’ <p‘ — 2)|. 


By  substituting  relations  (2.112)  into  formulas  (2.111),  we  arrive 
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at  the  equalities: 


(2.113) 


r+- 


In  I _ < £ - ji'ty  - 

-4£^r‘"’’4 

-f,[l  — + + -jslnV)  + 

+ I*  (—  -j- 1 In’  9'  — jj  it n1 2<t‘ ’)  + 

+ *’?(—  n,,ln,*'  + TT  ,ln,J9’)  + 

+ ±f»(3»lnV-l)+ 

+£{_,_,il.v>-2+£]. 


The  right  sides  of  these  equalities  are  expressions  in  9 * and  h 

of  the  projection  of  Fy^  and  Fz^  of  the  earth's  gravitational  field 

intensity  on  the  y and  z axes  of  the  geocentric  moving  trihedron 
2 2 


It  is  now  easy  to  find  the  expressions  in  g'  and  h of  the  pro- 
jections of  Fy ^ and  Fz^  of  the  gravitational  field  intensity  on 
the  y^  and  z^  axes  of  the  geographic  moving  trihedron.  According 
to  table  (2.24)  of  the  direction  cosines,  we  find 

(2.114) 

/ «=  F„  sln(<f'  - <0+  F„  cos(<(.’  -1).  I 

In  order  to  write  the  explicit  expressions  for  Fy^  and  Fz^ 
only  in  h and  g’ , we  need  to  have  with  an  accuracy  up  to  values 
of  the  order  of  e1*  of  the  value  of  sin  ( g1  - g)  and  cos  ( «'  - g)  , 
expressed  by  these  variables. 
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From  (2.25),  wo  find 

(2.115) 

■ •A  <»'  — f)~«,sin^'cost|>'||  +-  *l»»* 

Hence , 

sln(<f'  — = /’sln'f'cos  q'|l  -f-  t’sln’qi'  — -i- 

co«(if'  — 1)«=  | — ■£■  sin1  ip'cos’tf'. 

By  substituting  these  expressions  together  with  equalities  (2.113) 
into  relations  (2.114) , we  arrive  at  the  following  formulas: 

F,'  - 1,  tin  V { f ( I + £ sin V)  -I-  ~ ( Y - 2*)] . 

f..  “ - f 4 • - T ‘In’  f ' -f  » ( I + 4 »I»V)  + % 

+ T s,n,v‘  + ^ iln*  2if'J  -f 
+*’«  (-  5S5,n,  f'-  re  ‘I*’  2»  j l)  + 

+ •£(-!— «»I"V)  — T+^rj- 

Formulas  (2.117)  yield  expressions  of  the  projection  of  Fy^ 
on  the  direction  tangent  to  the  ellipsoid  and  lying  within  the 
meridional  plane,  and  projection  of  the  gravitational  field 
intensity  on  the  normal  to  the  level  ellipsoid. 

Having  set  h = 0 in  formulas  (2.117),  we  find  the  formulas 
which  determine  the  projections  and  F^  of  the  gravitational 
field  intensity  on  to  the  earth’s  surface  (on  the  level  ellipsoid) 

F°t.  = (‘  + 7 »"'»’)  iln2,f'-  (2.118) 

F] , = - r,[l-4f  + 7S<"V)  + 

H-  ** (—  j-sln’l'+  57,ln,J,t')  + 

-t  »v  ( - — re ’)] 


(2.116) 
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If  we  now  add  the  values  of  the  projections  onto  the  yi  and  zi 

axes  of  centrifugal  acceleration,  which  occurs  because  of  the 

earth's  rotation,  to  the  values  of  projections  F°  and  F°  , the 

yi  Z\ ' 

first  sum  should  be  equal  to  zero,  while  the  second  sum  should 
lead  to  the  formula  of  normal  gravity. 

Let  us  denote  the  projections  of  centrifugal  acceleration  onto 
the  y^  and  z^  axes  by  F^  and  F^.  We  ^ave  ( Figure  2.4) 


F »■  — «V  coi  if  sin  <('. 
F «*  »V voiif 101 if'. 


(2.119) 


where  u is  the  earth  rate. 


From  relations  (2.112)  and  (2.109),  with  an  accuracy  up  to 
terms  of  the  order  of  e2,  we  find 

(2.120) 

,C0»«f=ll(l  -t-Y5!nV)'0’f'- 

By  introducing  the  notation  of  (2.99),  we  find 


(2.121) 


™ (l  *1  ffjr  sIk’t'JsIii  5<f'. 
F,,  ‘=£,v(l  -^-fill’s 'J cos’ if'. 
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We  now  finds 


H.  ->  r --  f- 

~ *!' ■•*’■($ * T-T-W+ 

+ *'"’V(^r  -i;'V)J. 


(2.122) 


Instead  of  the  square  of  first  eccentricity  e2,  com- 
pression a may  be  introduced  into  the  second  formula  of  (2.122). 
According  to  equalities  (2.1)  and  (2.2),  we  have  the  expansion 


«•  , f . 

T + T + ••• 


(2.123) 


By  substituting  the  expansion  (2.123)  into  the  second  equality 
of  (2.122),  we  arrive  at  the  formula 


where 


. 5 „ IT 

('“•j-?  — « — 

. o'  S 

- 8 »“■ 


(2.124) 


(2.125) 


i.c.,  to  the  well-known  formula  of  normal  gravity  in  Helmcrt-Kassinis 
form, l l which  was  required. 
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Calculations  for  the  parameters  of  the  Krasovskiy  ellipsoid 
yields: 

0 “ 0,0053 171,  0,  an 0.000007 1. 

Formulas  (2.125)  are  called  Clairaut's  formulas.  If  the  accel- 
eration of  gravity  at  the  pole  is  denoted  by  g^,  then  it  follows 
from  equality  (2.124)  that 

(2.126) 


We  note  that  if  coefficient  3 is  calculated  from  formula 
(2.124)  from  the  results  of  observations  of  gravity  at  different 
latitudes,  then  Clairaut's  first  formula  permits  calculation  of  tne 
compression  of  the  terrestrial  spheroid,  because  the  value  of  q 
is  known  with  great  accuracy. 

• * 

Let  us  also  note  that  the  formula  of  normal  gravity  was  ob- 
tained only  to  ascertain  that  it  results  as  a special  case  from  the 
more  general  formulas  which  we  constructed.  This  is  the  well- 
known  chock  of  the  correctness  of  the  calculations  made  above. 
Expression  (2.124)  for  g may  in  itself  be  obtained  simply  from 
Somil.'yan's  formula.11 

§2.3.  The  Earth's  Motion  Relative  To  Its  Center  of  Mass 

The  earth's  motion  relative  to  distant  (fixed)  stars,  (or, 
in  other  words,  relative  to  the  inertial  reference  system  0|*n*C*) 
consists  of  translational  motion,  i.e.,  the  motion  of  its  center  of 
mass  and  of  rotation  about  the  center  of  mess.  If  the  position  and 
velocity  of  the  earth's  center  of  mass  are  taken  at  some  moment  of 
time  as  the  initial  moments,  then  its  further  motion  is  calculated 
by  the  resulting  attractive  force  of  the  earth's  elementary  masses 
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by  the  celestial  bodies.  Similarly,  rotation  about  the  center  of 
mass  is  determined  by  the  moment  of  this  resultant  relative 
to  the  center  of  the  earth. 

When  solving  problems  of  autonomous  inertial  navigation  near 
the  earth  (or  rather  in  the  system  of  reference  bound  to  it),  it 
is  not  necessary  to  know  the  motion  of  the  earth's  center  of  mass. 

If  fact,  the  motion  of  the  earth's  center  of  mass  is  not  contained 
in  the  fundamental  equation  of  inertial  navigation  (1.88).  It 
disappeared  from  this  equation  in  view  of  equality  (1.85). 

The  earth's  motion  about  the  center  of  mass  is  another  matter. 
This  motion  should  be  known.  Actually,  the  fundamental  equation 
of  inertial  navigation  (1.88)  is  written  in  the  coordinate  sys- 
tem 0^5*11*;*,  whose  origin  coincides  with  the  center  of  the  earth, 
while  orientation  of  the  axes  is  identical  to  orientation  of  the 
axes  of  the  inertial  system  of  reference  OjC/n*C*.  Therefore, 
orientation  of  axes  n*  and  may  be  assumed  to  be  fixed  rel- 

ative to  the  directions  toward  the  remote  stars.  If  we  assume 
the  earth's  gravitational  field  intensity  g(r)  to  be  given  in  the 
system  of  reference  we  can  find  the  coordinates  of  £*,n* 

and  5*  from  equation  (1.88).  Conversion  to  coordinates  C , n and  5 
in  the  trihedron  OjCn?  bound  to  the  earth  obviously  requires  know- 
ledge of  the  position  of  trihedron  OjSnC  relative  to  the  trihedron 
0^£*n*C*  i.e.,  one  must  know  the  earth's  motion  about  its  center. 

Moreover,  as  already  noted  in  §1.4,  the  earth's  gravitational  field 
intensity  (taking  into  account  the  non-sphericity  of  its  gravita- 
tional field)  is  given  in  the  earth  body  axis  system  Oj£nC«  Re- 
calculation of  gravitational  field  intensity  to  the  coordinate 
trihedron  Oj£*n*c*  also  requires  a knowledge  at  every  moment  of  time 
of  the  mutual  disposition  of  trihcdroi  s OjSnC  and 
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When  considering  problems  of  the  theory  of  autonomous  inertial 
navigation,  we  may  assume  that  the  earth's  center  of  mass  coincides 
with  the  center  of  Clairaut's  ellipsoid,  while  the  earth's  motion 
about  the  center  of  mass  reduces  to  uniform  rotation  about  the  axis 
of  symmetry  of  Clairaut's  ellipsoid,  which  retains  its  own  orienta- 
tion unchanged  relative  to  the  directions  toward  fixed  stars. 

Actually,  the  position  of  the  instantaneous  rotational  axis 
of  the  earth  does  not  coincide  with  the  minor  axis  of  the  terres- 
trial ellipsoid  (the  least  major  axis  of  the  ellipsoid  of  inertia). 
Therefore,  it  follows  from  Euler's  equations  of  the  rotation  of 
a solid  relative  to  the  inertial  center  of  mas3  that  the  in- 
stantaneous axis  of  the  earth's  rotation  will  describe  a cone  about 
its  axis  in  the  earth's  body.  Euler  found  the  period  of  this 
motion  equal  to  approximately  305  days.  S.  Chandler's  processing 
of  experimental  materials  showed  that  the  motion  of  the  earth's 
instantaneous  rotational  axis  in  its  body  has*  two  periods:  the  first 
is  equal  to  ■'approximately  420  days  and  the  second  is  equal  to  one 
year.  S.  Newcomb  showed  that  a 420-day  period  is  Euler's  period 
with  regard  to  the  non-rigidity  of  the  earth.  The  annual  period  is 
related  to  the  seasonal  redistribution  of  masses  on  the  earth's 
surface . 1 2 

The  maximum  deviation  of  the  earth's  instantaneous  rotational 
axis  from  the  direction  of  the  minor  axis  of  Clairaut's  ellipsoid 
does  not  exceed  0.67",  which  yields  the  error  of  determining  the 
latitude  of  the  point  on  to  the  earth's  surface.  This  error  may 
obviously  be  disregarded  in  navigation  problems. 

The  value  of  the  earth  rate  (its  modulus)  is,  strictly 
speaking,  not  fixed.'3  It  has  been  noted  that  the  length 
of  days  because  of  tidal  friction  increases  by  an 


average  of  0.0016  sec  per  century.  Moreover,  seasonal  variations 
ot  the  length  of  the  days  by  a value  up  to  0.0025  sec  and  irregular 
intermittent  variations  having  values  up  to  0.034  sec  have  been  ob- 
• rved.  All  these  variations  are  small  and  they  can  be  disregarded 
the  consideration  of  problems.  The  time  determined  by  the  earth's 
i tation  with  respect  to  the  distant  stars  (stellar  time)  may  also 
assumed  uniform  and  adequate  to  Newtonian  dynamic  time. 

Orientation  of  vector  3 of  the  earth  rate  in  stellar 
space  does  not  remain  fixed.  The  main  cause 
of  this  is  the  circumstance  that  the  earth's  attraction  by  the  sun 
and  moor  leads  not  only  to  resultant  forces,  directed  along  lines 
connecting  the  earth's  center  of  mass  to  the  centers  of  mass  of 
the  sun  and  moon,  but  also  to  resulting  moments.  This  is  in  turn 
caused  by  the  fact  that  compression  of  the  earth  leads  to  asymmetry 
of  the  earth's  distribution  of  mass  relative  to  the  directions 
from  its  center  to  the  sun  and  moon.  * 

. r 

The  vectors  of  the  resulting  moments  from  the  sun  and  moon 
are  located  within  the  plane  of  the  terrestrial  equator  and  accor- 
dingly attempt  to  combine  this  plane  to  the  plane  of  the  ecliptic 
(the  orbital  plane  of  the  earth)  and  to  the  plane  of  the  lunar 
orbit. 


The  action  of  the  indicated  moments  leads  to  precession  of 
ho  earth's  angular  velocity  vector  relative  to  the  normal  to 
5 plane  of  the  ecliptic  along  a cone  with  an  angle  of  2c=23°27' 
the  vertex  with  a period  approximately  equal  to  26,000  years, 
to  nutation  with  the  main  period  of  approximately  18.6  years, 
wl  :h  leads  to  periodic  variation  of  angle  e by  the  value  Ae=10".14 

Because  of  the  perturbing  action  of  the  planets,  the  earth's 
or  Ltal  plane  also  does  not  remain  fixed  in  stellar  space.  It 
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rotates  about  an  axis,  lying  within  the  orbital  plane  at  a velocity 
having  a value  of  the  order  of  47"  per  century  during  the  current 
epoch.  This  leads  to  slow  variation  (a  decrease  in  the  current 
epoch)  of  angle  c.  Moreover,  because  of  the  motion  of  the  moon 
and  earth  about  the  common  center  of  mass,  the  earth's  orbit  de- 
viates from  the  plane  of  the  ecliptic,  near  which  the  motion  of 
the  center  of  mass  of  the  earth-moon  system  occurs  by  a value  of 
the  order  of  1". 

All  the  indicated  effects  of  variation  of  the  position  of  the 
earth's  rotational  axis  in  stellar  space,  which  plays  an  important 
role  during  fundamental  astronomical  investigations,  may  obviously 
be  disregarded  in  navigation  problems  because  of  smallness,  and 
in  any  case  if  we  bear  in  mind  determination  of  the  position  of  an 
object  with  an  accuracy  of  the  order  of  one  km,  and  the  operating 
time  of  the  inertial  system  not  exceeding,  for  example,  one  month. 

■ • 

Henceforth,  we  shall  usually  assume  that  vector  0 of  the 
earth  rate  coincides  with  its  axis,  whose  orientation  we  shall 
assume  to  be  fixed 'in  stellar  space.  Let  us  assume  that  the 
value  of  the  earth  rate  is  constant  (u^7. 292116*  10  5) . However, 
wo  note  that,  as  will  become  clear  subsequently,  the  problem  of 
inertial  navigation  can  be  solved  in  principle  and  with  regard 
to  the  inconstancy  of  the  earth  rate.  It  is  sufficient  to  know 
only  the  projections  uf(t),  u^ it), and  u^(t)  of  vector  3 of  the 
earth  rate  to  its  body  axes  and  t as  time  functions. 


1.  The  parameters  of  the  ellipsoids  taken  in  other  countries  can 

bo  found,  for  example  in  the  book:  Graur  L.  V.  Matematicheskaya 
V ■ — 

Kartograf lya , Isd-  o LGU  im.  A.  A.  Zhdanov,  1956 


2.  Mikhaylov,  A.  A,,  Kurs  gravimetrii  i teorii  figury  Zomli 
(Course  in  Gravimetry  and  Theory  of  the  Shape  of  the  Earth) , 
Rcdbyuru  GUGK  for  SHK  of  the  USSR,  1939;  Grushinskiy,  N.  P., 
Tcoriya  figury  Zemli  (Theory  of  the  Shape  of  the  Earth) , Fiz- 
matgiz,  1963. 

i 

3.  Rashcvskiy,  P.  K.,  Kurn  differential  noy  goomotrii  (Course  in 
Differential  Geometry),  Gontekhizdat,  1956. 

4.  Compare,  for  example,  Mikhaylov,  A.  A.,  op.  cit.  , or  Duboshin, 

G.  N.,  Tooriya  prityazhonly/i  (Theory  of  Attraction),  Fizmatgiz, 
1961. 

5.  The  force  function  in  difi  nign  from  the  gravitational 

field  ntrength. 

6.  The  proof  of  this  theorem  can  he  found  in  the  works  indicated 
in  Note  4 and  alno  in  Idol ’non,  N.  I.,  Tooriya  potcnsiala  i ego 
prilozhoniya  k vopronam  goofiziki  (Theory  of  the  Potontal  and 
its  Application  to  Problems  of  Geophysics) , Gostekhizdat,  1932; 
Grushinskiy,  N.  P.,  op.  cit. 

% 

7.  Compare,  for  example,  the  literature  in  Note  6. 

8.  Andreyev,  V.  D. , On  Solving  the  Stokes  Problem  for  a Reference 
Surface  Given  in  the  Form  of  a Spheroid,  Prikladnaya  matomatika 
i mekhanika,  Vol.  XXX,  Issue  2,  1966. 

9.  In  this  case  (for  the  trihedron  Ox?y~z?)  it  is  necessary  to 
replace  <; 1 by  9 in  Tabic  (2.4). 

10.  Mikhaylov,  A.  A.,  op.  cit.;  Graur,  A.  V.,  Matematicheskaya 
kartografiya  (Mathematical  Cartography) , A.  A.  Zhdanov  Press 
of  Leningrad  State  University,  1956. 

11.  Mikhaylov,  A.  A.,  op.  cit. 

12.  Blazhko,  S.  N.,  Kurs  sforichoskoy  astronomii  (Course  in  Spheri- 
cal Astronomy),  Gostekhizdat,  1954. 

13.  Kulikov,  K.  A.,  Izmonyayemost  ’ shirot  i dolgot  (Variability  of 
Latitudes  and  Longitudes) , Fizmatgiz,  1962. 

14.  Blazhko,  S.  N.,  op.  cit  .;  Subbotin,  M.  F. , Kurs  nebesnoy  mekhaniki 
(Course  in  Celestial  Mechanics),  Vol.  2,  ONTI , 1937. 
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Chapter  3 

EQUATIONS  OF  THE  IDEAL  OPERATION  OF  INERTIAL  NAVIGATION  SYSTEMS 
§3.1.  Calculating  the  Cartesian  Coordinates  of  an  Object!" 

3.1.1.  Initial  relations.  Let  us  consider  an  inertial 

navigation  system  constructed  in  the  following  manner.  Three 

newtonometers  n , n and  n (Figure  3.1)  are  mounted  on  the  plat- 
x y z 

form  of  an  absolute  angular-rate  meter  with  three  degrees  of  free- 
dom. The  directions  of  the  axes  of  sensitivity  of  the  newtonometer 
coincide  with  the  directions  of  the  x,  y and  z axes  of  the  ri^ht- 
hand  orthogonal  coordinate  system  Oxyz,  bound  to  the  platform. 

In  the  general  case  the  platform  is  installed  on  board  in  a moving 
object  in  a gimbal  suspension  with  three  degrees  of  freedom  simi- 
lar to  the  way  in  which  the  gyro  stabilized  platform  (Figure  1.10), 
considered  in  §1.3,  was  suspended.  Let  us  adteume  that  the  task 
of  the  inertial  navigation  system  is  to  calculate  the  Cartesian 
coordinates  £*»  n*  and  of  point  O in  the  coordinate  system 
0^*0*^*  tor  coordinates  £,  n and  z,  of  this  point  in  the  coordi- 
nate system  O^HC),  and  also  the  parameters  which  determine  the 
orientation  of  the  object  relative  to  the  axes  of  this  system. 


The  coordinate  axes  which  we  introduced  previously 
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to  derive  the  fundamental  equation  of  inertial  navigation,  retain 
fixed  directions  relative  to  the  directions  to  the  remote  stars. 

The  origin  0^  of  this  coordinate  system  is  incident  with  the  earth's 
center  of  mass.  We  shall  henceforth  assume  that  the  earth’s  center  of  mas 
coincides  with  its  geometric  center.  The  coordinate  system  0 SnC* 
also  introduced  previously,  is  rigidly  bound  to  the  earth.  Its 
origin  is  incident  with  the  earth's  center  and  the  <;  axis  is  direc- 
ted along  the  vector  of  the  earth  rate. 

The  £ and  n axes  arc  located  in  the  equatorial  plane.  Let  us  assume 
further  that  the  f,  axis  coincides  with  the  line  of  intersection 
of  the  planes  of  the  equator  and  of  the  Greenwich  meridian. 


Let  us  assume  that  the  sensitive  masses  of  the  newtonometers 
are  located  at  point  0.  Let  us  denote  their  readings  by  n , n , 
and  n . Let  us  denote  the  readings  of  the  absolute  angular  velocity  (rate) 


meters  by  m^. 


niy  and  mz,  respectively.  Let  us  assume  that 


(3.1) 


where  u^,  and  arc  projections  of  the  absolute  angular 
velocity  of  the  platform  to  the  axes  of  trihedron  xyz  bound  to 
it.  According  to  the  accepted  disposition  of  the  suspension  axes 
of  the  gyroscope  housings  and  the  directions  of  their  intrinsic  moments 
of  momentum  * the  values  of  m^,  m^  and  mz  arc  calculated  by 
relations  (3.1)  and  (1.43)  or  by  (3.1)  and  (1.45).  It  follows  from 
these  relations  that  the  values  of  m^,  m^  and  mz  are  proportional 
to  the  values  of  deformations  of  elastic  suspensions  of  gyroscopes 
G?,  G ^ and  G , respectively,  with  great  accuracy. 


Let  us  use  equation  (1.88)  of  motion  of  the  sensitive  mass 
of  the  newtonometer  to  derive  the  equations  of  ideal  operation.  Let 
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ur.  first  introduce  the  coordinate  system  O^xyz,  whose  axes  are  parallel 
to  the  coordinate  axes  Oxyz  of  the  same  name,  and  let  us  take  as  the 
origin  the  earth's  center  O^xyz  can  be  obviously  given  in  Cartesian 
coordinates  x,  y and  z. 


Let  us  turn  to  equation  (1.88) 


rf’r 

A ~ 4|-r  - i (r>. 


(3.2) 


The  newtonometer  readings  of  the  considered  inertial  system 
are  projections  of  vector  n to  the  coordinate  axes  Oxyz.  These 
projections  are  equal  to  the  corresponding  projections  to  coor- 
dinate axes  O^xyz,  since  axes  Ox,  Oy  and  Oz  are  parallel  to  axes 
O^x,  O^y  and  O^z,  and,  thus,  trihedron  Oxyz  moves  in  a forward 
direction  with  respect  to  trihedron  O^xyz.  Differentiation  in 
equation  (3.2)  is  carried  out  in  the  coordinate  system  O C*n*i;*. 

' 4fc  1 

The  coordinate  system  Oxyz  has  a common  origin  with  it  and  rotates 

with  respect  to  it  at  an  angular  velocity  iS  to  axes  O^x,  O^y  and 

O z are  obviously  equal  to  u , w and  u>  , because  trihedrons  Oxyz 
1 X y z 

and  O^xyz,  as  already  noted,  have  an  identical  orientation  in  the 
coordinate  system 

Having  applied  formula  (1.14)  twice  to  r,  which  yields  the 
expression  of  the  absolute  derivative  of  the  vector  in  a rotating 
'oordinate  system,  we  find: 

(3.3) 

, = l=  r|u<r,  -p-  — v -4  n < r. 


(3.4) 


r xx  1 yy  ti.  i*  -<«»,*  * **vv  * 


FTD-HC-2 3- 893-74 


140 


while  the  dot  denotes  the  local  differentiation  in  the  coordinate 
system  O^xyz,  i.e.,  differentiation  of  vectors  r and  oj,  given  by 
relations  (3.4),  provided  that  x,  y and  z in  these  relations  do  not 
depend  on  time. 


By  substituting  the  second  equality  of  (3.3)  into  equation 
(3.2),  we  find: 


(3.5) 


»«*  + **>  v-f(r) 


Taking  into  account  equalities  (3.1)  and  introducing  the 


vector 


(3.6) 


n J niry  4 ni 


we  write  the  equality  (3.5)  and  the  first  relation  of  (3.3)  as 
follows: 


(3.7) 


m >:  v (•* (r). 


where 


(3.8) 


since  vector  n is  given  by  its  own  projections  on  the  coordinate 
axes  CKyz,  or,  which  is  the  same  thing,  on  the  axes  of  system  O^xyz. 


3.1.2.  Integration  of  the  fundamental  equation  during  arbitrary 
rotation  of  the  platform  of  an  inertial  system.  The  first  group  of 
equations  of  ideal  operation.  If  we  assume  that  vector  g of  the  gravi- 
tational field  strength  can  be  given  in  the  form 

K')-m+w4*#i.  (3.9) 

where  g x,  g^  and  g z are  known  functions  of  x,  y and  z and  are  time 
functions,  then  equations  (3.7)  can  obviously  be  integrated.  As 
the  result  of  integration  we  find: 

(3.10) 

I 

0 

I 

r «=  J (*  — m X 4 r(0). 


where  r(0)  and  v(0)  are  the  values  of  the  vectors  r and  v at  t=0, 
i.e.,  the  initial  values  of  these  vectors.  * 

Equations  (3.10)  permit  us  to  calculate  r and  v in  the  co- 

•>  4 

ordinate  system  o xyz,  if  we  assume  that  vector  g(r)  is  represented 

i 

in  the  form  of  (3.9),  the  initial  conditions  of  v(0)  and  r ( 0 ) are 

• , , *►  *► 
given  and  the  projections  of  vectors  n and  m to  axes  x,  y and  z are 

known.  Calculation  of  r in  the  coordinate  system  O xyz  means,  as 
follows  from  the  first  formula  of  (3.4),  calculation  of  the  Car- 
tesian coordinates  x,  y and  z of  point  0 in  the  coordinate  system 
O xyz. 

l 


In  the  considered  navigational  system  the  newtonometers  and 
absolute  angular-rate  meters  are  located  along  the  x,  y and  z axes. 
Vectors  n and  m are  represented  in  the  form  of  (3.6)  and  (3.8), 

m 


and  the  projections  of  nx, 


n , n , 
y'  z' 


m and  m , required  for  in- 
_ « y z 

tegration  of  equations  (3.10),  are  known  as  time  functions.  This 

may  not  be  said  of  projections  g , g and  g of  vector  g on  axes 

..  x y z 

x,  y and  z,  because  vector  g is  known  in  the  general  case  only  in 
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the  earth  body  axes  system  O^n?. 


In  the  coordinate  system  O^nC  the  earth's  gravitational  field 
is  clearly  determined  by  the  representation  of  the  power  function 
V(5,n,C).  Vector  g of  the  gravitational  field  strength  is  then 
expressed  in  the  coordinate  system  O^rie  by  the  equality 

f — v. 


(3.11) 


i>  • g • f 


4V  * , 4tV  . iH*  , 


(3.12) 


where  £,  n and  e are  unit  vectors  of  the  corresponding  axes. 

To  find  the  projections  g x,  gy  and  gz  o®»  vectors  contained 
in  the  first  equation  of  (3,10),  the  relative  position  of  axes 
x,  y and  z and  of  £,  n and  c must  be  calculated  from  -.he  known 
projections  of  3V/3£,  3V/3n  and  3V/3?  of  vector  g on  ;he  earth 
body  axes  £,  n and  (. 

It  is  easy  to  see  that  the  relative  position  of  axes  x,  y and 

z and  of  Q,  n and  c is  required  to  find  the  projections  g , g and 

x y 

gz  only  m the  case  of  an  arbitrary  gravitational  field.  If  we 
assume  that  the  earth's  gravitational  field  is  spherical,  then 

(3.13) 


where  y is  the  product  of  the  earth's  mass  by  the  gravitational 
constant. 
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From  the  second  formula  of  (3.13),  the  expressions  for  gx, 


g^  and  gz  by  x,  y and  z follow  immediately: 


ft  — ~ >r  . — tt  ■ 

f “(j «'+»'  + *’)*• 


(3.14) 


Thus,  in  the  case  of  a spherical  gravitational  field,  formulas 
(3.10)  together  with  relations  (3.14)  form  a closed  system  of  equa- 
tions for  finding  x,  y and  z.  The  indicated  circumstance  makes  it 
convenient  for  further  representation  of  the  power  function  of  the 
earth's  gravitational  field  in  the  form  of  the  sum 

(3.15) 

F=£  + f<l,  n.  0. 

where  the  first  term  characterizes  the  spherical  part  of  the  earth's 
gravitational  field,  while  e(£,  n*  ?)  is  a slight  deflection  of  the 
field  from  a spherical  shape. 

Equations  (3.10)  with  known  values  of  gx,  gy  and  gz  permit 
calculation,  as  was  already  noted,  of  the  Cartesian  coordinates 
x,  y and  z of  the  object.®  Equations  (3.10)  are  essential 
similar  to  equations  (1.89)  and  they  could  be  called  equations  of 
the  ideal  operation  of  the  inertial  system  under  consideration,  if 
the  task  of  the  latter  could  be  limited  to  finding  the  Cartesian 
coordinates  x,  y and  z of  the  object  in  the  coordinate  system  O ^xyz. 


But  trihedron  xyz  varies  its  spatial  orientation  arbitrarily 
in  time,  because  no  limiting  condition  of  any  kind  has  yet 
been  applied  in  this  relation.  Therefore,  a knowledge  of  the 
object's  position  in  the  coordinate  system  0 xyz  is  inadequate  for 
purposes  of  navigation.  To  solve  navigational  problems,  one  should 
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either  find  coordinates  F,,  n or  x,  of  the  object  in  the  earth  body 
axes  system  or  coordinates  n*  or  C*  in  the  fundamental  Cartesian 
coordinate  system  O^**!*?**  whose  motion  with  respect  to  the  earth 
nay  be  assumed  known.  To  find  coordinates  £,  n and  c from  known 
ilues  of  x,  y and  z,  one  must  know  the  relative  position  of  tri- 
>drons  xyz  and  (which  simultaneously  solves  the  problem  of 
inding  gx,  g^  and  gz) , and  to  find  the  coordinates  n*and  C*, 
ne  should  know  in  turn  the  position  of  trihedrons  xyz  and 
with  respect  to  each  other. 

3.1.3.  Determining  the  orientation  of  the  platform.  The 
second  group  of  equations  of  ideal  operations.  Let  us  determine 

the  relative  positic  i of  trihedrons  0 xyz,  0 and  0 £*n*C*. 

11  1 

We  know  the  relative  position  of  these  trihedrons  at  the  initial 
moment  of  time,  the  angular  rotational  velocity  u=m  of  trihedron 
0 xyz  with  respect  to  trihedron  and  the  angular  rotational 

velocity  u of  trihedron  with  respect  to*  trihedron 

It  is  easy  to  see  that  the  problem  reduces  to  determining  the  para- 
meters which  characterize  the  orientation  of  a moving  trihedron 
with  respect  to  a moving  object,  with  fixed  orientation  by  the  known 
projections  of  the  absolute  angular  velocity  on  its  axes.  This 
problem  leads  to  the  well-known  Poisson  equations.  Let  us 

darivc  them. 

Let  us  introduce  the  direction  cosines  which  characterize  the 
•lative  position  of  coordinate  systems  0^*1*?*? 

(3.16) 


X 

y 

1 

t. 
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Unit  vectors  £*,  n*  and  of  axes  and  c*  are  obviously 

expressed  by  unit  vectors  x,  y and  z Of  the  x,  y,  and  z axes  in  the  follow- 


ing manner: 


t.  “=  o„Jr  n,  a,jf, 

>L  = a„jr-f 

{, -=o3|jr-f  0,,y + aiv». 


(3.17) 


Let  us  differentiate  the  unit  vectors  n*  and  in  the 
coordinate  system  Ojxyz.  According  to  formula  (1.14),  we  find: 


(3.18) 


*•+"**.•  $—4 4«xn.. 

t , 

ill  « x 


But  the  coordinate  axes  do  not  change  their  orien- 

tation in  absolute  space;  therefore,  the  absolute  time  derivatives 
of  the  unit  vectors  of  these  axes  are  equal  to  zero: 

: 

By  combining  these  equalities  with  those  of  (3.18),  we  come  to 
the  equations 

(3.19) 

1. 4 *■>  X {.  = 0,  i),  + ...  X i|.  = 0.  I 

£.  + mx;.--o  I 


By  taking  into  account  equalities  (3.1),  (3.4),  (3.6)  and  (3.17), 
we  conclude  that  equations  (3.19)  may  be  integrated  in  the  coordi- 
nate system  O^yz.  As  the  result  of  integration,  we  find: 


t 


t'-’jit.XMW +^(0), 


(3.20) 


here  vectors  (0),  n*  (0)  and  if*  (0)  characterise  the  relative 
osition  of  the  coordinate  systens  0 xy2  a„d  0 {,„,c  at  the 
nitxal  moment  of  time.  1 1 


he  vector  relations  (3.20)  are  equivalent  to  nine  scalar 
.quatrons  which  fort,  three  groups.  These  equations  are  easily  ob- 
tained by  using  equalities  (3.6)  and  (3.17).  They  have  the  form 

, , 4 

«n  —J’  («,)*»,—  n,  + a,  |(o). 

I 

Cn".-  Oii«J)«  + a,,(0). 

• 9 

9,1  “ / 

• * 1 


(3.21) 


0,1  =*  / n„  (0), 

0 ‘ • ••* 

« 

— a„m,)S/+  a„(0), 


"n  *»  f <aumi  ~ + a„(0); 

“ » l 


(3.22) 


««  **  J (o,J««l  — a„"iI)rf/-l-(ij,(0), 

t 

oB™  J (o.i".  — Oj,m ,)rf(  ) o.,(0). 

H 

I 

O31 « J (1  ) Oj,  O'). 


(3.23) 
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Each  of  the  systems  of  equations  (3.21),  (3.22)  and  (3.23) 
are  also  Poisson  equations  known  in  theoretical  mechanics.  Equa- 
tions (3.21),  (3.22)  and  (3.23)  reestablish  the  table  of  direction 
cosines  (3.16):  equations  (3.21)  reestablish  its  first  line  and 

equations  (3.22)  and  (3.23)  reestablish  the  second  and  thiid  lines, 
respectively. 


( 


It  is  now  easy  to  find  the  relations  through  which  the  Cartesian 
coordinates  C*,  n*  and  c*  are  expressed  by  x,  y and  z: 


(3.24) 


1-n.  r.  ti • r. 


4 4 

where  unit  vectors  n*  and  5*  are  calculated  by  formulas  (3.17), 
while  vector  r is  given  by  the  first  equality  of  (3.4). 


The  scalar  equations,  corresponding  to  Ablations  (3.24) 
viously  have  the  form: 


C.  ■»<«„* 


ob- 

(3.25) 


The  relations  reciprocal  to  relations  (3.25)  and  (3.17)  are 
obvious.  We  note  that  equations  (3.19)  may  easily  be  inverted, 

■4  -4  *4 

i.e.,  instead  of  equations  (3.19)  for  unit  vectors  £*,  n*  and  c* 
in  the  projections  on  axes  x,  y and  z,  the  equation  for  unit  vectors 

-4-4  -4 

x,  y and  z in  the  projections  on  axes  ri*  and  c*  can  be  found: 


dx 

dt 


«X  x. 


*y 


(3.26) 
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Equations  (3.26)  are  obtained,  if  by  using  the  principle  of 

Galilean  relativity,  we  assume  that  trihedron  xyz  is  fixed,  while 

trihedron  is  assumed  to  rotate  with  respect  to  trihedron  xyz 

at  an  angular  velocity  of  -w=-m.  Now  using  the  relations  inverse 

to  relations  (3.17),  we  can  now  turn  to  the  scalar  equations  from 

vector  equations  (3.26).  The  scalar  will  differ  from  the  equations 

in  (3.21),  (3.22)  and  (3.23)  by  the  fact  that  the  first  and  second 

indices  of  the  direction  cosines  will  exchange  places  and 

-mr  , -m  and  -m.  will  appear  instead  of  m , m,  and  m . 
t,*  n*  C*  x'  y z 


Let  us  now  turn  to  finding  the  mutual  disposition  of  trihedrons 
O^xyz  and  O^nC.  Let  us  introduce  the  table  of  direction  cosines: 


(3.27) 


1 

n 

C 

“m 

“h 

"i'l 

“a 

< 

According  to  table  (3.27),  we  have: 


(3.28) 


t. — «;,* -t-  «;}n 


By  differentiating  unit  vectors  £ 


*r 


and  in  the  coor- 


dinate system  0 CnS,  we  find  similar  to  equations  (3.19): 


i.- = >i.  + «x>v=>o. 

;.+  «xt.=o 


(3.29) 
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or 


|.-J(t.x«)rf/+t.(0).  n.“  j (>ux»)<«+n.(0). 

/ I 

i 


(3.30) 


Unit  vectors  t*#  n*  and  t*  in  equations  (3.29)  and  (3.30) 
are  given  by  equality  (3.28),  while  vector  u should  be  assumed  to 
be  represented  in  the  form 


■y» + 1*‘»  -f  (in «.  ■ 


Local  differentiation  in  expressions  (3.29)  and  integration 


in  formulas  (3.30)  were  carried  out  in  the  coordinate  system  O^nC. 


Equations  (3.29)  can  be  inverted  in  the  same  manner  that 
equalities  (3.19)  were  inverted  by  equations  (3.26). 


From  vector  equations  (3.30),  three  groups  of  scalar  equations 
are  obtained: 

(3.31) 

I 

«!>  - J (n!,*i  - «;,•;) « + «;, 
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J 
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• I 


(3.37) 


/•  i 

«arf,+«5i<0)-  •a  ““•/««  <«  + «J,(0). 


(3.38) 


The  systems  of  equations  (3.36),  (3.37)  and  (3.38)  have  con- 
stant coefficients  and  are  easily  solved.  It  follows  from  them  that 


(3.39) 


<0>f°«ii<4  o'„(0)«ln»l. 

~ t«j  ,<«)«$»/, 

oj,  -I  Rji  (0)  { Oi  III  4 o'n(0)  »ln  «». 
o'n  **  — o^j  (0)  i(n  »/  4 a',  (0)  tot  ul. 
•J,  — uj, (0)<ot  ul  4 a'9 (0)  ila  *1, 

-o;,(0)jlnu»  t-a'u(0)coj*/. 


If  we  assume  that  axis  ? coincides  with  axis  £*,  and  axis 
£*  is  directed  toward  the  point  of  the  vernal  equinox,  then 


In  this  case  the  table  of  direction  cosines  (3.27)  determines 
the  relationship  between  the  Cartesian  coordinates  £**  n*  and 
in  the  first  equatorial  coordinate  system  and  the  Cartesian  coor- 
dinates C,  n and  <;  in  the  coordinate  system  0 £nC. 
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Of  course,  relations  (3.35)  and  (3.39)  may  also  be  obtained 
directly  from  geometric  concepts.  However,  it  will  be  more  con- 
venient for  us  in  the  future  to  use  more  general  equations  (3.31), 
(3.32)  and  (3.33),  rather  than  relations  (3.35)  and  (3.39).  One  of 
the  reasons  for  this  lies  in  the  fact  that  equations  (3 . 31) , (3 . 32) 
and  (3.33),  being  equivalent  to  relations  (3.35)  and  (3.39)  with 
regard  to  premise  (3.34),  generally  do  not  compel  us  to  use  this 
premise. 


By  knowing  ou..(t)  and  a|j(t),  i.e.,  by  knowing  the  relative 
position  of  coordinate  systems  £*»  and  and  xyz,  wo 

can  obviously  immediately  find  the  parameters  which  determine  the 
relative  position  of  trihedrons  xyz  and  In  fact,  let  the 

direction  cosines  between  the  axes  of  these  trihedrons  form  the 
table: 

x y * <3* 

l fit  (*u  I'll  ■*> 

*1  Pjt  P«  Pn 

C Pm  Pm  Pjv 


It  then  follows  from  tables  (3.16)  and  (3.27)  that 

(3.41) 

.1 

P„=  2 /~l  ?.  3.  1,2.3. 

Along  with  expressions  (3,41),  the  direction  cosines  (3„  may 
also  be  calculated  by  means  of  equations  similar  to  (3.21),  (3.22), 
(3.23)  or  (3.31),  (3.32)  and  (3.33).  According  to  table  (3.40), 
vo  have : 
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l=CIIJf-+  r„y.f  n,,/. 

'I  ^bix  + hiy  + (»,,». 
h,y  -f 


(3.42) 


Trihedron  xyz  rotates  with  respect  to  trihedron  £r)C  at 
angular  velocity  of 


an 


ii  — ii « m — * , 


(3.43) 


By  assuming^that  trihedron  £nC  is  fixed  and  by  differentiating  the 
unit  vectors  £,  n and  £ of  its  axes  in  the  coordinate  system  xyz, 
we  find:  1 ' 


(3.44) 


i + (/»-«)Xi=.0.  *)-+-("*  — M)  X n = 0, 
{+(m-#)X{  = 0. 


By  integrating  equations  (3.44)  in  the  coordinates  system 
xyz,  we  find: 


(3.45) 


i-/{X(m  — J(0), 

0 

I 

n-  / nx<«  — •)<«  + 1|  (o>. 
0 

t 

t"  ft  X <m  — 1(0). 
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r 


1 

i 


nonce,  similar  to  equations  (3.21),  (3.22)  and  (3.23),  we  have  the 
following  scalar  equations: 


* . 

>ii  " / l>u  <*,  — - fa  ("i,  — »,i|  it  -fp,,  (0), 

I 

i hi  — j lfti(*,  — «,)— ft,  (ma  — *,)|  + ft, (0). 

i 

Al « J IAl  <*,  - “ fa  («,  - *,)|  dt  + ft,  (0); 


(3.46) 


♦ 


I • 

*■”/  Ifa  (*« — ■,)  - fa  <«,  — «,)|  4/  + ft,  (0). 

I 

fa  “ / IAi  - ft,  (in,  - «,X  rfi + ft,  (0). 

I 

fa-J  Ifa  (*,-•, )-ft,<*,-,.,X*+ft,<0); 


I 

fa  ” J Oil  K - - ft,  (*,  - «,  X rf/  + ft(  (0). 

I 

fa  - / Ifa  <«.  ft,  <«.  _ #4x  rf/  + ft,  (0), 

I 

fa  = / Oil  («,  - «,)  - ft;(n,  _ „M  )|  ,1,  4.  ft^gj 


According  to  table  (3.40),  in  these  equations 


(3.47) 


(3.48) 


(3.49) 

**  — “ifyl  -<■  II J J,  -f.  «vpJ( , I 

•i“«»f'it  I + «/.„.  J 

ft*“»Oi>  * «v.  ig  «.ft,  I 
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Now,  when  the  direction  cosines  (^(t)  are  found  which 
characterize  the  relative  position  of  trihedrons  xyz  and 
and  which  permit  calculation  of  the  Cartesian  coordinates  £,  n 
and  t,  from  the  known  coordinates  x,  y and  z according  to  tables 
(3.40),  we  can  go  on  to  calculating  the  projections  g , g and 
gz  of  vector  g,  contained  in  the  first  equation  of  (3.10). 

It  follows  from  formulas  (3.14)  and  (3.15)  that: 


ty “ — £r 4 
t,**~  7T  + *'**,*- 


(3.50) 


The  projections  of  grad  e on  axes  x,  y and  z are  equal  to: 


(3.51) 


C * a i ■ I 1,1  . 

Ai  + ^ «*• 

- , fit  m . t>l  _ 

gratf  v e *=  P„  4-  3-  -f  ^ fa. 

u .ik.  .ik- 

grad,e  s P,,f  ^ fa- 


The  factors  3c/3C,  3e/3n  and  3c/Dc,  contained  in  equalities 

(3.51),  are  functions  of  coordinates  £,  n and  t.  The  integrand  of 
the  first  equation  of  (3.10)  shoul 1 contain  only  time  functions. 
Therefore,  coordinates  C,  n and  x,  in  the  arguments  of  the  deriva- 
tives should  be  expressed  by  x,  y and  z,  i.e.,  instead  of  £,  n 
and  c the  following  expressions  should  be  substituted 

(3.52) 

l **Pn  x ^ fi,y  H Hn*. 

(i;.y  if,.,:, 

C ^ * -f  |i,.y  + (*i,r . 
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3.1.4.  The  complete  system  of  equations  of  ideal  operation. 


By  combining  equalities  (3.10),  (3.11),  (3.15),  (3.20),  (3.24), 
(3.45)  and  (3.52),  we  find  the  complete  system  of  equations  of  the 
ideal  operation  of  the  considered  diagram  in  vector  form: 

, - (3.53) 

9 

r-  fw-MXridt+rm 


I 

/(n.x«><«-ML(0). 

I 

C-JlfcX  *)<«+  t.(0); 


(3.54) 


« 

/ I 

n-  J In x<« n(O). 


g -a  - + »i»dc(£.  n.  t>: 


(3.55) 


(3.56) 


(3.57) 


(3.58) 


All  the  vectors  in  this  system  of  equations  are  calculated  in 
coordinate  system  o^yz.  Integration  in  equations  (3.53),  (3.54) 


r 


and  (3.55)  is  also  carried  out  in  this  coordinate  system.  Equa- 
tions (3.53)— (3.58)  are  a closed  system  of  equations,  which,  accor- 
ding to  the  values  of  m and  n,  obtained  as  the  result  of  measurements, 
according  to  initial  conditions  r(0),  v{0),  5*(0),  n*(0),  ?*(0), 
f,  (0),  n (0) , and  £(0)  and  according  to  given  values  of  v,  c and  u, 
permit  us  to  find  simultaneously  the  Cartesian  coordinates  of  the 
object:  x,  y and  z in  moving  trihedron  0 xyz;  5,  n and  r,  in  tri- 
hedron O^nC,  bound  to  the  earth,  and  n*  and  5*  in  the  fundamental 
Cartesian  coordinate  system. 

In  completing  the  derivation  of  equations  of  ideal  operation, 
we  turn  from  vector  equations  (3.53)-(3.58)  to  scalar  equations. 

Taking  into  account  the  first  equality  of  (3.4),  equalities  (3.6) 
and  (3.8),  relations  (3.21) - (3.23) , (3.25)  and  (3.46)-(3.48)  and 
formulas  (3.49)  — (3.52) , instead  of  the  vector  equations  (3.53)  — (3.58) , 
we  find  the  following  scalar  equations: 


J |«i,  — <«,»,—  M°>' 

0 

I 

— 1 1«, — | rf/  + v,(0). 

« 

v, » J «»*»,)+  £/ 1'**  + 

% 

i 

J |v,—  (mFf  — «,>)]  fit  4-Jf(0). 

0 

I 

y J \V9  - [nsX  — fit  + y (0). 

I 

i m J |t*t  — {mty  — tnf*  ))dl  +*  (0): 


(3.59) 


4 


r 


*-/ 

-/ 

■“/ 

•-/ 


•»> 

««■ 


i 

■/ 


^+«n  (OX 
"||"#)<»  + ««|,(0X 

• • I 

on",)  <«  + «»  (OX 

(OjjCi,  — a,, «,)  -f-  an  (OX 

(«„(»,  — 4- on(o; 

(««** — a*|Wf)rfl4 
» ■ " 1 • 

— ®j|Wf)rf/  4"  Oj|(0)i 

04,(0; 


(3.60) 


(3.61) 

I 

> i 

*«  "/  MHi(«»  — »,)— e,Mrf/+Oll(OX 

, i ■ , -.'i-  ••  • 

*11 " J IM",  - »,)  - |»„  ( m,  - u,)\  Jl  -I  P„(0). 

, « | ■!  • 

*u“/ Wii  <*,-«,)- -M<»  + Pm(0). 

I *'  ' *»  ' 

(>«  «=  J IM™.  - On  («,  - «,)|  ,11  + ^ (0) 

I • 

*»*“J  IM*.  — (in,  _ *,)|  at  4- (0), 

i 

/ **«  <m»  ~ ",)  - f u ("i,  - «, » at + (0). 

< 

**'  **  J l*>»  <"«  — — K»(«f  — *,)|  i //  + p„  (0), 

I 

**“^. !*»("*  — ■.)—  -»,»•«  f- p„(0>. 

I 

**•  “ J l(l»  <"»  ~ ■*> — «.)|  i ii  -(-  pu  (0), 
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(3.62) 


Uj,y  f 0jly;  I 


t”Pii«+|i,2y-f  j 
*l=‘Pjijr  + Pj:y  + l'u*.  j 

C“M+  (by  +(*«*;  > 


(3.63) 

■ 


I 


"i  “ "iPn  + “fn  -f* »/«.  | 
*»  *“  Mftl  + *ifn  + Kj'j;,  I 
•."MCn +»/»■+  I 


*'“-#+&>» + 3% 

*•  “ 7T  + 3f  fu  + I'm  + -jr  P». 

*•  “ - "7T  + 3J  IS>  + ^ Hu  + -gr  Pi,. 
••“HI.  1. 1),  r~ (•>>+  y’-j- ti)\ 


(3.64) 


(3.65) 


If  WO  use  premise  (3.34),  then  the  direction  cosines  . i„ 
e at rons  (3. 63) -(3. 65)  may  be  substituted  for  their  expressions 
ij  “ “ ij  accerding  to  equalities  (3.35),  (3.39)  and  (3.41) 

Relations  (3.61)  are  superfluous  in  this  case. 
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=J 


T 


The  equations  similar  to  (3.62)  and  (3.63)  may  be  joined 

to  the  derived  equations  to  calculate  vr  , v_  , v and  vr,  v„ 

s*  n*  s n 

and  vr  from  the  known  values  of  v , v and  v_. 

Z x y z 

Equations  (3.59)- (3. 65) , equivalent  to  vector  equations  (3.53)- 
(3.58),  also  permit  calculation  of  Cartesian  coordinates  £*»  n* 
and  Zi,  and  £,  n and  z along  with  coordinates  x,  y and  z. 


By  knowing  the  Cartesian  coordinates  £*,  n*  and  C*  or  C,  n 

t 

and  Zi  we  can  generally  find  the  curvilinear  and  moving  coordinates 
of  the  object  in  coordinates  systems  O^n*?*  and  O^CnC  or  in  any 
other  coordinate  system  moving  in  a known  manner  with  respect  to 
system  °iC*n*C*  or  0^n(  by  using  the  corresponding  calculations. 

To  do  this,  it  is  necessary  only  that  the  relations  which  link  the 
Cartesian  coordinates  £*»  n*  and  r,,  or  (,  n and  z to  the  curvilinear 
coordinates  being  introduced  be  given.  Obviously,  time  may  be  con- 
tained in  this  relationship  in  an  explicit  manner. 

Let  us  turn  to  the  second  problem  which  should  be  solved  by 
the  considered  inertial  system,  i.e.,  let  us  turn  to  determining  the 
orientation  of  the  object  in  the  coordinate  system  To 

solve  this  problem,  it  is  sufficient  to  determine  the  orientation  of 
trihedron  OXYZ,  rigidly  bound  to  the  object,  in  this  coordinate  sys- 
tem. The  position  of  the  axes  of  trihedron  OXYZ  with  respect  to 
trihedron  OXYZ  is  completely  characterized  by  angles  a,  B and  y of 
the  revolutions  of  the  gimbal  rings  of  the  inertial  sys- 
tem platform  with  the  object.  These  angles  can  be  measured.  The 
following  values  of  direction  cosines  between  axes  x,  y and  z and 
axes  X,  Y,  Z (x*  y*  z*)  are  easily  found  from  tables  (1.50)  by  multi- 
plying out  the  three  matrices  included  in  those  tables: 


(3.66) 

» * 

— co»p iln  v •l"l> 

— ilnallnpslny-f  — iln  a cos  p 
+ cotocoiy 

— tlnailnpsln  y + coi  a cot  (1 
-t  slaasoty 


These  direction  cosines  together  with  the  table  of  direction 
cosines  (3.16)  obtained  from  equations  (3.21),  (3.22)  and  (3.23) 
obviously  give  the  direction  cosines  between  axes  £*»  n*  and 

and  X,  Y and  Z,  which  also  determine  the  orientation  of  the  object 
with  respect  to  the  coordinate  system  0 

By  using  table  (3.27),  we  can  easily  find  the  orientation  of 
the  object  with  respect  to  the  earth  body  a*is  system  O^nt. 

If  we  measured  the  derivatives  of  angles  a , 3 and  y with 
respect  to  time,  i.e.,  the  values  of  ci,  6 -and  y,  we  can  also  find 
the  projections  of  the  absolute  angular  velocity  of  the  object 

on  the  axes  bound  to  it.  Actually,  by  noting  that  the  relative 

• • • 

angular  velocities  of  a , 3 and  y are  directed  along  the  axes  of  the 
gimbal  mount,  i.e.,  along  axes  x",  y"  and  z”,  and  by  turning  to 
tables  of  direction  cosines  (1.50)  and  (3.66),  we  find: 

(3.67) 


! 


X 

col  0 cos v 
tin  a tin  ft  cot  y + 

4-  cot  y tin  y 
— <ntaiin|i<oiy  + 
•4-ilisotlny 


f0*  P ,oi  V ~ ",  coif  sin  v i-m,!ln{t-f  a. 
«y  “ ",  (’I""  Hn  (l  c<n  y + coi  o sin  y)  4. 

+ — linn  iln|\»ln  y-f  osmcoi  yj  — 

I",  + V)'lnmoi(l  pent  a, 
C»1  a iln |S COI  V -I-  lin a liny)  )- 

+ (iO!  n III!  |l  Iln  Y -I  Iln  a cos  VH 

+ (",  f y).osncni)i  4 |Ulna  I 
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The  equations  (3.59)  of  ideal  operation  derived  above  were 
based  on  the  fundamental  equation  of  inertial  navigation,  taken  in 
the  form  of  (1.88).  Equation  (1.88)  differs  from  the  exact  equa- 
tion (1.86)  by  the  fact  that  the  difference 

(3.68) 


AF,  - F,(r) 


of  the  attractive  forces  of  celestial  bodies  (except  the  earth), 
determined  by  expression  (1.87),  at  point  0^  (the  center  of  the 
earth)  and  at  point  0 (the  location  of  the  sensitive  masses  of  the 
newtonometers)  is  discarded. 

It  is  also  essentially  not  possible  to  introduce  this  simpli- 
fication. Let  us  show  how  the  equations  of  ideal  operation  of  type 
(3.59)  can  be  constructed  according  to  the  exact  equation  of  mo- 
tion (1.86)  of  the  sensitive  masses  of  the  n^tonometers. 

Having  assumed  for  simplicity  that  the  gravitational  fields  k 
of  the  celestial  bodies  being  taken  into  account  are  spherical, 
according  to  equality  (1.93),  we  find: 

. . . (3*69) 


AF.  V u./j 

It.  _ -■*<  \ 

<-i  v 

t fff)' 

t 

1-1  V 

T~l^lr)' 

• 

i*i  V 

where,  by  analogy  to  equation  (3,17)  and  (3.25), 


* 'i  *=  “nta  + o„ii(  i | 

>i ” + UnH,  -f  0,.^.,.  J 

* i -J  °i  <U«  + «n1(4-  oj^,  I 


(3.70) 
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The  values  of  £*[ (t) , n**  (t)  and  5*^ (t)  in  formulas  (3.70) 
are  coordinates  of  the  i-th  celestial  body  in  the  coordinate  sys- 
tem These  coordinates  should  be  known  time  functions. 

Thus,  to  find  the  equations  of  ideal  operation,  which  corres- 
pond to  exact  equation  (1.86),  AFjX,  AF  and  AF  an<*  9^ven 
formulas  (3.69),  respectively,  should  be  added  to  the  integrands 
of  the  first  three  equations  of  (3.59)  and,  moreover,  relations 
(3.70)  should  be  included  in  the  system  of  equations  of  ideal 
operation.  Consideration  of  the  asphericity  of  the  gravitational 
fields  of  the  celestial  bodies  is  for  the  time  being  only  of  strictly 
theoretical  interest,  although  it  may  be  performed  Except  for  com- 
plicating the  relations  obtained  in  this  manner,  this  consideration 
does  not  cause  any  essential  difficulties. 

It  is  easy  to  discern  that  the  constructed  system  of  equations 
of  ideal  operation  (3.59)  is  not  the  only  one  possible.  It  turns 
out  that  several  systems  of  integral  equation  essentially  equiva- 
lent but  differing  in  form,  which  may  be  equations  of  ideal  opera- 
tion, can  be  constructed  without  altering  the  functional  diagram  of 
the  device  described  above.  Let  us  indicate  the  main  variants. 


By  using  the  solution  of  the  second  group  of  equations  of 
ideal  operation,  i.e.,  equations  (3.21),  (3.22)  and  (3.23),  inde- 
pendent of  equations  (3.59),  the  newtonometer  readings  could  be 
projected  on  axes  and  and  vector  n in  projections  on  these 

axes  could  be  obtained  and  double  integration  of  the  fundamental 
equation  could  be  carried  out  in  the  coordinate  system 
This  method  is  one  of  the  most  difficult  to  realize,  because  cal- 
culating operations  with  the  newtonometer  readings  must  be  performed 
until  integration  of  them. 


h 


Double  integration  in  equations  (3.59)  is  carried  out  in  the 
same  coordinate  system  as  that  which  measured  the  components  of 
the  absolute  angular  velocities  and  newtonometer  readings,  i.e., 
in  coordinate  system  O^xyz.  Some  variation  of  equations  (3.59) 
is  also  possible.  Having  turned  to  vector  equations  (3.53),  from 
which  were  found  the  scalar  equations  (3.59),  we  note  that  the 
two  equations  (3.53)  can  be  combined  into  a single  equation: 


r“‘J  J I*-"* X('-f- « XrHfl<Wi« -t- 


(3.71) 


-»  |r(0)  f i*(0)xr(»)|f  lr(0) 


This  variant  is  interesting  in  that  coordinates 
x,  y and  z are  obtained  by  double  integration  and,  consequently, 
double  integrating  devices  can  be  used  here.  MJowever,  to  find 
the  velocity  r,  which  is  contained  in  the  integrand  (3.71),  we 
must  differentiate  the  derived  coordinates  x,  y and  z.  Moreover, 
along  with  the  coordinates  the  velocity  of  the  object  may  be  a 

necessary  navigational  parameter  and  the  derivatives  of  coordinates 

• • • 

x,  y and  z may  also  be  necessary  to  calculate  it. 


This  variant  of  constructing  the  equations  of  ideal  operation 
is  also  possible.  First  integration  is  carried  out  along  the  axes 
x,  y and  z,  i.e.,  the  first  three  equations  of  (3.59)  remain  un- 
changed. The  projections  v^,  v^  and  vz  of  the  absolute  velocity 
>f  the  object  are  recalculated  to  other  directions,  for  example, 

>y  using  direction  cosines  (3.21),  (3.22)  and  (3.23)  to  the  direction 
f axes  n*  and  (;*,  and  the  second  integration  is  accomplished 

long  the  coordinate  axes  This  variant  usually  does  not 
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yield  any  advantage  in  the  number  of  calculating  operations,  and 
it  is  always  more  difficult  to  perform  calculations  with  deriva- 
tives of  the  coordinates  than  with  the  coordinates  themselves,  be- 
cause the  former  are  more  rapidly  variable  time  functions  than  the 
latter. 

The  second  group  of  equations  of  ideal  operation  (3.60)  may 
also  be  represented  in  other  forms.  Instead  of  direction  cosines, 
we  can  obviously  take  any  other  parameters  which  determine  the 
orientation  of  trihedron  O^xyz  with  respect  to  trihedron  0^*n*C*. 
For  example,  these  parameters  may  be  Euler  angles  or  equivalent 
angles  or  Rodrigues-llamilton  or  Cayley-  Klein  parameters.^  Con- 
struction of  the  integral  equations  by  which  the  value  of  these 

parameters  can  be  found  from  known  values  of  m , m and  m presents 

x y z 

no  difficulty,  and  we  will  not  dwell  on  this.  The  more  so  since 
equations  (3.60)  are  more  convenient  than  the  others  when  working 
in  Cartesian  coordinate  systems  and  since  thej  have  a very  useful 
symmetry  which  facilitates  their  use  as  equations  of  the  ideal 
operation  of  an  inertial  system. 


The  foregoing  is  also  applicable  to  equations  (3.61).  It  was 
pointed  out  earlier  that  equations  (3.61)  can  be  substituted  for 
equations  (3.31),  (3.32)  and  (3.33)  and  relations  (3.41),  and  if 
the  assumption  (3.34)  on  the  constancy  of  the  value  and  direction 
of  the  vector  of  the  earth  rate  is  taken  , 

then  equations  (3.61)  can  be  substituted  for  relations  (3.35),  (3.39) 
and  (3.41).  In  the  latter  case  formulas  (3.64)  fall  out  of  the 
equations  of  ideal  operation. 


Attention  should  also  be  given  to  one  characteristic  feature 
of  equations  (3.59)— (3.65) . Equations  (3.60)  are  a closed  system 
which  can  be  solved  separately  from  the  remaining  equations.  Equa- 
tions (3.61)  and  relations  (3.64)  taken  together  also  form  a closed 
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system  which  can  be  solved  independently.  Equations  (3.59)  form 
a closed  system  with  relations  (3.63)  and  (3.65),  solution  of  which 
at  each  time  interval  is  possible  only  after  solving  equations  (3.61) 
and  (3.64).  Solution  of  equations  (3.60)  is  not  required  for  this. 
Finally,  coordinates  £*,  n*  and  are  calculated  by  formulas  (3.62) 
only  after  solving  equations  (3.59)  and  (3.60). 


The  indicated  relationships  of  the  equations  and,  consequently, 
the  required  sequence  of  their  solution  are  caused  by  the  fact  that 
the  earth's  gravitational  field  is  given  in  coordinates  £,  n and  ?. 

If  wo  assume  that  the  earth's  gravitational  field  is  spherical,  i.e., 
if  we  assume  that  e=0,  then  equations  (3.59)  with  formulas  (3.65) 
also  form  a group  of  equations  separate  from  the  remaining  ones. 

Thus,  three  groups  of  equations  split  off  from  the  system  of  equa- 
tions (3.59)- (3.65) : the  first  group  comprises  equations  (3.59) 
and  (3.65);  the  second  group  comprises  equations  (3.60)  and  the 
third  group  comprises  equations  (3.61)  and  (f? 64).  These  three 
groups  of  equations  are  solved  independently.  After  solution  of 
them,  coordinates  £*,  n*  and  and  £,  n and  C are  found  from  formulas 
(3.62)  and  (3.63). 


3.1.5.  Special  case:  fixed  orientation  of  the  platform 
in  space  and  orientation  of  one  of  its  axes  along  the  direction 
toward  the  center  of  the  earth.  When  deriving  the  first  group  of 
integral  equations  of  ideal  operation  (3.56)  or  (3.59)  of  the  in- 
ertial navigation  system  being  considered,  it  was  assumed  that  the 
platform  of  a throe-component  absolute  angular-rate  meter  (coor- 
dinate system  Oxyz)  was  oriented  arbitrarily  both  with  respect  to 
inertial  space  and  with  respect  to  the  object.  Various  special 
cases  are  possible  here. 


If  the  platform  is  invariant  relative  to  the  inertial  coor- 
dinate system,  for  example,  if  the  direction  of  axes  x,  y and  z 
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and  n*  and  5*  are  combined,  then  equations  (3.59)  are  trans- 
formed, as  one  can  easily  discern,  into  the  previously  derived 
equations  (1.89).  Equations  (3.60)  and  (3.62)  then  drop  out. 

The  orientation  of  the  object  is  obviously  defined  immediately  by 
the  table  of  direction  cosines  (3.66),  and  mx,  m^  and  m2  in  ex- 
pressions (3.67)  for  projections  of  the  absolute  angular  velocity 
the  object  on  its  axes  should  be  assumed  equal  to  zero 
n formulas  (3.61).  The  corresponding  orientation  of  the  plat- 
ti  may  be  realized  in  this  case  by  using  a free  gyrostabilized 
platform  or  a system  of  free  gyroscopes. 

The  platform  of  the  angular-rate  meter  can  be  rigidly  bound 
to  the  body  of  the  object,  for  example,  by  combining  the  coordinate 
systems  xyz  and  XYZ.  In  this  case  the  gimbal  mount  of  the 
platform  on  to  the  object  is  not  required.  The  equations  of  ideal 
operations  will  be  equations  (3. 59) - (3. 65) . Relations  (3.67)  drop 
out,  because  the  orientation  of  the  object  coincides  with  the 
orientation  of  the  platform  and  is  given  by  equations  (3.60)  and 
(3.61),  while  the  projections  of  the  absolute  angular  velocity  of 
the  object  on  its  axes  are  directly  the  readings  mx,  my  and  mz  of 
the  gyroscopic  angular-rate  meter. 

A case  intermediate  between  the  two  preceding  ones  is  possible, 
where  the  orientation  of  the  platform  in  the  inertial  coordinate 
system  will  be  a known  time  function,  and  also  a function  of 

the  specific  navigational  coordinate  system  and  the  rate  of  their 
variation  in  time.  This  orientation  of  the  platform  can  be  pro- 
vided only  by  using  a controlled  gyrostabilized  platform  considered 
in  § 1.3,  or  by  using  a special  functional  circuit,  which  is  mounted 
on  a free  stabilized  platform  and  which  gives  the  position  of  tri- 
hedron xyz,  along  whose  axes  the  newtonometers  are  mounted. 
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relative  to  the  stabilized  platform.  The  stabilized  platform, 
as  in  the  preceding  case,  can  be  naturally  replaced  by  a system  of 
free  gyroscopes. 


An  example  where  orientation  of  a controlled  gyrostabilized 
platform  is  a given  time  function  may  be  orientation  of  it  in  which 
the  axes  of  the  platform  retain  their  directions  relative  to 
the  earth.  Without  loss  of  generality,  we  may  assume  that  these 


directions  are  the  directions  of  the  coordinate  axes  O^nC.  Then 
the  controlled  gyroplatform  should  rotate  relative  to  the  in- 


ertial coordinate  system  such  that  the  position  of  the  platform 
is  characterized  at  each  moment  of  time  by  the  direction  cosines 
given  in  table  (3.27). 


Let  us  form  the  expressions  of  controlling  moments  M"jx,  M* 

and  M6  , required  for  this  case,  by  using  relations  (1.78),  which 
1 ^ 

in  the  considered  case  assume  the  forms 


(3.72) 


<v  -7r.  n— 


Relations  (1.77),  which  take  into  account  the  finiteness  of 


the  values  of  6 , 6 and  6 , may  also  be  used  of  course,  by  first 

12  3 

inverting  these  relations,  i.e.,  by  solving  them  with  respect  to 


M1*  , M5  and  M6  . The  latter  does  not  cause  any  essential  diffi- 
ix  iy  ix 

culties;  therefore,  we  shall  limit  ourselves  to  more  simple  equalities 


(1.78). 


Having  taken  into  account  that  the  axis  o C is  directed  along 


vector  u of  the  earth  rate  about  its  own  axis  and,  consequently. 


■ 


»!=•*>,  <»0, 


(3.73) 


we  finds 


(3.74) 


Of  course,  besides  fulfilling  conditions  (3.73),  the  initial 
conditions  should  be  observed,  namely,  the  initial  position  of  the 


coordinate  systems  and  xyz  should  correspond  to  table  (3.27) 


of  direction  cosines  0Uj(0). 


Having  turned  to  equations  (3.60),  we  note  that  m , m and  m 

^ y ^ 

are  now  known  time  functions  in  them: 


(3.75) 


It  is  easy  to  see  that  integration  of  equations  (3.59)  in  the 
considered  case  immediately  yields  coordinates  £,  n and  £.  Equa- 
tions (3.60),  (3.61),  (3.63)  and  (3.64)  drop  out,  because  even  if 
calculation  of  coordinates  £**  n*  and  c*  along  with  £,  n and  c is 

also  required,  they  are  obtained  algebraically  from  the  coordinates  c,  n 

/ 

and  C by  using  expressions  (3.35),  (3.39)  and  (3.62). 


Orientation  of  the  object  with  respect  to  the  earth  is  de- 
termined by  angles  u,  8 and  y of  the  rotations  of  the 
qimbal  rings  of  the  platform,  i.e.,  by  the  table  of  direction 
cosines  (3.66).  Table  (3.27)  should  also  be  used  to  find  the 


170 


1 
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parameters  of  orientation  relative 
system. 


to  the  inertial  coordinate 


If  orientation  of  the  coordinate  axes  Oxyz  is  accomplirhed  by 
a special  functional  diagram  located  on  a free  gyrostabilized 
platform  rather  than  by  a controlled  gyrostabilized  platform,  this 
functional  diagram  should  continuously  provide  disposition  of  the 
coordinate  systems  0£i*n*£*  (stabilized  platform)  and  Oxyz  (a  trihed- 
ron along  whose  axes  the  newtononv  jrs  are  ipstalled)  so  that  the 
direction  cosines  between  the  axes  of  the  mentioned  coordinate 
systems  corresponded  to  table  (3.27).  In  this  case  angles  a,  3 
and  y of  the  rotations  of  the  gimbal  rings  of  the  sta- 
bilized platform  determine  the  orientation  of  the  object- 
relative  to  the  coordinate  system  can  be  calculated  by  direction 

to  the  earth  body  axis  system  can  be  calculated  by  direction 

cosines  (3.27)  and  (3.66). 

*w 

Let  us  now  consider  a case  where  the  orientation  of  the  con- 
trolled gyrostabilized  platform  is  dependent  on  the  coordinates 
calculated  by  the  inertial  system.  Let  us  require,  for  example, 
that  the  z axis  of  the  platform  is  constantly  directed  along  the 
radius  vector  r. 


If  the  z axis  of  the  platform  coincides  with  r,  then 

ro  tt.  * ■=»  y ■■  o 


(3.76) 


(3.77) 


V *=  t i 4 (<•),£  — i *,y) 


From  equalities  (3.76)  and  (3.77),  we  find: 


rw,  *»-«y  n — f. 


Turning  to  relations  (1.78),  we  find  the  following  expressions 

for  the  controlling  moments  M1  and  M!  s 

ix  iy 

(3.79) 

Km»L. 


Moment  m‘x,  like  wz,  remains  arbitrary,  because  condition 
(3.76)  permits  this  arbitrariness.  The  value  of  this  moment  may 
therefore  be  ordered  to  simplify  the  equations  of  ideal  operation. 
For  example,  we  can  assume 


which  is  obviously  equivalent  to  the  condition 


The  diagrams  obtained  in  this  case,  in  which  the  projection 
of  the  absolute  angular  rotational  velocity  of  the  platform  to 
direction  r is  equal  to  zero,  are  sometimes  called  "azimuth-free" 
diagrams. 
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From  the  condition  of  (3.76),  equation  (3.59)  assume  the 


form: 


Equations 


I 

*i"  j {•'  - ► ",v,  + e,)di  + ii,  (0). 

*»“J  4 4 V, (0). 

< 

r—friti  f f(0> 


(3.82) 


.60)  can  be  written  in  the  following  manner: 

(3.83) 


— o,3^s.Jrfr  +• a„ (0). 

« 

( ~ at.  y-  — On"1.)  di  -t  o„(0). 
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f 

•ll®,  + ■.«!••  , 

*»ll  •“  J 
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J + nn  <°). 
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I y >11  4 ua(U); 


(3.84) 


] 73 


(3.85) 


■m  « J — °u  + °u  (®)' 

i 

aa  ---*  j nu — — Oji*i, Jrf/-|  #ii  ((•). 

-a-J  ,",Jt?!T>wi-f-oM(0). 


If  conditions  (3.80)  and  (3.81)  also  occur  as  well,  then 


(3.86) 


should  also  be  placed  in  equations  (3. 82) - ( 3 .*8 5 ) . 


Since  x=y=0,  then  relations  (3.25)  are  also  simplified. 

Orientation  of  the  object  relative  to  the  coordinate 
system  0^*1*?*  is  obviously  determined  by  table  (3.66)  and  by 
direction  cosines  (3. 83) - (3. 85) . 

Projections  of  the  absolute  angular  velocity  of  the  object 
on  the  X,  Y and  Z axes  are  found  from  formulas  (3.67),  if  the 
values  of  v /r  and  v /r  are  substituted  in  them  according  to  (3.78) 

y ^ 

instead  of  M and  M , and  if  M =0  is  also  placed  in  them  under  the 
x y z 

condition  of  (3.80). 


If  the  orientation  of  trihedron  oxyz,  to  which  the  newtonometers 
are  linked,  is  accomplished  by  using  a free  gyrostabilized  plat- 
form and  special  functional  diagram  which  gives  the  position  of 
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trihedron  Oxyz  relative  to  the  gyrostabilized  platform  rather 
than  by  means  of  a controlled  gyrostabilized  platform,  the  func- 
tional diagram  should  provide  relative  position  of  trihedrons 
Oxyz  and  0 £*n*C*»  which  corresponds  to  direction  cosines  (3.83)- 
(3.85).  The  position  of  the  object  in  the  coordinate  system 

i.e.,  the  relative  position  of  the  coordinate  system 
and  system  XYZ,  linked  to  the  object,  is  deiined  in 
this  case  by  angles  a,  8 and  y of  the  rotations  of  the 
gimbal  rings  of  the  stabilized  platform  on  the  object. 

It  should  be  noted  that  we  arc  talking  for  the  time  being 

about  determining  the  orientation  of  the  object  relative  to 

the  coordinate  system  0 and  0 £nc,  i.e.,  about  orientation 

1 1 

of  it  in  the  main  Cartesian  system  or  in  an  earth  body  axis  system. 

It  also  makes  sense  to  talk  about  determination  of  the  orientation 
of  the  object  with  respect  to  trihedron  Oxyz,  along  whose  axes  the 
newtonomcters  are  arranged.  The  relations  wlftch  we  obtained  ob- 
viously permit  solution  of  this  problem  as  well. 

7 

§ 3.2.  Determining  the  curvilinear  coordinates  of  the  object 

3.2.1,  Initial  assumptions.  Let  the  position  of  point  0 of  the 
object  be  given  in  the  coordinate  system  O by  some  curvilinear 

coordinates  x 1 , and  x3  non-orthogonal  and  moving  in  the 

general  case  (here  and  henceforth  the  superscripts  are  used  to  de- 
note different  coordinates).  The  transient  nature  of  coordinates 
x 1 , x 2 and  x 3 is  understood  as  the  circumstance  that  the  surfaces 
of  equal  value  of  coordinates,  i.e.,  surfaces  const,  may  vary 
their  position  with  time  with  respect  to  trihedron  0 ^**1*5*. 

Radius  vector  r of  point  0 of  the  object  in  the  coordinate 
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mJT 


(3.87) 


system  0 C*n*S*  is  equal  to: 


where  £*,  0*  and  £*,  as  previously,  are  unit  vectors  of  the  corres- 
ponding axes  and  £*,  n*  and  £*  arc  Cartesian  coordinates  of  point  0 
in  the  coordinate  system  or,  which  is  the  same  thing,  pro- 

jections of  vector  r to  the  axes  of  this  coordinate  system. 

For  convenience  in  further  exposition,  let  us  replace  the 
notations  of  axes  £*,  n*  and  £*  of  the  coordinate  system  o £*n*£* 
by  £‘,  £2  and  £ 5 . Let  us  call  the  coordinate  system  0 £l  £2  £J 
the  fundamental  Cartesian  system.  Then, 


+ I’lv 


(3.88) 


where  the  subscripts  are  retained  to  notate  the  unit  vectors  of 
axes  £ 1 , £2  and  £J. 


It  is  obvious  that  £J,  £2  and  £J  are  functions  of  curvilinear 
coordinates  * 1 , .< 2 and  « 5 and  of  time: 


l>  «=  l'  (K>,  X>,  K>,  /).  (.»  =»  t>(x'.  V>.  X>,  /). 

= X>,  K>,  I). 


(3.89) 


Equalities  (3.89)  can  be  taken  to  calculate  coordinates  a1,  x2 
and  « J . 
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By  solving  equations  (3.89)  with  respect  to  x1,  x2  a*  tJ, 


we  find: 


"'“x'C.1. 1’.  V.  0.  i*.  iy 

t*.  t>.  0 


(3.90) 


In  order  that  there  be  clear  matching  of  coordinates  Clr  £2 
and  and  x 1 , x2  and  x 1 , relations  (3.87)  and  (3.90) should  be  » 
uniquely  invoritable. 


The  necessary  and  sufficient  conditions  for  unique  invertability 

consists,  as  is  well  known,  in  the  Jacobians  of  the  functions 
3 12  3 

and  £ in  the  variables  x , x ,and  x being  different  from  zero: 


(3.91) 


•V  •*'  t>t' 

W 7?  W 
$ JiT 


and  of  functions  k1,*2,  and  x3  in  variables  51,?2,  and  £3  also  being 
different  from  zero: 

(3.92) 

TmPTPTPT  * 


We  shall  henceforth  assume  that  this  condition  is  always 
fulfilled. 


I 


I 


Let  us  consider  an  inertial  navigation  system  whose  task  will 
be  to  determine  the  curvilinear  coordinates  x1,  x2  and  x3  of  the 
object. 

Of  course,  the  diagram  of  this  type  of  system  could  be  repre- 
sented as  a development  of  the  preceding  one.  By  calculating  the 
coordinates  £*,  n*  and  (or  S,  n and  ?)  by  using  the  diagram 
described  in  the  preceding  section,  wo  can  find  the  coordinates 
x1,  x2  and  x5  by  recalculation  from  formulas  (3.90),  and  we  can 
also  calculate  the  parameters  of  the  object  with  respect  to  any 
directions,  which  are  a function  of  coordinates  xl,  x*  and  x5  in 
its  known  orientation  in  the  coordinate  system  0^*0*?*  (or  ^nC). 
This  method  is  obvious. 


We  shall  now  pose  a more  general  problem  whose  solution  in- 
cludes the  above  indicated  method  of  obtaining  coordinates  x1,  x* 
and  x 1 , 

•y 

Lot  us  represent  the  diagram  of  the  system  in  the  following 
manner.  A free  gyrostabilized  platform,  whose  x,  y and  z axes 
coincide  with  the  directions  of  axes  51,  and  C3  of  the  coor- 
dinate system  0 53525s,  is  used  as  its  basis.  Three  newtonometers, 
the  unit  vectors  of  the  directions  of  the  axes  of  sensitivity  of 

->  ->  4 

which  arc  denoted  by  ej#  e^  and  e ^ , are  mounted  on  the  gyrostabilized 
platform  by  using  a special  functional  diagram.  Let  us  assume  that 
this  diagram  is  such  that  it  can  provide  the  given  dependence  of 
orientation  of  the  axes  of  sensitivity  of  the  newtonometers  on  the 
coordinates  x1,  x2  and  x3,  calculated  by  the  system,  and  on  time: 


e,  r=  r,  (x.1,  x’.  x*.  I), 
fj <--■  fit*1,  x1,  x*.  I), 

f,  i . <*j(x',  x\  x1,  /). 


(3.93) 


!■ 


4 

l 


\ : 


I 

3.2.2.  The  general  case  of  constructing  the  equations  of  ideal 
operation.  Let  us  derive  the  equations  of  ideal  operation  of  the 
described  diagram  of  the  inertial  navigation  system,  i.e.,  relations 
of  the  typo  obtained  in  the  preceding  section,  which  would  determine 
the  coordinates  « 1 , and  M 5 of  the  object  by  the  readings  of 
p.ewtonometers  » ,*  ,and  x and  the  parameters  which  provide  the 

“1  C 2 “ 3 

orientation  of  the  directions  of  the  axes  of  sensitivity  of  the 
newt.onometers,  required  for  this. 


i 

I 


ng  the  derivation  and  analysis  of  the  equations  of  ideal 
opera.. jn  of  the  considered  class  of  inertial  navigation  systems, 

it  is  convenient  to  use  the  symbolism  and  methods  of  tensor  analy- 

. 8 
sis. 

Let  us  introduce  the  fundamental  coordinate  basis,  formed  by 
the  vectors 


dr 

'■  '*  d«*r  ■ 


. dr 


ir 


(3.94) 


Vectors  r 

► -X 

vectors  r , r 
1 2 


, r and  r are  non-coplanar. 

2 > 3 

and  r^  be  coplan ar,  the  value 


In  fact. 


1 rm  r,  • (r,  X r.\)  «=  r,  • (r,  X r,  > •*  r,  • (r,  X rt) 


i 


in  order  that 


(3.95) 


should  vanish. 

But  it  follows  from  expressions  (3,88)  and  (3.94)  that 


(3.96) 
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n view  of  condition  (3.91)  of  the  failure  of  the  Ja- 
cobian of  functions  £3 , £2  and  53  in  variables  x 1 , « 2 and  »’ 
to  vanish  . In  the  general  case  the  base  vectors  are  not  or- 

thogonal to  each  other,  but  their  moduli  are  distinct  from  unity. 

Since  the  three  base  vectors  are  non-coplanar,  any  vector, 
given  in  the  coordinate  system  O^C3?2?3,  for  example,  vectors 
r,  drVdt  and  d2iVdt2,  can  obviously  be  represented  by  using  them. 

The  arbitrary  vector  fcf  can  be  represented  by  using  the  base  vectors 
by  two  different  methods.  It  can  be  represented  either  in  the  form 
of  an  expansion  by  the  base  vectors 

(3.97) 


or  it  can  be  given  by  three  scalar  products 


(3.98) 


The  values  of  b are  called  contravariant  components  of 
vector  K,  and  the  values  of  b are  called  covariant  components. 
It  is  easy  to  see  that  if  vectors  r^,  r^  and  r^  are  orthogonal, 
while  their  moduli  are  equal,  the  difference  between  the  contra- 
variant and  covariant  components  disappears. 


Along  with  the  fundamental  coordinate  basis,  formed  by  vectors 
r , r and  r , let  us  calculate  the  basis,  recinrocal  to  the  main  basis, 
having  defined  it  by  vectors  r , rJ  and  r3,  related  to  the  vectors 
)f  the  main  basis  by  the  equalities 

, . . , , (3.99) 

r»-;r,vr,.  vf) 


Let  us  assume  that  the  value  of  J is  positive  and  that  it  is  al- 
ways possible  to  provide  proper  selection  of  the  order  of  numeration 
of  the  variables  of  x1.  Let  us  note  that  if  the  vectors  of  the 
main  basis  are  orthogonal  and  units,  the  mutual  coordinate  basis 
coincides  with  the  reciprocal  basis. 

Let  us  now  introduce  metric  space  tensor  A,  determined  by 
the  curvilinear  coordinates  x1,  x2  and  x!.  The  covariant  com- 
ponents agjt  of  the  metric  tensor  are  equal  to: 

(3.100) 


Tensor  A determines  the  metrics  of  the  space  given  by  the 
curvilinear  coordinates  x 1 , x2  and  »s,  It  follows  from  relations 
(3.88)  and  (3.94)  that  vector  dr  of  the  distance  between  two  in- 
finitely close  points  of  space  is  expressed  by  the  base  vectors 
in  the  following  manner: 


Jr  '}£■»?  >V~.  Vr.rfK’. 


(3.101) 


Consequently,  the  square  of  the  distance  between  these  points 
is  equal  to: 


dS’  = ,lr  dr  ~ 


1 

V 

4-1 


3 

n,,  ifx'i/x'. 


(3.102) 


\ 


Thus, 

efficients 


the  covariant  components  of  the  metric  tensor  are  co- 
of  quadratic  form  in  the  expression  for  the  square  of  dS, 
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which  also  define  the  metrics  in  the  coordinate  system  x1 x2  xJ 
in  the  neighborhood  of  the  point  being  considered. 


Henceforth,  as  is  used  in  tensor  calculus  (Einstein's  rule), 
we  will  omit  the  summation  signs  in  expressions  of  type  (3.97) 
and  (3.102)  , in  which  the  superscripts  and  subscripts  are  repeated 
(umbral  indicies  and  summation  indicies) , by  writing  these  ex- 
pressions in  the  form 


b ■ 3 b’r,.  rf.V5  r*  rfx*  rfx* 


(3.103) 


and  by  assuming  that  this  writing  assumes  summation  by  umbral 
indices  from  one  to  three.  Let  us  also  assume  that  the  non- 
repeating indices  pass  through  values  from  one  to  three  without 
mentioning  this  each  time.  Thus,  instead  of  (3.98),  we  will  sim- 
ply write 


br. 


(3.104) 


Metric  tensor  A may  also  be  given  by  its  contravariant  a 
and  mixed  ag  components: 


• r 


sk 


(3.105) 


Matricies  | | I I and  | | a3^  | | by  definition  arc  symmetrical 
and  reciprocal  to  each  other.  Matrix  ||ak||  is  a unit  matrix.  It 
is  easy  to  show  that  the  determinants  of  these  matricies  are  equal 
to:  (3.106) 


l«..l  « l«*'l-7r-  K*h*' 
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From  equalities  (3.100)  and  (3.104)  ensue  the  following  relations, 
which  link  the  vectors  of  the  main  and  reciprocal  basis: 


r* 


(3.107) 


It  is  sufficient  to  multiply  both  3ides  of  the  first  relation 
by  r , and  the  second  by  r^  to  ascertain  the  validity  of  the  last 
statement. 


Now,  from  equalities  (3.97),  (3.98)  and  (3.107),  the  following 
formulas  ensue,  which  relate  the  covariant  and  contravariant  com- 
ponents of  vector  i>: 


4.  ■=*«,»»*. 


(3.108) 


And,  from  relations  (3.107)  and  (3.108) ?“we  find: 


b •=  AV,  =1  A*o,  ,r*  A/*. 


(3.109) 


Equality  (3.109)  together  with  the  second  equality  of  (3.108) 
means  that  the  contravariant  and  covariant  components  of  the  vector 
in  the  main  base  are  its  covariant  and  contravariant  components, 
respectively,  in  the  reciprocal  base. 


Let  us  indicate  the  geometric  sense  of  covariant  b and  con- 
s . , ® 

travariant  b components  of  vector  fc>,  for  example,  in  the  main 

base.  The  segments 


a _ 1}  

if,  i 


(3.110) 
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mm 


are  projections  of  vector  b to  the  vectors  of  the  main  base,  while 
the  segments 

, _ (3.111) 


arc  equal  to  the  sides  of  a parallelepiped,  constructed  on  vectors 

•>  4 4 4 

Tj,  r^  and  r^  and  having  vector  b as  its  diagonal. 

To  derive  the  equations  of  ideal  operation  we  must  find  the 
expressions  for  the  values  measured  by  the  newtonometers , whose 
axes  of  sensitivity  are  oriented  along  the  directions  eg,  given 


by  equalities  (3.93) 


The  values  measured  by  the  newtonometers  will  be  projections 

the  vector  n on  the  axes  of  sensitivity  of  the  newtonometers.  Since 
3 are  the  unit  vectors  of  the  axes  of  sensitivity,  then  the  mea- 

S 4 

sured  values  are  equal  to  the  covariant  components  of  vector  n 

-4 

along  axes  eg,  i.e., 

(3.112 

«.*=»(!•  e .. 


The  scalar  product  of  the  two  vectors  b and  c can  be  given 
by  their  components  in  the  main  or  reciprocal  basis  in  the  following 


manners 


l'|H  b'r,  rm  by. 


By  applying  relation  (3.113)  to  the  scalar  products  of  (3.112), 
we  find: 

(3.114) 
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r 


whore  n.  and  n are  the  covariant  and  contravariant  components 

“ V 

of  vector  n in  the  main  basis  and  o , are  the  covariant  components 

of  the  vector  e . 

s 


n. 


Let  us  turn  to  finding  n^  and  n , the  components  of  vector 
According  to  formula  (1.88) 


a 


rfV 


-gvt 


(3.115) 


Let  us  introduce  the  notation  : 


it  ft  a 

7T  "*•'  TF  it  w 


(3.116) 


It  follows  from  (3.88) , (3.89)  and  (3.94J.that: 

v =■  r,x'  -f  . 


(3.117) 


Therefore,  taking  into  account  relations  (3.98)  and  (3.108), 
we  find: 


v* 


k'  4 • r\  v,  ■>  a,.*'* 


(3.118) 


By  differentiating  equality  (3.117)  again,  we  find: 


w 


r.x'  < 


i!£< 


aV  + 2 


<¥ 


vt~ 


(3.119) 
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To  find  the  components  w^  and  w from  the  vectors  of  the 
main  basis,  wo  must  obviously  find  the  components  of  vectors 


3rs/3*\ 


3rg/3t  and  3*r/3t2. 


Vectors 


it, 

' #»• ' 


i<t 

#»' in' 


(3.120) 


can  be  represented  by  vectors  of  the  main  basis  in  the  following 
manners 


r,«  *=*  r ,7rm. 


(3.121) 


where  coefficients  rgk  are  essentially,  as  can  be  seen  from  com- 
parison of  equalities  (3.121)  and  (3.97),  confcravariant  components 
of  vector  rgk  in  the  main  basis  and  are  called  Christoffel  symbols  of 
the  second  kind. 

It  follows  from  relation  (3.120)  that  the  Christoffel  symbols  of 
the  second  kind  are  symmetrical  in  their  subscripts,  i.e. 


r,?-r.r 


(3.122) 


V 


And  multiplying  both  sides  of  equality  (3.121)  scalarly  by 
we  find: 


(3.123) 
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The  scalar  products  on  the  left  side  of  relation  (3.123), 
i.e.,  the  covariant  components  of  vector  r ^ in  the  main  basis, 
are  called  Christoffel  symbols  of  the  first  kind  and  are  denoted  by 
rgk  i . It  is  easy  to  see  that  they  are  also  symmetrical  in  their 
first  two  subscripts. 

Relation  (3.123)  yields  the  expression  of  Christoffel  symbols  of 
the  first  kind  in  terms  of  symbols  of  the  second  kind; 

(3.124) 

Ti*.  *«•  •nil'i?  • 


By  multiplying  equality  (3.124)  by  a and  by  recalling  that 


•mfi"  - <■ 


(3.125) 


we  find  a relation  reciprocal  to  relation  (3.124): 


r.U.T...,. 


(3.126) 


Christoffel  symbols  of  the  first  and  second  kind  can  be  expressed 
simply  by  the  derivatives  of  the  covariant  components  of  the  metric 
tensor.  From  formula  (3.100)  we  find: 

(3.127) 

' r* " “ r*«.*  + r»i  .!■ 


By  changing  the  subscripts  s,  k and  t in  a cyclic 
we  also  have: 


order, 


(3.128) 


I 


Now  subtracting  equality  (3.127)  from  the  sum  of  the  two 
equalities  of  (3.128),  we  find: 

,<  • 4.  _ ilV'l . 


(3.129) 


By  analogy  with  Christoffel  symbols  rak  and  let  us  in- 

troduce symbols  of  the  first  kind 


1 or 


J±-., 

Mu'  * 


(3.130) 


and  symbols  of  second  kind  Tqq  and  rQ^.  The  zeros  in  the  subscripts 
indicate  that  the  time  clearly  contained  in  adjunction  r(x*,  x2,  x3,t) 
should  be  taken  instead  of  the  corresponding  coordinate  when  calcu- 
lating the  derivatives.  The  symbols  of  (3.130)  are  naturally  equal 
to  zero  in  fixed  coordinates.  Relations  (3.124)  and  (3.126)  remain 
valid  for  the  symbols  introduced.  But  the  symbols  of  (3.130)  are 
of  course  not  expressed  by  the  components  of  the  metric  tensor  simi- 
lar to  Christoffel  symbols. 

Returning  to  equality  (3.119),  we  find  the  following  expressions 
for  the  contravariant  and  covariant  components  of  acceleration  in 
the  main  basis: 

V(  d,(M*  4 I m4,  .X  «"4  I*  I ^ (C.  I' 


(3.131) 


It  now  follows  from  equality  (3.115)  that 

+ j (3.132) 

a,  = #,,»*  I 

Here  gs  are  the  components  of  vector  g of  the  earth's  gravi- 
tational field  strength  in  the  main  basis: 


jp*uif  .f* . 


(3.133) 


Vector  g is  given  in  the  rigid  earth  body-axis  system  0 n'^n3. 
The  coordinate  system  O^n'n2:!3  is  identical  to  the  coordinate  sys- 
tem introduced  previously.  Therefore,  according  to  ex- 

pression (3.11), 

(3.134) 


t **  £i*d  v (n1* 


It  follows  from  equality  (3.134)  that 


r,.  e'  “ C'>J'  ■ r*. 


(3.135) 


But 


1-  “ V*  •»  >1 ,*r„ 


(3.136) 


where  n ^ and  n 
of  unit  vector 


k 

i 

r>l 


arc 

in 


the  covariant  and  contravariant  components 
the  main  basis.  Therefore, 


ar,  *'v  = 


(3.137) 


i 
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* I 


Formulas  (3.1'  l)  determine  the  components  of  vector  in  the 
main  basis.  Turning  to  equalities  (3.114),  we  find  on  the  basis  of 
formulas  (3.132)  and  (3.137)  the  following  expressions  for  the 
values  measured  by  the  new tonometers,  whose  unit  vectors  e 

s 

of  the  directions  of  the  axes  of  sensitivity  are  given  by  equality 
(3.93): 

(3.138) 

».,“(**•♦  r.!*'*'  4 ?i ,!><■  -fi’uJ  — ct,d‘ v }{)*,,. 


where  e , are  the  covariant  components  of  vector  e 


From  equalities  (3.138),  we  find: 


(3.139) 


* *il  “ J | *t  *•  *»*  — (I  .1*  * t .1  O.H 

i 

+ r,t  - RI. j' V. !?)<.. | | 


By  solving  the  left  sides  of  equations  (3.139)  with  respect 


to  " , we  have: 


(3.140) 


* 1 — 1 


where  E is  the  determinant  and  E‘  is  the  cofactor  of  the  s-th 
line  and  of  the  k-th  column  of  matrix  lle  ^11.  Now, 


(3.141) 


«•  m j n'JI-i 
t 
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I 

The  elements  of  matrix  ||es^||  which  define  the  orientation 
of  the  axes  of  sensitivity  e of  the  newtonometers, should,  of 
course,  be  known.  If  direction  cosines  of  unit,  vectors  e are 

g s 

known  as  functions  of  * and  time  with  respect  to  the  axes  of 

the  stabilized  platform,  i„c.,  with  respect  to  the  unit  vectors 

of  the  main  Cartesian  system  0 C1^2^1,  then,  by  denoting  these 
K 7 1 

direction  cosines  by  y , we  find: 

Vv'.t,  • 

On  the  other  hand,  it  follows  from  relations  (3.88)  and  (3.89) 

that 

(3.143) 


L 


Therefore, 


7*r- 


(3.144) 


V 

The  equations  which  determine  n?  and  the  relationship  of 
0 to  ? and  time,  must  be  added  to  equations  (3.139),  (3.140) 
and  (3.144).  Ke  can  turn  to  equations  (3.30)  to  obtain  the  re- 
quired relations,  which,  by  taking  into  account  the  conformity 
of  the  notation  introduced  and  the  notation  used  previously,  we 
write: 

l(0).  (3.145) 


i,™  Ja,x«)<«+  M 
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. 


(3.146) 


Here, 


4»< 


where  u®  are  the  projections  of  vector  u 

of  the  earth  rate  on  axes  0 n?  and  o'*  are  the  direction  cosines 

l l 

between  the  axes  Q1 , C2#  Ss  and  n*r  n2  and  ns.  These  arc  the 

same  direction  cosines  as  a'^,  which  form  table  (3.27),  except 

that  the  second  subscript  in  them  has  been  converted  for  convenience  of 

writing  into  a superscript.  Equations  (3.145)  ore  cquivalant  to 

equations  (3.31),  (3.32)  and  (3.33),  from  which  the  direction 

cosines  a'^  arc  also  obtained. 


From  the  second  group  of  equalities  (3.146)  and  formulas  (3.88), 
(3.89)  and  (3.107)  we  have:  ~ 


n» -v** =•;•*■  ■&. 


n*L-«;V- 


(3.147) 


Relations  (3.147),  in  which  f,E  are  given  by  equalities  (3.89), 

together  with  equations  (3.31),  (3.32),  and  (3.33)  fully  determine 
K k 

and  n in  the  integrands  of  (3.139). 

The  contravariant  components  g.  of  the  unit  vectors  g.  in  the 
• • v *’  ’■ 

main  basis  and  the  coordinates  n may  also  be  calculated  in  a somewhat 

different  manner. ’ Inverting  equations  (3.145),  we  may  write  them  in 

differential  form  as  follows: 


i*' 

dl 


+ t|i  X o = 0. 


(3.148) 
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From  (3.148),  (3.136),  (3.121)  and  (3.130)  wo  will  then  obtain: 


I 

•C  = JIVCm**-*  •|‘oiH  (,I|X“)  + *1,* J<»>  (3.149) 

0 

To  expand  the  mixed  nroducts  of  the  vectors  n. , u and  r^  it  is 

1/ ng 

convenient  to  introduce  the  Levi-Civita  symbols  6.  and  € , 

1 kns 

defined  as  follows: 


g*"  = r* . (r*  X r1)  (3.150) 

The  Levi-Civita  symbols  are  non-zero  only  when  the  indices  n,  s and  k 
are  non-identical.  If  the  indices  arc  different  and  follow  in  the 
order  1,  2,  3 or  in  the  order  obtained  from  the  standard  cyclic 
permutation , 


(3.151) 

where  J is  the  Jacobian  determinant  (3.96). 

If  the  order  of  the  indices  is  different  from  the  standard  order 
wo  have: 


-J.  e 


i 

T 


(3.152) 


From  relations  (3.] 5)  we  obtain: 


(3.153) 


Since  the  vector  u may  be  represented  in  the  form 


■ »,r’  =*  «V ,. 


(3.154) 
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it  follows  from  equalities  (3.150)  and  (3.136)  that  the  mixed 
products  in  the  integrands  of  (3.149)  may  be  writtea  as  follows: 

<i),  X u)  (3.155) 


But 


(3,156) 

and  therefore  equalities  (3.155)  take  the  form: 

(•I,  X u)  ■ r*  - €r"  V/'  (3.157) 

In  expressions  (3.156)  and  (3.157)  u*  designate  the  projections 
of  the  vector  u of  the  earth  rate  on  the  O^n1  axes. 

Introducing  equalities  (3.157)  and  (3. *49),  we  obtain: 

I 

nf™-/lV(r,‘„x,  + l'o‘)4  €r',T7v^1>iX,|<«  + n(,(0)  (3.158) 

Finally,  from  relations  (3.136)  and  the  obvious  equality, 


we  find: 


'“'I*'!. 


(3.159) 


n* 


2 


Or’ 

Ok1  ' 


(3.160) 


Formulas  (3.158)  and  (3.160)  may  be  used  instead  of  formulas 
(3.147),  (3.31),  (3.32)  and  (3.33)  introduced  above. 


Wo  note  that  use  of  the  Levi-civita  symbols  enables  us  to  write 
equations  (3.31),  (3.32)  and  (3.33)  in  a more  compact  form: 


•;*-j  7 €„>•?<<“+ 


(3.161) 


Thus,  the  portion  of  the  ideal  equations  relating  to  the  determina- 
tion of  the  curvilinear  non-stationarv  coordinates  Hs  and  their  rates 
of  change  * may  be  written  in  the  form  of  the  following  system  of 
equations : 

i 

*****  1 1*,(  + — (r.In'n1  -f-  2rot**  -t 

* 

+ ■'»  — tudVii* + i*  (0)  *„(0).  (J .103) 


. jt  + «*(0); 


(3.162) 


n?-- ''.'.)  + 


+ + nTto). 

1*  " TH  jfr  • 


(3.163) 


Equations  (3.163)  may  be  replaced  by  the  equivalent  equations: 


a,'*  •“  J 7 6, 4 CO). 
m,*  ',',a • 


(3.164) 


In  the  inertial  navigation  system  under  consideration  a free 
gyrostabilized  platform  was  taken  as  the  basis  of  the  functional  diagram 
The  rotation  angles  u,  B,  and  X of  the  gimbal  rings  determine,  clearly,  the 
orientation  of  the  object  in  the  basic  Cartesian  coordinate  system. 

The  direction  cosines  retain  the  angles  X,  Y and  7,  of  the  object  and 
the  C1 , K* , K 3 axes  are  given  by  table  (3. 66).  The  only  change 
required  is  to  replace  the  x,  y,  z axes  by  the  t, 1 , £?,  axes.  Since 

relations  (3.88),  (3.89)  and  (3.94)  give  the  orientation  of  the  vectors 
of  the  main  basis,  these  relations,  together  with  table  (3.66),  define 
the  orientation  of  the  object  relative  to  the  basic  coordinate  system. 
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3.2.3.  Orientation  of  the  newtonometors  along  the  normals  to 
the  coordinate  surfaces . The  system  discussed  above  was  one  in  which 
the  directions  of  the  axes  of  sensitivity  cg  occupy  an  arbitrary 
position.  The  only  conditions  imposed  wore  that  these  directions 
should  be  non-coplaner  and  that  their  direction  cosines  with  the  C 1 S 2 C 3 
axes  should  be  known  at  each  moment  of  time.  A free  gyrostabilized 
platform,  relative  to  the  axes  of  which  the  directions  of  the  eg  axes 
are  given,  was  taken  as  the  basis  of  the  system.  It  is  not  difficult, 
however,  to  extend  the  results  obtained  for  this  system  to  the  case 
of  a three-component  gauge  of  absolute  angular  velocity  (or  a maneuver- 
able  gyrostabilized  platform)  as  the  basis,  the  directions  of  e_ 
being  given  relative  to  the  axes  of  the  gauge  platform  (or  the 
maneuverable  gyroplatform) . 

For  the  system  in  question  equations  (3.138)  were  integrated 


v 

by  isolating  the  total  derivatives  from  the  sums  *"  e 
of  variables  was  performed  after  the  first  integration. 


sk* 


Separation 


It  was  noted  in  Chapter  1 that  there  are  two  possible  ways  of 
solving  the  basic  inertial  navigation  equation  in  curvilinear  coordinates. 
Both  possibilities  are  based  on  the  assumption  that  the  first  operation 
performed  on  the  newtonometer  readings  is  that  of  integration.  The 
first  possibility  was  discussed  above.  The  second  is  based  on  consid- 
ering the  directions  of  the  axes  of  sensitivity  of  the  newtonometers 
as  no  longer  arbitrary,  but  as  given  such  that  each  newtonometer  reading 
should  contain  the  second  derivative  of  only  one  of  the  coordinates 
kS,  i.o.,  such  that  relations  (3.138)  should  be  solvable  for  the  first 
derivatives. 

This  condition  may  be  satisfied  by  choosing  egk  such  that 


#.#  ^*0.  ec.111  « •*  k, 
r»%  4 ^ IM  I * k 


(3.165) 


This  choice  implies  that  es  are  normal  to  r^  for  k / s,  and 
therefore  coincide  with  the  vectors  rs  of  the  reciprocal  basis. 
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The  correctness  of  this  statement  follows  from  the  definition 
(3.104)  of  the  covariant  component  and  from  formulas  (3.99),  giving 
the  vectors  rR  of  the  reciprocal  basis.  This  result  is  to  be  expected. 


since  the  vectors  of  the  reciprocal  basis  are,  by  definition,  normal  to  the 
surfaces  of  equal  values  of  the  coordinates,  i.e.,  are  gradient  vectors. 


i 


If  condition  (3.165)  is  satisfied,  i.e.,  if  the  axes  of  sensitivity 
of  the  newtonometers  are  situated  along  the  vectors  of  the  reciorocal  basis, 
we  find  from  relations  (3.138): 


•(«'  f 4 'K*  4 iWKK, 


(3.166) 


, C 

Since  cs  are  unit  vectors  and  are  oriented  along  the  vectors  r , 
it  follows  from  equalities  (3.110)  that 


(3.167) 


■V. 

Now  from  (3.165)  and  (3.167)  we  obtain: 

«' - - 1* 4- V • (3.168) 

Integrating  equations  (3.168),  we  obtain  the  relations 


l 


» 

*'-•  J i **iui 


(3.169) 


Relations  (3.169)  enable  us  to  determine  the  current  values  of  the 

coordinates  * s and  their  rates  of  change  - s using  the  known  values  of 

n and  the  initial  conditions.  These  relations  could  also  be  taken 
°s 

as  the  ideal  equations  of  the  inertial  system  under  consideration. 
However,  in  equalities  (3.169)  the  magnitudes  nQ  of  the  newtonometer 

readings  must  be  multiplied  by  /ass  before  integration.  The  diagonal 
elements  of  the  metric  tensor  nay  be,  in  the  general  case,  variable. 
Therefore,  this  multiplication  is  undesirable  according  to  the  consid- 
erations presented  in  §1.4  (p.  55). 
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1 _ 


In  order  to  avoid  computational  operations  on  the  newtonometer 
readings  before  their  integration,  let  us  transform  equalities  (3.168) 
Let_us  first  divide  the  right  and  left  sides  of  these  equalities  by 

eg  t 

/a  and  then  let  us  subtract  from  both  sides  the  quantity 


We  then  obtain  (not  summing  over  s!): 


(3.170) 


7i(fir) " - tJu-  (“'  T, ln  v7t  + 

+ p.y«" i* + Jr,: i'-*  *«—  V'nj) 


Integrating  these  equations,  we  find: 


“ / ["'*  “ 7TT  ("’  li |B  + 

I I-IW  | vlV.^*  i r,J  . 

t 

*'w' 


(3.171) 


(3.172) 


The  systems  of  equations  (3.163)  and  (3.164)  remain  valid,  clearly, 

S k 

for  the  determination  of  and  n . 

Formulas  (3.162)  and  (3.163)  or  (3.172)  and  (3.164)  are  the  portion 
of  the  ideal  equations  of  the  system  in  question  which  relate  to  the 
determination  of  the  coordinates  i s of  the  object  and  their  rates  of 
change  . To  determine  the  orientation  parameters  of  the  object 
table  (3.66)  must  be  added  to  these  formulas,  and  also  the  table  of  the 
direction  cosines  between  eo  and 


t.  t,  I, 

, r_Jj.  L'.1’  '•  l. 

’ i «"  i p?r  ‘ 


(3.173) 
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Table  (3.173)  together  with  (3.66)  enables  us  to  obtain  the 
orientation  parameters  of  the  object  in  the  coordinate  system  along 
the  axes  of  which  the  newtonometers  are  oriented,  i.e.,  in  the  reciprocal 
coordinate  system.  Using  the  definition  (3.94)  of  the  vectors  of  the 
main  basis,  we  can  find  the  orientation  of  the  object  in  the  coordinate 
system  defined  by  the  vectors  of  the  main  basis. 


3.2.4.  Orthogonal  coordinates.  Let  us  consider  the  case  in  which 
the  coordinates  * 1 , * 2 , n3  are  orthogonal. 


In  this  case  the  vectors  of  the  main  basis  are  perpendicular. 

The  directions  of  the  vectors  of  the  reciprocal  basis  coincide  with  those 

of  the  vectors  of  the  main  basis.  Only  the  diagonal  elements  ass  and 

ass  of  the  matrices  of  the  contravariant  and  covariant  components  of 

the  metric  tensor  are  non-zero.  Introducing  the  Lame  coefficients  h , 

s 

we  obtain  the  following  expressions  for  ass  and  ass: 


«.i  - 


«v. 


(3.174) 


For  orthogonal  coordinates  only  the  following  Christoffel  symbols 
of  the  first  and  second  kinds  (not  summing  over  s!)  are  non-zero: 


r; 

E3  P/  a 

i\nk. 

' <*«• 

ii 

'•l 

*»•  ’ 

<**. 

w 

r ' a,  _ **i. 

" *5 

^ M ~ ' 

• link , 

'iS  ■ 

' (3.175) 

Now,  taking  into  account  relations  (3.174)  and  (3.175),  we  obtain: 


•n 


r,;«*+  c 


In  accordance  with  (3.175)  for  orthogonal  coordinates  only 

,55  S S 

'ks  = ^sk  tho  ^mn  symb°ls  are  non-zero.  Taking  this  into  account, 

along  with  the  expressions  obtained  above  for  ^ln/ass,  we  may  rep- 
resent equalities  (3.171)  in  the  following  form: 


Mitf'+r/iV  f 

•i  r,',(«Tf»r„',** -t  i»  Rn«i'rn'|.  mug 
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(3.176) 


« 


whore  the  summation  is  carried  out  over  all  k different  from  s. 


According  to  expressions  (3.130)  and  (3.174)  we  have: 


• . i* « > pr  . 


i t-t 


r „ ^ . . n i _ ' ■ _ . 

<*5?  ■'  °*  **5*7 


i iff 


while  for  orthogonal  coordinates  for  s / k 

I 


(3.177) 


(3.178) 


This  follows  from  the  fact  that,  for  orthogonal  vectors  rs,  in  this 
case  the  equalities 


r,  ■ r , «»  0 npi 
r,  • f,'-n  I npti 


»**.) 

I 


(3.179) 


obtain. 


Taking  the  partial  time  derivatives  of  these  equalities,  we  find: 


hv  „ , «tv  „ 

which  is  equivalent  to  equalities  (3.178). 


(3.180) 


We  now  obtain  from  relations  (3.176)  (not  summing  over  s!): 


wr + + ri  - vnjn  «+ 
« 

* =.(*,;•) JL,  •'« j «'*/+«•  (0). 


(3.181) 


whore,  as  in  expressions  (3.176),  k ? s. 


s k 

To  obtain  formulas  for  i}  and  it  , we  will  once  again  use  the 
systems  of  equations  (3.163)  or  (3.164). 


*00 


Taking  into  account  equalities  (3.174)  and  (3.175),  formulas 
(3.163)  take  the  form: 


;*  (»'.{«**  «-i 

+<(«). 

_»  t .v 

T 


(3.182) 


where  the  summation  is  carried  out  over  all  m different  from  k. 


Since  in  the  case  of  an  orthogonal  reference  grid 


(3.182a) 


it  follows  that 


C"-  — * *X3S7 • S-*- * *'*>*> 


' • -*  (3.183) 

where  the  plus  or  minus  sign  is  selected  as  a function  of  the  order 
of  the  indices,  as  discussed  with  regard  to  relations  (3.151)  and 
(3.152).  Therefore  formulas  (3.164)  take  the  form: 


I 

’>•—  :V. 


* ' (3.184) 

and  the  table  of  direction  cosines  (3.173)  is  written  in  the  following 


i .it'  j_  .•;> 

h,  .I*1’  h,  h,  ..»• 


(3.185) 


For  the  case  of  the  orthogonal  curvilinear  coordinates  xS,  the  fun- 
ctional diagram  of  the  system  may  be  constructed,  clearly,  on  the 
basis  of  a maneuverable  gyrostabilized  platform,  since  in  this  case 
es  form  a rigid  orthogonal  trihedron  which  could  be  rigidly  attached 
to  the  platform  of  the  inertial  system. 
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Let  us  form  the  moments  M*x>  Miy*  M£x  required  for  control  of 
the  gyroplatform.  , 

To  do  this  we  first  need  to  express  the  projections  of  the 
absolute  angular  velocity  of  the  basis  trihedron  r^Tji^  on  the 
directions  of  the  vector.?  forming  this  trihedron  in  terms  of  the 
coordinates  xs  and  their  derivatives  xS. 

Let  us  introduce  the  notation 


t ~fr‘- 
• ■» 


(3.186) 


Recalling  the  definition  (3.94)  of  the  vectors  r , we  may 
represent  the  vectors  eg  as  follows: 


(3.187) 


According  to  the  definition  of  the  Cristo?fel  symbols  and  the 


symbols  rQs: 


(3.188) 


Therefore 


t$  — (I .«  X f J Oj  )fi.* 


(3.189) 


Lot  us  use  cgJ<  and  to  denote  the  covariant  and  contravariant  compon- 
ents of  cg  relative  to  vectors  rk  of  the  main  basis.  From  relations 

(3.189)  we  have: 


cj  i iIh*  -j-  i o. » =r„.,*  *i" i oi. •• 


On  the  otl  or  hand, 


(3.190) 


(3.191) 


where  rg//agt.  is  a unit  vector  of  direction  rg.  Consequently, 
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v— 


(3.192) 


If  the  vectors  r of  the  main  basis  form  a rigid  trihedron,  then, 

4 S 

using  to  to  denote  the  absolute  angular  velocity  of  this  trihedron, 
we  obtain: 


(3.193) 


Substituting  expressions  (3.193)  into  equalities  (3.192),  we 

find  the  relation  between  the  vectors  c_  and  the  absolute  angular 

s 

velocity  of  the  rotation  of  the  basis  trihedron: 


(3.194) 


Wo  now  have: 


•a  -jr  I '*!> 

• *,* 


(3.195) 


For  orthogonal  vectors  rg  the  non-diagonal  components  of  the 
metric  tensor  are  equal  to  0,  and  so  for  s ft  k equalities  (3.195) 
simplify  and  take  the  form: 


(3.196) 


or 


*4 


(3.197) 


Let  us  expand  the  mixed  products  on  the  rights  sides  of  relations 

(3.197),  using  the  Levi-  Civita  symbols  given  by  equalities  (3.150), 
(3.151)  and  (3.152).  We  have: 


(3.198) 
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Multiplying  the  right  and  left  sides  of  equalities  (3.198)  by 
we  obtain  (not  summing  over  s or  k!) : 


(3.199) 


Turning  now  to  formulas  (3.190),  we  find  expressions  for  the 
components  w11  and  of  the  vector  3 (not  summing  over  s or  k!)  as 
follows : 

•h  *•«<.•■»*  * 


(3.200) 

For  the  case  under  consideration,  in  which  the  rg  are  orthogonal, 

“l  =*  auG‘“ (I'm. »*"  + 

(3.201) 

Using  the  known  covariant  components  of  the  vector  u>  and  (3.110), 
the  projections  of  the  vector  3 on  r^  are  easily  found  (not 

summing  over  l ! ) : 


“hi  =“  -?r-~  V °ii  i*"  t r„. ,). 

I «H 


(3.202) 


-I- 1'.*)  (3.203) 

In  expressions  (3.202)  and  (3.203)  the  indices  s and  k are  different. 

In  accordance  with  equalities  (3.175)  only  those Christoffel  symbols 

y , ♦ . 

r are  non-zero  in  which  either  s = m or  k = m.  Since  according  to 
formulas  (3.174)  and  (3.182a) 


J - *(*,*> 


(3.204) 


wo  obtain  from  relations  (3.202): 


! 


wtt i *“  v,;  (I  t«.  I**  4 fpj  j)» 


~ TE7TE7<r»-. .i»*  I I'm  »V 


“*•»  = *77f  ***•  **"  + ''<U.  |)  * 


" “ 777 1 * lX*  + '•..  !*• 


“l»l  “ 777  >**  + rM.  1>  5 


' ~ 777  (*  >">■  1*"  + I V i)- 


(3.205) 


In  relations  (3.205)  the  first  expressions  on  the  right  sides 
correspond  to  the  following  orders  of  the  indices  l,  s,  k:  1,  2,  3; 

2,  3,  1?  3,  1,  2.  The  second  expressions  correspond  to  the  orders 
1,  3,  2;  2,  1,  3;  3,  2,  1. 

The  two  expressions  given  by  formulas  (3.205)  for  each  projection 
are  identical.  This  is  easily  demonstrated  by  noting  that,  in 
accordance  with  equalities  (3.175)  and  (3.187), 


l"ii,  1 * ■ I’ll.!'  I'm.  1 “ IV  »• 


(3.206) 


Specifically,  if  the  symbols  rQ  s k are  equal  to  0,  i.e.,  if  the 

reference  grid  ks  does  not  change  its  position  in  the  main  Cartesian 
coordinate  system,  then 


""ia77*7r’«  3,<*' 
77S7 r*™  l **"‘ 


' ~ 777r>«  »*" 
1 “ 77&71’"*-3’'* 
-77S7r’-i" 


(3.207) 


In  this  case,  taking  into  account  the  expressions  (3.175)  of  the 
Christoffel system  in  terms  of  the  Lame  coefficients,  we  arrive  at 
the  following  expressions  for  u,n : 


I <M.  , I lift,  •, 

- 7;  J*’ 1 *;•*.»*  • 

1 <)Jii  *, , 1 ai 

“w”  — 77-.pt * + 77  TP  * 
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Formulas  (3.205)  for  the  projections  w of  the  vector  ui  on  the 
directions  enable  us  to  form  the  controlling  moments  M^x,  and 
Mj  of  the  gy  rostabilized  platform.  Assuming,  for  example,  that  the 
Ox,  Oy,  Oz  axes  of  the  platform  coincide  with  r^,  and  r^, 
respectively,  and  using  relations  (1.78),  we  find: 

At', *=  -Mir ” — M-Vi.  At',  — lh\iy  209) 

Let  us  summarize  the  results  obtained  for  orthogonal  curvilinear 
coordinates  and  collect  together  the  formulas  defining  the  operational 
algorithm  of  the  inertial  system. 

For  the  case  of  a free  gyrostabilized  platform  as  the  basis  of 
the  system,  the  ideal  equations  have  the  form: 


J I*,,—  A.(r1,:i,  + lY,xV+ 

+ l'**(x,),-f  2IY***  + Tui  — 

— End'  l,'l/)|  <11  + A,  (0)  x1  (0), 

t 

K*  = (A.x1) -J- . x*  =*  J x*  Jl  + x'  (0); 


(3.210) 


i 


nj  - J K (i\;x‘  -t  r„'+ r,;i*) + 

(3.211) 

+ V (r,;x*  -i  r„v  + rj  + * 4 <°* 

(3.212) 

(3. 213) 

Formulas  (3.211)  and  (3.212)  may  be  replaced  by  the  equivalent 
formulas  (3.184).  In  formulas  (3,210)  and  (3.211)  the  summation  over 
s is  not  performed:  the  summation  over  k,  however,  is  performed  for  all 
values  of  this  index  different  from  s. 


For  the  case  of  a maneuverable  gyrostabilized  platform  as  the 
basis  of  the  system,  relations  (3.213)  drop  out,  relations  (3.205)  and 
(3.209)  taking  their  place. 
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3.2.5.  Comparison  with  the  results  obtained  in  3.2.1.  It  is 
interesting  to  compare  the  *irst  group  of  formulas  (3.210)  with  the 
first  three  formulas  (3.59).  Formulas  (3.210)  define  the  operational 
algorithm  of  an  inertial  system  operating  in  orthogonal  curvilinear 
coordinates,  while  formulas  (3.59)  define  the  operational  algorithm 
for  Cartesian  coordinates.  Since  in  the  latter  case  the  position  of 
the  xyz  trihedron  is  arbitrary,  it  is  possible  to  superpose  the  unit 
vectors  x,  y,  z with  the  vectors  rj,  r^,  r^  of  the  main  basis.  Then, 
clearly,  it  is  possible  to  move  directly  from  the  first  three  equations 
(3.59)  to  the  first  group  of  equations  (3.210).  Let  us  demonstrate 
this . 


Using  the  Lavi-Civita  symbols  and  the  indexation  which  we  have 
been  using  in  this  section,  the  first  three  formulas  (3.59)  may  be 
represented  in  the  following  forms 


I 


(3.214) 


where  v(sj  * w(s)  and  g(s)  are  t*ie  Pro1ecti°ns  the  vector  of  the 
absolute  velocity  of  the  point  O,  the  vector  of  the  absolute 
rate  of  the  rotation  of  the  basis  trihedron  and  the  vector  of  the 
strength  of  the  gravitational  field  on  the  direction  of  the  vector 

4 

rg,  respectively. 


The  projections  Vjsj  and  9(s)  may  be  expressed  in  terms  of  the 
covariant  components  of  the  vectors  v and  g in  the  main  basis. 


According  to  relations  (3.110)  and  (3.174) 


«(.)  = 


it 

*.  • 


(3.215) 


From  formulas  (3.118) 


and  from  their  expressions  (3.174)  and  (3.203): 

I*..*) 


(3.216) 

(3.217) 
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Substituting  relations  (3.215)  — (3.217)  into  equalities  (3.214), 
we  finds 


*.(*■  ' £ ' 'i  " 

~ j - a.(i..V  4 rj)(i*  4 £ r*)  4 /r*A.]rf/  4 

'll.- 


(3.218) 


According  to  equalities  (3.217)  containing  C^s'  k are  here 
different  from  s. 


Let  us  now  leave  only  h * ' on  the  left,  differentiating  the 

terms  hs^£  * rs  and  moving  them  to  the  right  side  under  the  integral 

sign. 

Differentiating,  we  obtains 

7T  (*■  -£r  r‘) " ( "*7  V ' '•)  “ 

, dr  _ d’r  \ I /«*»,_  dr  f ML  ■) r f.-,\ 

'</  ’ d/dx'J  ’ A;  l fi/"  •«  ' <><"  * / 

(3.219) 

Taking  into  account  formulas  (3.121),  (3.130)  and  (3.175)  and  noting, 
in  addition,  that  from  relations 


there  follow  the  equalities 


A,  r> 


(3.220) 


expressions  (3.219)  may  be  reduced  to  the  form,  where  k -/  s: 


Mh-%  r‘)r=i 

= £ (£ ■ '.I'.*.*'  4 4 h\vy  4 $ r.l  ol) 


(3.221) 


Substituting  these  expressions  into  equalities  (3.218),  we  obtain: 
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equations  (3.225)  coincide  with  the  first  group  of  equations  (3.210), 
as  required. 

We  note  that  this  conversion  from  equations  (3.59)  to  equations 
(3.210)  enables  us  to  write  the  first  group  of  equations  (3.210)  for 
orthogonal  coordinates  also  in  the  following  form: 


+ r.;;v  + r.;(i')’  + 2r„:i*  t- 


(3.227) 


This  form  will  frequently  prove  useful. 

In  discussing  non-stationary  curvilinear  coordinates,  we  have 
hitherto  considered  the  general  case  of  non-stationaryness . The 
surfaces  of  equal  values  of  * s = const  could  freely  change  their 
position  in  the  main  Cartesian  coordinate  system  This  is 

reflected  in  (3.89)  and  (3.90)  by  the  fact  that  time  explicitly 
appears  on  the  right  sides  of  these  formulas.  The  nature  of  this 
explicit  time  dependency  is  not  stipulated,  however. 

There  is  a particular  special  case  of  this  dependency  which  will 
be  of  special  interest  below.  This  is  the  case  in  which  the  curvi- 
linear coordinates  < 1 * , x ’ , and  * 3 * * * define  the  position  of  the  object 
in  the  01n,n?n3  coordinate  system  rigidly  bound  to  the  earth, 
such  that 


to  the  earth, 


1 'I't*'.  *’>.  Ip ■•=  lp(x',  x'). 

X7,  X1) 


(3.228) 


The  coordinates  « 1 , * * and  * ’are  in  this  case  stationary  relative 

to  the  01n,n?n3  coordinate  system.  But  since  this  coordinate  system 

is  rigidly  bound  to  the  earth,  the  coordinates  ,<  1 , * J,  and  * 3 are 

stationary  relative  to  the  earth,  i.e.,  the  coordinate  lines  and 
surfaces  occupy  a fixed  position  relative  to  the  earth. 
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Relative  to  the  main  Cartesian  coordinate  system  0^f,'C2C5*  the 
coordinates  * 1 , x 2 and  x ’ are  non-stationary . 

From  equalities  (3.35)  and  (3.39),  and  table  (3.27)  of  direction 
cosines  we  have: 

=tll|"!1,0)<»suf  f- «I2<0)  «.ln  «f]  )- 
+ >»?(  — oj|(0)*ln«/  (0)a.«  uf|  4-  lVJ,(0). 

=,  i|'  [a^oliwW  4-nJ,  (O)xiti  «r]  4- 
-4-n’I 4-«*<<')c<"“'|4  'iV,<0). 

n'^CKos./  4 «',(")  'lnnf|  4-  J 

4 n’l  -n;,(0)»ln«/  +u^(0)to«af|  4->l1°(,(0)  j 

: ' (3.229) 

If  we  assume  that  the  O^3  axis  at  all  times  coincides  with  the 
O^n*  axis,  and  that  the  O^n1  and  O^n2  axes  coincide  with  the  O^f;1  and 

O^f,2  axes  only  at  the  initial  moment  of  time, 

«Ji<o)=*n;,(0>  =»«;,(<))  = i. 

(3.230) 

of  the  direction  cosines  (0)  are  non-zero  and  formulas  (3.229) 

take  the  form: 

il  ^ »|*  cos  I it  — n7  sin  ut, 
c-  n’  sin  ut  -f-  »|7  cos  ut) 

V ”1’  I 

(3.231) 

In  calculating  the  elements  of  the  metric  tensor,  the  Lame 
coefficients  and  the  Christof fel  symbols  for  this  case  we  may  lot 
t = 0.  The  validity  of  this  assumption  derives  from  the  fact  that  the 
reference  cjrid  * ',  x2,  x 3 moves  as  a unit  and  the  properties  of  the 
space  defined  by  the  curvilinear  coordinates  x ’,  x 2,  and  x 3 are  not 
functions  of  time.  Of  course,  the  validity  of  this  assumption  may  also 
bo  demonstrated  by  direct  computation. 

For  the  symbols  Fqj,  s and  rQ0  g we  obtain,  using  relations  (3.130) 

and  (3.131),  the  following  expressions,  which  are  also  independent  of 
time: 
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(3.232) 


p | «»»|*  <V  _ J'l*  l)lll  1 

°*  1 [ ,)**  i)h*  Oa'  J ' 

r-..™— y^rK'l'lM  Ct-ri 

In  concluding  our  consideration  of  the  ideal  equations  the 
following  points  should  be  noted: 

In  considering  systems  operating  in  Cartesian  coordinates  in  $3.1, 
we  took  as  the  basis  of  the  functional  diagram  a maneuverable  gyroplatform 
or  a three-dimensional  gauge  of  angular  velocity  (angular  rate  meter) . 

It  was  assumed  here  that  the  directions  of  the  axes  of  sensitivity  of  the 
newtonometers  and  the  gyroscopic  elements  formed  a single  rigid 
orthogonal  trihedron. 

In  S3. 2 it  was  assumed  that  the  basis  of  the  functional  diagram  was 
a free  gyrostabilized  platform,  i.e.,  it  was  assumed  that  the  directions 
of  the  axes  of  sensitivity  of  the  gyroscopic  elements  were  fixed,  but 
that  the  directions  of  the  axes  of  sensitivity  of  the  newtonometers  were 
given  with  the  aid  of  some  functional  diagram  relative  to  the  gyrostabil- 
ized platform.  The  construction  of  a system  on  the  basis  of  a 
maneuverable  gyroplatform  was  also  considered  for  the  case  of  orthogonal 
curvilinear  coordinates  and  the  resulting  equations  were  compared  with 
the  equations  derived  in  the  preceding  section. 

Affine  coordinat  s,  clearly,  are  a special  case  of  non-orthgonal 
curvilinear  coordinates.  Systems  operating  in  affine  coordinates  and 
constructed  on  the  basis  of  a gyrostabilized  platform  are,  therefore, 
a special  case  of  the  systems  under  consideration  in  this  section. 
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It  is  possible,  of  course,  to  imagine  a maneuverable  gyroplatform 
with  non-orthogonal  positioning  of  the  axes  of  the  gyroscopic  sensing 
elements,  these  axes  not  necessarily  forming  a rigid  trihedron.  The 
relative  positions  of  the  axes,  as  well  as  their  orientation  in  space, 
mat  be  a function  of  time  and  the  coordinates  determined  by  the  system. 
In  this  case,  a system  determining  affine  coordinates  may  be  constructed 
on  the  basis  of  a maneuverable  platform,  and  the  directions  of  the  axes 
of  the  gyroscopic  elements  and  the  newtonometers  may  be  mutually 


superposed.  Systems  for  determining  arbitrary  curvilinear  coordinates 
may  also  be  constructed  on  the  basis  of  this  type  of  "non-rigid” 
maneuverable  platform. 

Finally,  the  trihedra  formed  by  the  axes  of  sensitivity  of  the 
gyroscopic  elements  and  newtonometers,  being  variable  as  a function 
of  time  and  the  coordinates  determined  by  the  inertial  system,  may  not 
coincide  with  one  another. 

Analysis  of  all  of  the  alternatives  noted  here  and  construction 
of  the  ideal  equations  for  these  alternative  systems  yield  results 
which  are  not  in  any  way  fundamentally  different  from  the  results 
obtained  previously,  since  simple  summation  of  the  results  obtained 
above  enables  us  to  write  all  of  the  relations  required  to  obtain  the 
ideal  equations  for  these  alternatives. 

§3.3.  Examples  of  Ideal  Equations  for  Inertial  Systems  Operating 
in  Various  Generally  Used  Coordinates. 

3.3.1.  Affine  and  Cartesian  coordinates.  In  the  previous  section 
wc*  derived  the  ideal  equations  for  inertial  navigation  systems  operating 
in  the  curvilinear  non-stationary  coordinates  * 1 , * 2 , and  *'J. 

For  the  sake  of  illustration  we  will  now  obtain  from  these  general 
formulas  the  operational  equations  for  inertial  navigation  systems 
operating  in  certain  more  widely  used  reference  grids. 

Specifically,  let  us  consider  spherical  coordinate  systems:  — 
geocentric  and  geodetic  , as  well  as  geographic  coordinate  systems 
and  an  example  of  non-orthogonal  coordinates.  We  will  limit  ourselves 
here  to  the  positioning  of  the  axes  of  sensitivity  of  the  newtonometers 
along  the  vectors  of  the  basis  trihedron,  i.e.,  for  non-orthogonal 
coordinates,  to  equations  (3.172),  (3.163),  (3.164)  and  table  (3.173), 
and  for  orthogonal  coordinates,  to  equations  (3.210)  — (3.213), 

(3.205),  (3.209)  and  (3.134).  The  ideal  equations  corresponding  to  an 
arbitrary  positioning  of  the  newtonometers  and  deriving  from  relations 
(3.162),  (3.163),  (3.164)  and  (3.93),  will  not  be  considered  here.  If 
necessary  these  equations  could  easily  bo  written,  since  expressions  for 
all  of  the  terms  entering  into  these  equations  will  be  obtained. 
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Before  proceeding  to  the  special  cases  of  curvilinear  coordinates, 
we  note  that  the  equations  for  affine  coordinates  may  easily  be  obtained 
from  equalities  (3.172),  (3.163),  (3.164)  and  table  (3.173),  and  the 
equations  for  Cartesian  coordinates  from  relations  (3.210)  — (3.213), 
(3.205),  (3.209)  and  (3.184). 

If  the  coordinates  * 2 , and  x 1 are  affine  but  not  stationary, 
i.e.,  if  the  directions  of  the  axes  of  sensitivity  of  the  newtonometers 
change  their  orientation  relative  to  the  main  Cartesian  system 
only  as  an  explicit  function  of  time,  then  in  formulas  (3.172)  and 
(3.163)  terms  containing  Christoff  el  symbols  disappear,  since  for  affine 
coordinates  these  symbols  are  equal  to  0.  The  components  of  the 
metric  tensor  become  functions  of  time  only,  as  do  the  elements  of 
table  (3.173). 

For  the  case  in  which  the  trihedron  formed  by  e_  (the  axes  of 

s 

sensitivity  of  the  newtonometers)  is  rigid,  the  elements  of  the  metric 
tensor  become  constant  and  in  formulas  (3.172)  the  terms  ks  g^ln/ass 
drop  out.  In  this  case  the  trihedron  formed  by  eg  rotates  in  the  main 
Cartesian  coordinate  system  as  a unit?  the  absolute  rate 
of  its  rotation  is  determined  by  formulas  (3.200),  in  which,  of  course, 
the  r . symbols  must  be  set  equal  to  0. 

Sill  / K 

For  affine  stationary  coordinates  the  symbols  rQ0  g and  g 
are  also  equal  to  0. 

If  the  coordinates  and  x J are  Cartesian  but  not  stationary, 

the  equations  deriving  from  the  general  formulas  (3.210)  — (3.213), 
(3.205),  (3.209)  and  (3.184)  reduce  to  the  two  equations  (3.59)  -- 
(3.65),  derived  in  §3.1. 

Indeed,  in  this  case 

T “*>,(/).  I 

• " at  <•„*=»«)  « I.  «•«•!  =0  (I/-*)./ 

u*  (3.233) 
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Consequently , 


But 


and  therefore 


dr 

■3 r 


d'r 

■37T 


UT‘  H ■ 


(3.234) 


(3.235) 


»«  x r,  + <«  X «)  X r,  + “ X (»  X r.)  =» 

e.wXr.-l  uX(«Xrt).  (3.236) 

Recalling  definition  (3.130)  of  the  symbols  rQQ  ^ and  FQn 
we  find: 


1 m.»  4-  SI'c,  ,H*  «=r,  • |w  X r -J  »*  X <«  X r)  + 2w  X r| . 


(3.237) 


Substituting  expressions  (3.237)  and  (3.233)  into  the  first  group 
of  equations  (3.210)  and  noting  that  for  the  case  under  consideration 


ciid'V'n 


we  arrive  at  the  equations 


(3.238) 


or  the  equations 


x'  ■=  J (n#j  — r,  ■ |oi  X r + <0  X («•  ,<f)  + 

+ !»Xr|  *11 1 U 4 H*  (0). 


*'■=  J X r)  t «.r.<~  I *]}•«+  i‘{0). 


Since 


■jT  n -f  <0  X r =•  V. 


it  follows  from  equations  (3.239)  that 


(3.239) 


(3.240) 


tfr  Cl  ^ 1 - /,  i rff(O) 

~sr ’ " J I"-"**  dr  ^ ,<f  *' ~sr- 


(3.241) 
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Equation  (3.241)  coincides  with  the  first  equation  (3.53),  from 
which  the  first  three  equations  (3.59)  were  derived. 

The  second  equation  (3.53)  follows  from  the  second  and  third 
groups  of  equations  (3.210)  and  equality  (3.240),  i.e.,  the  fourth, 
fifth  and  sixth  equations  (3.59). 


From  expressions  (3.211),  (3.235),  and  (3.130)  it  follows  that 


'il  - f I'li  x (“  ~ “>|  r‘dl "*  (0)> 

0 


(3.242) 


or 


I 


(3.  243) 


which  coincides  with  the  vector  equations  (3.55),  from  which  the 
scaler  equations  (3.61)  and  (3.64)  are  obtained. 


From  equations  (3.212)  we  obtains 

M* 

which  corresponds  with  (3.63).  Relations  (3.65),  clearly,  are 
equivalent  to  relations  (3.238). 


Finally,  from  equalities  (3.213) 


which  is  equivalent  to  equalities  (3.54),  from  which  formulas 
are  obtained. 


(3.245) 

(3.60) 


Formulas  (3.62)  do  not  follow  directly  from  equations  (3.2)0)  -- 
(3.213),  since  the  latter  do  not  presuppose  the  transition  to  the 
Cartesian  coordinates  f, 1 , f,2,  £3. 

It  is  easy  to  see  that  formulas  (3.61),  (3.63)  and  (3.64)  also 

follow  from  cuuations  (3.184),  which  are  reolaced  by  equations  (3.211) 
and  (3.212)  in  the  system  of  equations  (3.210)  --  (3.213). 
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Equalities  (3.205)  and  (3.209)  are  satisfied  identically  on  the 
basis  of  equalities  (3.233)  and  (3.235).  This  concludes  the  transformation 
from  equations  (3.210)  — (3.213),  (3.205),  (3.209)  and  (3.184)  to 
equations  (3.59)  — (3.65). 

For  the  case  in  which  the  coordinates  are  Cartesian,  and  the 
orientation  of  the  trihedron  ^^2^3  coincides  with  trihedron  0^n3n2n3* 

the  derived  coordinates  are,  of  course,  the  Cartesian  coordinates 
n1 , n2,  n3. 

If  the  Cartesian  coordinates  x R are  stationary,  the  trihedron 
?1?2^3  may  be  considered,  without  loss  of  generality,  as  coinciding 

with  the  main  Cartesian  coordinate  system  O^S'C2?’.  Equations  (3.210) 
together  with  equalities  (3.59),  then  reduce  to  equations  (.189). 

3.3.2.  Geocentric  coordinates  independent  of  the  earth’s 
rotation.  Let  the  position  of  the  point  of  the  center  of  the  sensitivity 
masses  of  the  newtonometers  O be  defined  in  the  main  Cartesian  coordi- 
nate system  by  the  distance  x 1 = r of  the  point  0 from  the 

center  of  the  earth  and  the  two  angles  x 2 = X.^  and  x ’=  9 (Figure  3.2). 

The  ancle  v is  taken  to  be  the  angle  between  the  plane  O^'j;2  and  the 
line  0^0.  The  symbol  X^  designates  the  angle  in  the  plane  O^1*;2 

between  the  O^f; 1 axis  and  the  line  of  intersection  of  the  plane 

with  the  f, sOjO  plane.  If  the  circle  formed  by  the  intersection  of  the 
OjC'S2  plane  and  the  sphere  of  radius  r centered  at  the  point  0^  is 
termed  the  equator,  then  the  angles  <p  and  X^  will  be  the  latitude  and 
longitude  of  the  point  O on  this  sphere. 


L 


Figure  3.2 
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It  follows  from  the  definition  of  angles  <p  and  X^  that 

ea  f COS  <fCOS  t>  = T C0$  V Sin  X,.  j 

lS  a Mlu  f,  J 


from  which 


-}jT  = COSTCO?  Xp  ~ =J  COS  (J  Sill  X,.  = Sin  If. 


<•1* 


dv 


jJj-  * — fcosfilnXi,  = c COST  COS  1,.  -jjl  =»  0, 

— t sln9C0sX,.  = -MlnifsInX,.  -^=»rc  os?. 

In  this  case  the  Jacobian  determinant  is 


(3.246) 


(3.247) 


(3.248) 


Since,  clearly,  r ^ 0,  the  reference  grid  degenerates  only  on 
the  straight  line  9 = +tt/2,  on  which  J = 0. 

The  vectors  r^,  ?2  and  ?3  of  the  main  basis  are  equal  to: 


*v 


dr 


vr  i'r  . 

Tr-  r>a  r»  “ *r  ■ 


(3.249) 


From  expressions  (3.249),  (3.247)  and  (3.89)  are  found  the 
diagonal  elements  of  the  metric  tensor  A ■ 


a„=»l.  a„i=  t*  ms5  <('.  a,,^/7. 


(3.250) 


The  nondiagonal  elements  of  the  metric  tensor  are  equal  to  0. 

^hc  reference  grid  r,  X^,  <?  is  orthogonal. 

*>  ■+  ■> 

The  directions  of  r^,  r2  and  coincide  with  the  directions  of 
r tangential  to  the  parallel  and  tangential  to  the  meridian, 
resnectively . The  vectors  r2  and  r2  are  directed,  clearly,  towards 
increasing  X^  and  9 . 

The  Lame  coefficients  follow  from  enunlities  (3.250) 

».=il.  A.i=fcosi(. 

(3.251) 
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Referring  to  relations  (3.175),  we  find  that  for  the  case  in 
question  only  the  followingChristof fel  symbols  are  non-zero: 


r..., = r „.,=/■  cos’ rj,  = rjjai.. 

I’a,  - r’sln<rcos(f,  l ’j“  t'L  = — Icif, 

Tji,  j=  T|^  , = r.  I*ji  » P?3  =s  i- , Fj,t  in  — r cos* q>, 

— tcoi  tp,  r„,  .ftos^.  r^atlnqicasif, 

fu.  i ■=*  — t.  ri,— 


(3.252) 


Because  of  the  stability  of  the  reference  grid  in  question 


re«  -=»  r«5 = r0;  o. 


(3.253) 


Now,  substituting  expressions  (3.251),  (3.252)  and  (3.253)  into 
(3.210) , we  obtain  equations  for  r,  X^  and  <p  : 

I 

'*=  j (", + '■('(’  d i?«os»q)-f  grad'V'nl,Ji//-f  r(0). 

0 

I 

rij  cosq*  J | /i,  — j.,(fcos  «p  — -q*  sin  f ) -f- 
o 

-f  r cos  grailViiJ  j dt -\  r (0)  cos  tp (0)  i,  (0), 

# 

rip  = J [«,  — rtp  — ri.J sin  ^ cos 

• 

-f  r jjtadVijJ  ) <//  4-  /■  (0)  «i>  (0), 

i 

r~fr  dt  ~\~r(0), 

0 

t 

X|  “ J 7TZT7  cos  t>al  + XI  (°)- 

0 

I 

+ (2.354) 


Taking  into  account  that  the  O^n3  and  0^£3  axes  coincide,  and 
therefore  that 


u'  u\  iiO,  u\  — M, 

*1  »»  " 


(3.255) 

together  with  relations  (3.252)  and  (3.253),  we  obtain  the  following 
equations  for  from  equalities  (3.211): 
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n!  “ — j *>)'■  co<>  i,  - viiri  4- 

+ «('!,’ >|j  - >l!<Qr’ cos «,]«»/ -I-  nj (0). 


1 


}i  %*.  *.*+•« [r  -|i,2f)  + 

o 

4- « (h’mI  - n!  r„V,-  ] 1,1  + ’>!  i°>- 

1l}<=  — | c°*'P  ) ,l  1 + , ' I" 

0 

4 « cos  1 <i;(o> 


(3.256) 


It  is  easily  demonstrated  by  direct  substitution  that  the  following 
values  of  satisfy  these  equations: 

,,  . . sm().|  - «<) 

»l]  = cos  If  cos  ().,  — ut),  >),  = r«5TJ 


»lny  cu>  (J.,  — ut) 


, toiOi  — ut) 

n}  ~ cos  si n (>. , - ut).  i|\  ^ - 7^. 

. *lH<f  «>lM 4>.|  — ut) 

•fi- 7 . 


Hj^ulntf,  h’k  0.  ni 


coo  «r 


(3.257) 


We  note  that  the  values  (3.257)  of  may  also  be  obtained  directly 
from  relations  (3.88),  (3.247),  (3.251),  (3.249)  and  (3.231),  without 
reference  to  equations  (3.211),  by  using  the  equalities 


. V'l 

•=  -jr-  • 

From  relations  (3.246)  and  (3.212)  we  also  obtain: 


(3.258) 


'i*  >i)f. 


or,  taking  into  account  relations  (3.257): 

t|'  s=  t cusif  <os()., — utl,  'i7  " c.os'i  sin  <>.,  — nl).  ) 
i|’  sin  if.  I 


(3.259) 


I 


220 


Finally,  from  (3.213)  we  obtain  the  direction  cosines: 


t.  1.  1. 

f,  cos?ios).|  cosifslnl.,  Jlnq> 

r,  — sin  X,  cos  l.,  0 

e,  — slmfcos  — jlnif  jin  X)  tosf. 

(3.260) 


Since  for  the  case  under  consideration  the  vectors  eg  are  unit 
vectors  of  direction  rg,  table  (3.260)  also  defines  the  directions  of 
f relative  to  the  C1,  C2  * K 3 axes. 

If  equalities  (3.184)  are  used  in  place  of  relations  (3.211)  and 
(3.212),  we  obtain  from  the  first  grouD  of  formulas  (3.184)  for  the 
direction  cosines  a‘*  the  table 

'i'  n’ 

l1  com/  —sin ut  0 
V J'n  ul  tat  ut  0 
I*  0 Of. 


In  this  table  the  superscript  of  corresponds  to  the  columns, 
and  the  subscript  to  the  rows  . It  is  easily  shown  that  expressions 
(3.257)  for  derive  from  equalities  (3.251)  and  (3.257),  from  the 
second  group  of  equations  (3.184),  and  from  the  above  table. 


The  projections  , w > and  u(3)  t^G  absolute  angular 
velocity  of  the  trihedron  eie2G3  or,  equivalently,  the  trihedron 
i?1^2^3*  are  found  from  expressions  (3.205).  They  are: 


= i|Sh"r,  «i, 2,  — -'f.  = licn5,r 

Now,  from  formulas  (3.209) 


(3.261) 


Mf,  =//).,  coj  <f,  .fl), / /»p,  M',  — II)  slri'j1 


(3.262) 


Thus,  for  the  reference  grid  under  consideration  and  for  the 
case  of  a free  gyrostabilized  platform  as  the  basis  of  the  functional 
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diagram  the  operational  algorithm  of  the  inertial  system  will  consist 
of  equations  (3.254),  (3.257)  and  (3.259),  and  table  (3.260).  For 
the  case  of  a maneuverable  gyrostabil ized  platform  as  the  basis  of  the 
functional  diagram,  the  ideal  equations  are  (3.254),  (3.257), 

(3.259)  , (3.  261)  and  (3.  262) . 


We  note  that,  if  the  earth's  gravitational  field  is  considered  to 
be  spherical,  then  according  to  expressions  (3.13),  (3.257)  and  (3.259), 
in  equalities  (3.254) 


gttd'Vn,'  =>  — 


and,  consequently, 


(3.263) 


EfJd'V’ii]  = — IV  , end' I’ii;  — pad'l'n?  -=0. 

(3.264) 


It  follows  from  relations  (3.264)  that  for  a spherical  gravita- 
tional field  formulas  (3.257)  and  (3.259)  drop  out  of  the  ideal 
equations. 

If  we  assume  that  the  vector  g of  the  strength  of  the  earth’s 
gravitational  field  lies  in  the  plane  of  the  meridian,  then,  using 
cIq  to  designate  its  projection  on  the  n*n?  plane  (the  plane  of  the 
earth's  equator),  we  may  represent  the  projections  of  the  vector  g 
on  the  n1  and  nJ  axes  as  follows: 


gtnii'V  =- — ut)-  1 

BMdH’c  a-’ sin  (>.,-«/)  I 

(3.265) 


Then,  introducing  g'-j  to  designate  the  projection  of  g on  the  n3 
axis , i . e . , taking 


Brail' V 


and  taking  into  account  equalities  (3.257),  we  obtain  for  the  sums 
ernri  Vri^  entering  into  the  integrands  of  (3.254),  the  following 
formu las : 
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Rile!'  I'nJ  *=  fljcos  <f  £?>lnif  ~ g', 
jrid'V'ig’^0. 

jud1  v,$  = i(  _ j.j  ii„ + A.j  „„  , , £ . 


(3.266) 


In  these  equalities  g1  and  g3  are  the  projections  of  the  strength 
sector  of  the  earth's  gravitational  field  on  the  direction  of  r and 
he  direction  of  r^,  normal  to  r and  lying  in  the  Diane  of  the  earth's 
icridian . 

The  functions  g^  and  g!j,  and,  consequently,  g’  and  g3 , are 
functions  only  of  r and  9.  In  terms  of  the  notation  introduced 
in  52.2, 

g'  r1=,/7l rr 


3.3.3.  Geocentric  coordinates.  Nov/  let  r,  X and  9 be  ordinary 
geocentric  coordinates.  Their  determination  is  analogous  to  that  of  the 
coordinates  r,  X^,  and  Only  now  r,  X and  ? are  referred  not  to 

the  trihedron  3 , but  to  C^n’n’n3,  rigidly  bound  to  the  earth. 

Therefore  in  relation  to  the  coordinates  r,  X,  y will 

not  bo  stationary.  Considering,  as  before,  that  the  O^C3  and  O^n3 
axes  are  oriented  along  fae  vector  u of 

the  absolute  earth  rate  and  that  01C,C2f.3  coincides  with  01n’n2n3  at 
some  initial  moment  of  time,  we  find  from  equalities  (3.232),  (3.246), 

(3.247)  and  (3.251)  the  non-zero  symbols  F^,  s and  rQ0  g,  F^: 

I'm.  I ” — ur  cos'  || . I-,,',  r=  — t’f  cos’ If, 

I’m,  a ~ 11V  sin *f  i ns , I’,.]  « u7  sin  i(  cas  <f , 

lo».  2 ” I n;.  I • Ilf  l OS* if.  IV|  = “T  . 

p t ? 

I«  ■»  Mf  COS  if, 

It,.  i -=>  - I'.n.  j ts.-  «’  r siii  if  cos  if. 

Fit)  =«  sin  if  cos  if. 

I’d!  — -n  If  if. 

(3.267) 

The  Christoffel symbols  (3.252)  calculated  for  the  preceding  reference 
grid  clearly  remain  valid. 
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From  the  first  three  equations  (3.210)  and  formulas  (3.251), 
(3.252)  and  (3.267)  we  now  obtain  in  place  of  the  first  three  formulas 
(3.254)  the  following  equations: 


I 

r’*»  j (<i, + r|^  + («4-i),c»‘,TH- 

• 

-4-  cud'VnJ)  dl  + /(0), 

i 

ri toupee  j |/i,  — (i Ju)  (r’cos  ip  - rip  sin  ip)-)- 

• 

-f-  r tos^gtad'  V' »ij J iff  -f  r(0)cosip  (0)i(0). 

i 

r'<f*=  j (*, ~PT  + ,(i  + ',),5,"Ttn»<.l  + 

i 

-t'Ci'd'  t'n'JJf  + f(0)>p(0). 


(3.268) 


They  differ  from  the  first  three  equations  (3.254)  only  in  that 
X + u replaces  X^  everywhere  in  the  integrands.  The  last  three 
equations  (3.254)  remain  valid  for  the  case  under  consideration. 


In  equations  (3.256)  it  is  also  necessary  to  replace  X^  by 
X + u,  and  to  substitute  X for  Xj^  - ut  in  relations  (3.257)  and 
(3.259) . Table  (3.260)  now  defines  the  direction  cosines  of  the 
vectors  e^ , e2  and  e3  relative  to  the  o’,  n?,  n’  axes.  In  order  to 
obtain  the  direction  cosines  of  the  vectors  eg  relative  to  the 
£ 2 , K3  axes,  it  is  necessary,  clearly,  to  replace  Xj  by  X + ut  in 
table  (3.260). 


From  expressions  (3.205),  (3.251),  (3.252)  and  (3.267)  are  found 
W(i),  u(2)  an<^  w(3)‘  T^ev  are: 


(>.  I ,,)  V ill  .f,  1.1  „ — <pt 

Will  = 0-  -4  u)un>( 


Correspondingly 


(3.269) 


All,  //n>v„  —=//().  g njcosip,  .MI,— - //(,*. 

Ati,  = *=•  II  <>.  ii)  sin  <p. 


(3.270) 
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Expressions  (3.269)  and  (3.270)  also  differ  from  expressions  (3.261) 
and  (3.262)  only  in  that  X + u appears  in  place  of  X^. 

For  a spherical  gravitational  field  formulas  (3.264)  remain  valid, 
and  if  we  assume  that  the  vector  g lies  in  the  plane  of  the  meridian, 
formulas  (3.266)  also  remain  valid,  since  X^  does  not  enter  into  them. 

3.3.4.  Geodetic  coordinates.  The  geocentric  reference  grid 
considered  above  has  a singularity  at  ? = in/ 2,  i.e. , at  the  poles. 
Realization  of  the  ideal  equations  in  this  reference  grid  gives  rise 
to  considerable  difficulty,  if  the  object  with  which  the  inertial 
system  is  associated  is  moving  in  the  immediate  vicinity  of  the  earth's 
poles. 


Fiqure  3 . 3 

These  difficulties  make  it  expedient  to  convert  to  the  so-called 
geodetic  coordinate  system.  This  coordinate  system  is  also  spherical. 
It  is  analogous  to  the  geocentric  coordinate  system.  The  only  differ- 
ence is  that  the  pole  of  the  qeodetic  coordinate  system  does  not 
coincide  with  the  Dole  of  the  earth.  Its  position  is  selected  such 
that  it  lies  outside  of  the  area  of  possible  motion  of  the  object  with 
which  the  inertial  system  is  associated. 


It  follows  from  the  above  description  of  geodet;c  coordinates 
that  an  geodetic  svstem  stationary  relative  to  the  trihedron 
3 docs  not  differ  in  anv  way  from  a stationary  geocentric 
coordinate  system.  Using  the  arbitrariness  of  the  orientation  of  the 
f>,  , f3  axes,  we  may  always  superpose  the  £3  axis  on  the  polar  axis 

of  a stationary  geodetic  coordinate  system. 
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The  first  system  which  we  will  consider,  therefore,  will  be 
a geodetic  coordinate  system  rigidly  bound  to  the  earth. 

Let  us  define  it  as  follows.  Let,  in  0^nln3n3  rigidly  bound 
to  the  earth  and  the  O^n3  axis  of  which  is  directed  along  the  earth's 
axis,  two  lines  emerge  from  the  point  0^,  the  unit  vectors  of  which 
we  will  designate  as  p^  and  p2  (Figure  3.3).  Let  us  attach  the 
geodetic  (right  orthogonal)  trihedron  O^c’^C3  to  these  directions, 
specifying  the  unit  vectors  t 1 , t2  , and  r3  of  its  axes  by  means  of 
the  equalities: 


where  SQ  is 
that 


t,~p,.  C,> 


Vi  — >■,  co»S, 
tin  .S', 


the  constant  angle  between  the  vectors 


(3.271) 
and  p2  such 


cos  S„  = i>,  • p, 


We  will  consider  that  the  vectors  p,  and  p2  are  defined  relative 
to  the  trihedron  0^n’n5n3  by  the  geocentric  coordinates  , A^  and  i>2, 
X2.  Then 

p,  *=  i|i  cosif,  cosl.,  »|j coi q-, sin 4- 1|, sin g,.  1 
p,  =.1|i  cos  If,  cos  -f  I|,c05>f,  sin  -(  >1,  sin  If,.  / 

(3.272) 

Let  6^  be  the  direction  cosines  between  the  n1 , nJ , n3  axes  and  the 
C 1 , 6J,  6 3 axes,  forming  the  table: 

v t3 

M1  ft, I ftt7  ftn 

l|3  ft,,  ft,7  ft,  ■, 

’l'  ft.n  ft':  l.ii- 

(3.273) 

Then,  in  accordance  v/ith  relations  (3.272)  and  (3.271),  the  elements 
of  this  table  may  be  expressed  in  terms  of  , Aj,  <?2 , and  >2  as 
follows : 

ft,,  cos  if, 
ft,,  = cos  if,  sin  , 
ft ii  =»  slii'h. 

6„  “y  (COS  If,  CDS  >.j  CDS  If,  cos cos  S0), 

i,„V  (s«s ‘fj sn»  > j ccs  'j,  sin  .us  vSj), 

* (3.274) 
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*„ = ir,!  t,  (,,ln  '■'*  ~ 5ln  T' c0* 

tJ-g-  (cos  if,  Sinn,  sin  >.,  — cos  if,  slu  <Ti  s,n  M- 
ft,,  as  ('In  Ti  cos  ifj  coi — cosTl  sin  if,  cm 

A,,  r* -Jj-  cos  T cos  If, sin  o , — 

(3.274) 

where  according  to  the  relation  cos  SQ  = Pi  * P2  and  formulas  (3.272) 


cos  S0  •-=  cos  t,  cos  if,  cos  (?.,  — ?.,)  1 sliH||Mnif, 


(3.275) 


If  we  introduce  the  angle  iJ'q  between  the  geodetic  plane,  i.e.,  the 
^'t2  plane,  and  the  tangent  to  the  geocentric  meridian  at  the  point 
defined  by  the  coordinates  9^  and  X^,  such  that 


(3.276) 


then  the  expressions  for  6^  a°d  ^3  may  be  represented  differently 
than  in  formulas  (3.274): 


A„  set  — tin  if,  cos  >.,  cos  if,,  — sin  sin  i|'0. 
fi„  » — sin ■( , sin tos if0  ^ cos  sin  i|>. 
6,,  = C0ST|C05  i|„. 

A„™  — sin  if,  cos  X,  sin  i|0  f cos  if„sln ) 
A,,^.  - sin  if,  sin  7 , sin  ij0  — cos  cos  ifq. 
A0 s-  cost,  sln'|., 


(3.277) 


We  will  define  the  position  of  the  arbitrary  point  0 in  relation 
to  the  geodetic  trihedron  OjC 1 C 3 by  means  of  its  distance  «'  = r 
from  the  origin  0^  of  the  trihedron  and  the  two  anqles  >i2  = S and 
* 3 = z (Fiqure  3.4).  The  angle  S is  measured  in  the  O^rjr,2  plane  from 
the  O^f;1  axis  in  the  direction  of  the  O^r,2  axis,  and  the  angle  Z is 
measured  from  the  C^r.'r,2  plane  in  the  direction  of  the  O^3  axis.  Thus, 
the  angles  S and  Z are  analogous  to  X and  9 , by  means  of  which  we 
define  the  arbitrary  direction  in  the  trihedron  n 1 n 2 n 3 • Specifically, 
if  the  trihedra  n 1 rs 2 n 3 and  <; 1 C 2 C 3 coincide,  then  angles  S and  Z reduce 
to  angles  > and  9. 
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<* 


Figure  3.4 


In  the  geodetic  coordinate  system  introduced  above,  the  polar 
axis  O^c5  may  be  selected  such  that  the  object  moves  far  away  from  it, 
for  example,  in  the  vicinity  of  the  Oj^'r, 2 plane.  The  angles  S and  Z 
may  be  termed  the  distance  along  the  geodetic  and  the  distance  from 
the  geodetic. 

In  analogy  with  relations  (3.89)  we  have: 


C1 « r cos  : cos  5, 
fees  j sin  S, 
f sin  : . 


(3.278) 


Thus,  the  vector  r in  the  coordinate  system  has  the  form: 


r r*t,r  cos  :co$S  -\- 

cosfsIn.X  t- 
I 


(3. 279) 


Using  relations  (3.278)  ar.d  (3.231),  and  table  (3.273),  we  find: 


£•=»,  (A„  cos  , <05.9  I ft,, cos  .•  sill  ft  t ft,,5in  :)cos  III  — 
— , (A„  cos  t cosX  ft,, cos  * si».S  f-  ft,, sin  :)sti.*i/. 

(ft,,  COS  2 l OS  ft  \ ft,,  COS  * sill  X , ft,, sill  ) ‘•in  ut  I 

-f  , (ft,,  cos  f cos  X + ft,,  cos  t slu  X f ft,,  sin.*)  cos  W. 
4’cs  t (ft„  COS  2 COS 5 I Aj  COWMIlX  + ft.,, sill 


(3.280) 


The  coordinates  r,  S and  z are  orthogonal.  It  is  obvious  that 
the  Lame  coefficients  have  the  same  values  as  in  equalities  (3.251). 
It  is  necessary  only  to  replace  9 by  z.  Therefore 


, I,  ft,  =»  r cose,  ft,  = 


(3.281) 
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Analogously,  from  formulas  (3.252)  expressions  for  the  non-zero 
Christoffel  symbols  may  be  obtained: 


r«.:  ™F|j.  ,=»  r cos’  z. 

P>  p » 1 

1 Jl  =*«  12  = -J  . 

I’n , =•  I’n.  i = — f’  sin  * cos  i. 

fj?  ■**  I’j!  -lR/ 

I’si.  i •"  j = r. 

r„, , =»  — r cos’  *. 

IV*  =»  — r cos*  j. 

r„.,=i  r’ sin /cose. 

Tia  s=s  sin  * cost. 

I’m  = — 

Ijj  =*  — T . 

(3.282) 


To  write  the  ideal  equations  of  an  inertial  system  operating 
in  geodetic  coordinates  in  accordance  with  relations  (3.210)  --  (3.213), 
only  the  symbols  rQp,  and  remain  to  be  found. 


From  (3.280)  we  have: 


*»*.’  I*  «>  t* 

* r • "37  ”*  7 • 

dfc» 

■Ji  ="'(— *ii  cos  i sinS-f  4|Jtns/cnsS)coSIl/— 

— f(  4,|Cosisln5 -f  A^cos/ios 5)slnn/, 

n> 

*3S"  ( A,, cos  esin5-f  A12cosccosS)slna/-f- 

"t  c(  4;i  cos  / Sfn5  -f-A^cos/  cos  S)  cos  at. 

(ttf 

"5?  ” co*  c sin  5 -f-  4,,  cose  cosS), 


•>V  Oj. 

ST.iy  “U3J- 

3TJ5  “0' 

d'l' 

377,7  = - “C { - A„  stn  r cos S — 6„ sill  J 5ln  S + 

+ 4„cos  x)slnu<  — «r(— A„  slu/cos.1*  — 

— 4„.!oe  slnS -f  A;,ios/)cosu/. 

d’V 

jj^=.flf(-A„sliiccosS—Allsliicslii54- 
H-AljCosc)cos/i/  — «r(—A,1sln/cos5  — 

— A„  sine  sin  S -j  A,,  cos.-)  slii  ul. 
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wo  find: 


Now,  using  the  definition  (3.130)  of  the  symbols  Fftn  and  T.. 

UU,S  UK , S 


fnl  «»  — uV 1 1 — (4„  cos  j cos  $4- 

-J-Aj-cos/sInS  4-4uslr.  /)J|. 
r*,,  — - «V|(Ai  — *3))tos'  / cos  S sliiS  4- 
+ *ji*m  cos’  1 (sln}  S— cm*  J)  -f 

+ 6jj<S3,  sin  S — 4M  cos .?)  sin  r cos /|, 
Ton  j «»  - <V  ((4J1cosS4-41jSiiiS)|(4,l  cos  S 4- 
4"  4„  sin  S)  sin  z cos  ; -f  4^,  (sin*  z — cos’  /))  — 

— 4’, sin  z cos  *). 

roi,s“  ~P«.i  = « ciscos’ / — 

— (4Jt  cosS  -f  4j,sln  £)sln  : cos /|. 
r„  ] ««  — P&,. , ■»  ur  (4„  sin  S — 4,,  cos  S). 

Poj.  s*«  — r(n,i  = »c,|4o*ln/ios/  + 

*+  (4^sln4  4-  4„  cos5)cos’j|.  j 


(3.284) 


The  remaining  symbols  of  this  tyDe  are  equal  to  zero. 

Expressions  (3.284)  were  found  directly  from  the  definition  of 
the  symbols  rQ0  s and  rQk  g.  They  can  also  be  calculated  from  formulas 

(3.232).  To  do  this  it  is  necessary  only  to  note  that,  in  accordance 
with  (3.278)  and  table  (3.273) 

t|<  rr*  t (ft,,  cos  z cos  5 4,, cos  X sin  5 4 4,.  sin  * ), 

t|’  = r (4,,  cos  jcos  S (-4ncos  z sin  S 4p  4nsln  z). 
tj1 « r(4Jt  cos  z cos  S { 4„cos  z sin  5 4 4A1stn  z). 


Calculations  performed  in  accordance  with  formulas  (3.232)  also 
lead,  of  course,  to  expressions  (3.284). 

From  (3.284)  on  the  basis  of  formulas  (3.126),  (3.174)  and  (3.281), 
we  further  find: 


Poo  « Pol.  1* 

P<»  ■=  >T(T,jr j P *. v P<*  =*  yt  »• 

1 M - ,1,1(1 7 1 n • »•  'V'  “ 7*  'Vi. 

in/  « ■ Ini,  !•  I pi  *=  ■“  I #'». 

Pp  --  ;V  Pp?  j-  1 m 1 


(3.285) 
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If  the  geodetic  trihedron  0^ c 1 ^ 2 C 3 coincides  with  0^n1n*n,f 
in  table  (3.27i)  the  nondiagonal  elements  are  equal  to  zero,  while 
the  diagonal  elements  are  equal  to  one.  It  is  evident  that  in  this 

V 

case  expressions  (3.284)  and  (3.285)  for  the  symbols  ^ and  r0s 

become  equal  to  the  corresponding  expressions  (3.267),  since  for 
the  case  of  the  correspondence  of  and  O^n'n2*!3  the  angle 

z reduces  to  the  angle  4>. 

Substituting  expressions  (3.281),  (3.282),  (3.284)  and  (3.285) 
into  equations  (3.210)  and  grouping  terms  as  required,  we  arrive  at 
the  following  relations  describing  the  algorithm  for  determination  of 
the  coordinates  r,  S and  z by  the  inertial  systems 


rc  J (»,  4-f|i  + u(6j,Un5  — ft,iCosS)|’ + 

0 

-t  r (5  co«  / 4 “(  — AJt  *l<i  /cos  S — 6„iln/sln54 
-f  i„cos  /)p  4 uraJM'nJ)  dl  4 r (0). 

i 

/.Sc  os  / =»  j |»,4  riS sin  / — /S cos  / — 
c 

— 2 ur  |A, , cos  / — sin/ (A,,  cos S 4 A„sinS)|  4 
-4  J»r/’|Aj,sln/-4-  cos  / (A,,  sin  5 4 3. i cos5)|  4 
4 ur  |(a’,i  — aJjJcos  /cos  5 sin  54 
4 ®ji^ji  cos  / {sin1 5 — cos7  S)  4 
4 A„slii /(A,, siii.T  — Aj,ccs S||  4- 
4 r cos  /(jM'I'V'iil  ill  4 /(0)  3(0)  cos  / (0). 

I 

//■=»J  (n,  — //  — /S7sln/cos / — 

<i 

— Iru  (A,,  sin  5 — AJ;cns  S)~  2cc/A'  |Atlsin  /cos  / 

4 cos’ / (A, , sin  5 ( Aj,cos5)|4  n7/ |(A„  cos  5 4 
4 sin  A-) (sin /cos /(A^cosS  4 Aj;«ln.V)  f 
4 Aa,(sln’ / — cos’  /))— Ajsln/  cos  z|  4 
4 / fi/*cl'  I'm1  | ill  4/(0)/ (0). 

/ ' 

/,=  j rill  4 /( 0).  A^j—i-f/.V  os /),//  ( 5<0| 

0 II 

I 

J > ('/)<*<  4 '<«)■ 


(3.286) 


We  note  that  the  second  and  third  equations  (3.286)  may  be 
partially  integrated.  Simultaneously  regrouping  the  expressions 
contained  in  these  equations,  we  obtain: 


f|Acos/  + «(  A^iInzcoiS  — 

— A,,  ilu/sln5  1 AjjcnszJIa 

I 

“ Jl"j4/|/  t «(A„sln5  — A„cos5)||£sln  / -f 

« 

4 « (A,,  cos  / cos  S -f-  Aii,  cos  / sin  5 f A„  sin  /)|  — 
— /-'licos  / -f  a(  — A,,sin/ cosS  — A„sln/sln5  f 
4 AMcos/)|-f- fioscnfad'I'ii’Jrf/  f 
4 ' (0)  |>S (0)cos  / (0)  4 a | - A„  sin  / (O)cnsS(O)  - 

-4asln#(0)slnS(0)4Aucos/(0)|). 

M*  4 a(A„  sin  5 — A„cos  5)|  =• 

< 

" J I«j  — / 14  sin  / 4 « (A,,  cos  / cos  5 4 
o 

4-*3}Cos/sln5  4AMsin/)||5cos/4 
4«(-A,|  sin /cos  5—  A,,  sin  / slnS4  AMcos  /)]  - 
“M* 4- « (An  slnS  — A„cos5)|  4 
4-^6»»'*,»'n’jrf/4  ,<0)|:-(0)4 

4 « |6j|  Sin 5(0)  - A„ cos  Si0)|| . 


(3.287) 


The  fifth  and  sixth  equations  of  system  (3.286)  may  be  similarly 
altered.  We  note  also  that,  since  equations  (3.268)  are  a special  case 
of  eauations  (3.286),  partial  integration  is  also  possible  in  equations 
(3.268),  as  is  their  representation  in  the  form  of  (3.287). 


Form  (3.287)  of  the  ideal  equations  is  convenient  in  that  the 
groups  of  variables  contained  in  them  may  lie  simply  expressed  in  terms 
of  the  projections  of  the  absolute  angular  velocity  of  the  trihedron 


4 > 

r.r_r-,  on  its  axes. 


12l3 


Indeed,  from  expressions  (3.205),  (3.281),  (3.282)  and  (3.284) 


!>>,,,  = 5 sin  z I «( A„cos/ios5  | 

-p  A„  cow  sin  5 1 A, , sin/), 

-=  / ( n<  -A,n  'In 5 | a,, cm  S). 

m $ ms/  f- 

4 u (A  u cos  / -A,,  sin /cos  5 — A„sln/slnS) 


(3.288) 


Therefore,  substituting  relations  (3.288)  into  the  first  equation 
(3.286)  and  into  both  equations  (3.287),  we  may  represent  them  in  the 
following  form: 
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I 

'“ill  «=  | |<i,  — r»|„U,|,  — /«,,) 

r c 01  / EUd*  I'll;  J ill  + r (0)  u(Jl  (0). 

I 

— '“w  — J |*i—  '<»it)<>>t»  + '“w  4~ 

+ r end1  Ft','|  dt  - r(0)M,  (0). 


(3.289) 


In  doing  this,  clearly,  in  place  of  the  last  three  equations 
(3.286)  we  must  write:  . 

i < 

, « jrdl  + rW. 

I 

I 

c„  I*  ( lllfiail — (A,,cow— Aji sin  tcosS— 

° “ I \ , cow  coi  i 

— 6a  tin  / III!  S)  J dt  + S 10). 

f„J(iz^inL  + 

-f  «( -6itilnS  + 6j,coi  S)}d(  + *(<>)• 


(3.290) 


Equations  (3.289)  and  (3.290)  are  easily  compared  with  equations 
(3.82),  obtained  in  §3.1  for  the  case  of  Cartesian  coordinates, 
with  a moving  trihedron  on  a sphere  surrounding  the  earth  taken  as 
the  trihedron  Oxvz.  It  is  necessary  only  to  note  that  for  the  soherical 
coordinates  r,  S and  z the  following  relations  obtain: 

vltl=*r,  r(„  = n.>i„.  I'm  =»  - Kii|;|. 

(3.291) 

with  the  x,  v,  z axes  coinciding  with  the  directions  of  the  vectors 
ir^,  r3  and  r ^ respectively. 

In  equations  (3.289),  as  in  (3.82),  the  first  integration  gives 
the  projections  of  the  absolute  angular  velocity  of  the  moving 
trihedron  on  its  axes.  From  this  point  on,  however,  the  solutions 
dialer.  In  equations  (3.82)  the  second  integration  is  performed 
ilong  the  axes  of  the  moving  trihedron  Oxyz  and  the  Cartesian  coordinates 
x = y = 0 and  z = r are  found  the  moving  coordinate  system  O^xyz. 

Then  the  projections  of  the  absolute  angular  velocity  on  the  axes  of 
the  moving  trihedron  are  used  to  find  the  direction  cosines  of  the 
x,  y,  z axes  in  relation  to  the  C*,  8*,  (C1,  £J»  axes  and  the 
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conversion  from  the  Cartesian  coordinates  x,  y,  z to  the  n*»  C* 
coordinates  or  the  n»  r,  ( n 1 # n? , n3)  coordinates  is  effected. 


When  equations  (3.279)  and  (3.290)  are  used,  the  projections  of 

the  absolute  angular  velocity  of  the  moving  trihedron  r^r2r3 

are  expressed  using  equalities  (3.288)  in  terms  of  the  time-derivatives 

• • 

of  the  curvilinear  coordinates  S and  z.  The  coordinates  themselves 
are  then  found  by  integration. 

We  note  further  that  comparison  of  equations  (3.82)  with  equations 
(3.289)  and  (3.290)  shows  also  that  in  the  determination  of  coordinates 
S and  z the  first  inteoration  may  be  performed  not  only  along  the 
directions  of  r2  and  r^,  but  also  along  the  directions  r 2 and  r 3, 
rotated  relative  to  i?2  and  '£3  through  an  angle  <Mt)  in  a plane  normal 
to  t,  i.e.,  tangential  to  the  sphere  of  radius  r concentric  with  the 


r,  r.  i 

rt— 

(3.292) 

then  the  corresponding  ideal  equations  may  be  written  in  the  following 
form: 


' ■=■  J 1",  4 t | 4 | | ciJ'i1  Vi|J)  ill  4 r (0). 

0 

I 

0 

-}•  Ir  cos  .•  Kra<l  V'i')  cns  i|-  { 

4 (f  fcljd'  I'll,’)  sin  |i»  4-  r (0)w',,(0). 

I 

J|»;— » >"{.■>  - 

ii 

— (r  ms  l niail*  ) slii  •;  i 

4 (f,:ijii'V,.|,jo.9,||.«  , (3.293) 


1. 

‘'V  i W,J, l*  ' t '""I  - 


-c,  1 • 

wiii 


(3.294) 
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Equations  (3.290)  may  now  be  used  to  find  S and  z. 


It  is  evident  that  t>(t)  is  arbitrary.  Specifically,  it  is  possible 
to  calculate,  in  analogy  with  condition  (3.81),  to  select  iji(t)  such 
t it  it  satisfies  the  condition 


=o 


(3.295) 


Let  us  now  turn  to  equations  (3.211).  In  accordance  with  relations 
.281),  (3.282),  (3.284)  and  (3.285),  they  reduce  to  the  form 

I 

Hj  os  — | | - t^Vms z |3 ms .•  h «(  -t<M  slnrcosS  -f 
o 

-f-A^cos/  — 6jj  siii  t siiiS)]  — 

— -t-  "(A,i  s*n  s — 

Kf’cosf  — MJ'Ij))  + ’ll  <n'  | 

I I I 

T|J--||n;(7-i'S  *)  + 77577 105  f + 

+ u(-ftjlsliucosJS-*„siiu  slnS  -f  6acos»)|  + 

s 

’ 5sinf  — u(AJ1slni-(  6J}cos * slnS  -f 

+ t3l  cos  * cos  S)|  t-  —■  (nX  - 'Ij '!]) } rfH-  nj  (0). 

■(-114  •f  locust  «is/  cositosSq- 

0 , 

-|-  6j,  ids  i sin  S + 6„  sliu )|  -)  ~ |i  + «(ki|SlnS  — 

-6j,cosS)|  + bcos*(ii}i|5  - 'l?'ll)!<«  l *1?(°) 


(3.296) 


It  is  not  difficult  to  demonstrate  that  for  constant  u equations 

(3.296)  satisfy  the  following  values  of 


’ll  =(Anl,’s  * -f  6„cos  z slnS  |-h(Jsln  *), 
,|*'=S  7cos7(~  *HSil,S 

,,i£’7(— ^n'hucos.V— A^shusluX  | 6„cusj). 
(US  I CHS  .V  I bn cos  t sill  S t6;)shu). 

n’  = 7iuT7  ( - *«  sl"  -v + c"'  sy 

n)  — y (— ^sin  J cos5— A/;siii  2), 

Hi  = (A.i  cos  * Co<i  ^ ^xi tos  * s*n  A*  4 ftj.,  sin  /). 

’fi “ 77oT7  ( ~ ,lM  i VosS)- 
=*  i (— ftjjJlnicosS— AjjSliu  slnS-f  6ucos 


(3.297) 
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In  equalities  (3.297)  the  direction  cosines 


are  determined 


by  table  (3.273)  and  relations  (3.274)  or  (3.277). 


As  in  the  preceding  cases,  the  reduced  values  of  may  be  obtained 
not  from  equations  (3.296),  but  from  equalities  (3.258).  They  may 
also  ho  obtained  by  computing  the  direction  cosines  between  the  vectors 
, rj , r^  and  n^,  r\^,  n3  and  then  dividing  them  by  the  corresponding 
Lame  coefficients.  This  is  evident  from  the  second  group  of  equations 
(3.184),  if  we  rewrite  them  in  the  form 


v h,\'h,  i*'r 


The  terms  in  parentheses  on  the  right  sides  of  equalities  (3.297) 


are  the  direction  cosines  between  r^,  r2,  r3  and  , n2»  n3 , and  the 


factors  in  front  of  the  parentheses  are  the  reciprocals  of  the  Lane 
coefficients. 


From  equations  (3.212) 


Taking  into  account  relations  (3.297),  we  obtain: 


(3.298) 


||'  = uu  Z co.S  -j-  6,,cow  sin  5 h i\j5ln  r). 

(A„  cos : cos S 4-  A„cos Mu  S (•  A,, sin  .•), 
>l’  =»  r (ft,,  ti.s  ! cos  S + Aj_.  vos  z sin  S (-  6j,  sin  ••) 


(3.299) 


The  direction  cosines  between  the  axes  and  the  newtonomoter  axes 
es  are  found  from  formulas  (3.213). 


table: 


Let  us  denote  those  direction  cosines  by  Let  them  form  the 


L 

l, 

h 

Vn 

V„ 

Vn 

hi 

V„ 

v,i 

«■) 

Vj, 

Vj, 

Vn 

(3.300) 
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Using  expressions  (3.281)  for  the  Lame  coefficients  and  (3.283) 
for  the  partial  derivatives  of  the  C coordinates  relative  to  »s  from 
relations  (3.213)  we  obtain  the  following  exnressions  for  the  elements 
of  table  (3. 300) s 


Yii  = (A„  cos  z cos  S 4 A„  cos  z sin  S 4 A,j  sin  z)  cos  af  — 

— (&,,  cos  z cos  5 -f-  ft,,  cos  * tin  S A„  sin  z) sin  ul, 
Yu  “(An  cos z cos S 4 A„cos  z slnS  -+  • sin  z)slna/  4 

4 (6,,  coj  z cos  S 4 A,, cos  / sin S 4 A„ sin z) cos  ut, 
Yu  •=*  cos  z cos  S 4 Ajjcos  / sin  S 4 *j|Slnz. 

Yji  ■=■(— A|,  slnS  4 A,, cos  5) cos  at—  (A,,  slnS4AncosS)slnaf, 

Yn  “ (— An  sin  5 4 A|j  ^ os  5)  sin  at  4 . 

+(—  6ji  slnS  4 A^cosSjcos  ut, 

Yn  ■=•  — Aji  sin  S 4 A„  cos  S, 

Ysi  “(  — A,,  sin  / cos  5 — A„sln  zslnS4  A„cos  zjcosaf  — 

— (—  A,,  sin  / cos  S — Aj, sin  / slnS4  A„ cos/) sin  at. 
Y»  “(~  A|i  sin  / cos  S — A,,  sin  z slnS  4 Atjcos  /)  sin  ut  4 

4(— Aj|  sln/cosS  — 5j,sln/  sin  5 4 A^  cos  /)  cos  at. 
Yu1**  — Aj, sin /cos  S — A,,sln  / slnS  — Ancos /. 


It  is  useful  to  note  that  the  direction  cosines  <5^  may  be 
obtained  from  the  expressions  in  parentheses  on  the  right  sides  of 
relations  (3.297).  To  do  this  it  is  necessary  to  substitute  + ut 
and  X2  +■  ut  in  place  of  X^  and  X2  in  formulas  (3.274)  defining  , 

and  then  to  substitute  these  new  values  of  6 T ^ into  relations  (3.297). 


The  projections  of  the  absolute  angular  velocity  of  the  trihedron 
r i r 2 r 3 on  the  directions  of  the  vectors  forminq  this  trihedron  were 
obtained  above.  These  projections  are  defined  by  equalities  (3.288). 
It  follows  from  these  equalities  and  from  formulas  (3.209)  that 


Al],  //  (Scos  / 4 a ( — A,,  sin  / cos  S — 

— A,,  iln  zsliiS4Aucojz)|t 
All,  =*  //  |z  — a ( - A„  sin  S 4 A„  cos  S)|, 

All,  =.  //|S' sin / 4 “(An  cos  / cosS  4 I 

4 A„cos /SI11S4 AsjSln/JI,  1 


(3.301) 


'"bus,  the  operational  algorithm  of  an  inertial  system  determin- 
i n<j  goofo tic  coordinates,  when  the  basis  of  its  functional  diaqram  is  a 
free  gyrostabilized  platform,  includes  formulas  (3.236),  (3.297), 

(3.299)  and  (3.274),  as  well  as  expressions  for  the  direction  cosines 
Yj^.  In  nlaco  of  formulas  (3.286),  formulas  (3.289)  and  (3.290)  or 
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(3.293),  (3.294)  and  (3.290)  may  also  be  used,  and  in  place  of 
equalities  (3.297)  equations  (3.296)  may  be  used. 

If  a maneuverable  gyronlatform  is  taken  as  the  basis  of  the  function- 
al diagram,  the  expressions  for  the  direction  cosines  of  the 
newtonometer  axes  relative  to  the  axes  of  the  stabilized  platform 
should  be  replaced  in  the  operational  algorithm  by  equalities  (3.301), 
in  accordance  with  which  the  moments  controlling  the  nlatform  are 
formed. 


Formulas  (3.286),  (3.289)  and  (3.293)  contain  the  components  of 
the  gradient  of  the  force  function  of  the  earth's  gravitational  field 
along  the  axes  of  the  Oin'n2!!3  coordinate  system  bound  to  the  earth 
These  functions  should  be  given  as  functions  of  the  coordinates  n . 


If  we  assume  that  the  gravitational  field  is  spherical,  then,  as 
is  easily  demonstrated,  equalities  (3.264)  obtain,  and  therefore 
formulas  (3.296)  and  (3.297)  drop  out  of  the  ideal  equations. 


If  we  consider  that  the  vector  gradV  of  the  strength  of  the 
earth's  gravitational  field  lies  in  the  plane  of  the  earth's  meridian, 
then  in  accordance  with  formulas  (3.265) 


KMd1  V - 


Kjcos)..  £r.ni:  l' 


(3.302) 


where  gjj  is  the  projection  of  the  vector  gradV  on  the  plane  of  the 
equator,  and  g^  in  the  projection  of  this  vector  on  the  earth’s  axis 
of  rotation.  The  quantities  gjj  and  g^  arc*  functions  of  9 and  r. 

The  geocentric  coordinates  required  for  the  formation  of  the  right, 
sides  of  (3.302)  --  the  latitude  t and  the  longitude  \ — are  related 
to  the  qeodetic  coordinates  S and  z by  the  equalities: 

rosifcoO.  « A„  cos /im.S  i A,jCos  r sin.?  Ansin  r.| 

Cos<|tns).  s^,ios;i  u\S  | cos  / sin  S + '\i  **l»i*.|  3Q3) 

siicj^A,,  tos/tos5  4 A^cus  2 ^n*  S A^sin  •*.* 
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The  components  grad  V of  the  gradient  of  the  earth's  gravitational 
field  enter  into  the  integrands  of  formulas  (3.286),  (3.289)  and 
(3.293)  in  the  form  of  the  sums 


pad'  V'nJ.  rcot /cml' VijJ. 
/pad'  Vi)’. 


(3.304) 


where  the  components  grad  V are  defined  by  equalities  (3.302),  and 
riy  by  equalities  (3.  297) 

Equalities  (3.302)  contain  the  geographical  longitude  X.  At  the 
same  time  we  may  assume  in  accordance  with  sums  (3.304)  that  they 
may  be  written  in  a form  such  that  the  lonaitude  X does  not  appear 
in  them.  In  order  to  find  this  form,  we  introduce  g1  and  g3,  which 
were  defined  in  accordance  with  equalities  (3.266)  as  the  projections 
of  the  strength  vector  of  the  earth's  gravitational  field  on  the 
direction  r and  the  direction  tangent  to  the  geo<  sntric  meridian. 

From  equalities  (3.266) 


fJ  = E'coi<p  — E'slnif. 
g*  c g'sinf~  {’cos  f. 


(3.305) 


Let  us  subti*-ute  these  values  into  equalities  (3.302),  and  then, 
along  with  relations  (3.297),  into  the  sums  (3.304).  Then,  after 
obvious  simplifications  using  equalities  (3.303)  and  the  orthogonality 
of  table  (3.273),  we  arrive  at  the  formulas: 

pad'  v'nJ  = E'. 

f cos  i pad'  I'||;  = — ( - ft,,  sin  S -f  ft,,  cos  S), 

t pad' I'n’ = (i£~(  - ft,,  sin  * cos  5 — 

— ft,, sin  : sin  5 + ftucos  a). 


(3.306) 


as  required. 


As  is  evident,  in  formulas  (3.306)  the  quantities 


*ii sin S -|  AjjCos.V), 


— (—  6,1  sin  / cos  S — ftj,sln  t sin  5 A„cns/) 
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arc;  simply  the  cosines  of  the  angles  between  r ^ = r<,  and 

and  the  bearing  to  the  north  at  the  current  location  of  the  object. 


Comparing  all  of  the  above  alternatives  for  representing  the  ideal 

c lations  of  an  inertial  system  determining  the  geodetic  coordinates 

r z and  S,  wo  may  conclude  that  the  simplest  and  most  convenient  for 

t • case  of  a maneuverable  gyroplatform  as  the  basis  of  the  system  will 

l the  set  of  equations  (3.289),  (3.290),  (?.306)  and  (3.209),  to 

» ch  the  third  equation  (3.303)  and  the  first  equation  (3.288)  must 

i added.  Let  us  write  out  these  equations  here.  Thus,  assuming 

t it  the  x,  y,  z axes  of  the  maneuverable  platform  coincide  with  the 

d sections  of  the  vectors  ?2,  r^,  r^,  respectively,  we  alter  in  an 

- jropriate  manner  the  indexation  of  the  quantities  entering  into  the 

ci  lations  and,  in  addition,  we  introduce  v and  v into  the  formulas 

x y 

n accordance  with  the  equalities  vx  = ui^r,  and  vy  = -w^r.  As  a 
result  we  obtain: 

I 

|n,  ( v,i»,  — v,M,  + g'(r.  <f)| */  + '«>). 

o ! 

I 

0 

_ ( . _ ft.,  sin  s -i  ftjacos  S)}  at  + V,  (0). 

co'V  J 

. l 

| [«,  — V,M,  + «■>,  + 

4.  A,.  sin*  cos  5 - 633  sin  : sin  5 {- 

' cosv 

4-  6^ cos  Z) 

f . Vf  v* 

r~  j r rff  + r<0).  y-.  wjr 2=8  T * 

0 

i 

5 ~ J - Wb  |fl“tos  1 ~ ‘,n  *’ cosS  ~ 

0 i 

— AMsln*  s»n5)j<//  -f  5(0). 

1 

/its  J «(—  ftj,sln5  ( A„tos5)|i//-f*(0), 

o 

sin  ^ ra  A,,  cos  z cos  5 f cos  z sin  S -f  sin  z, 

----  u, |y  z -f  ~~  (A Jt  cos 5 -f  sin  5). 


(3.308) 


If  the  basis  of  the  system  is  not  a maneuverable  gyrostabilized 
platform  but  a free  platform,  the  last  three  equations  (3.308)  are 
replaced  by  the  table  of  direction  cosines  (3.300). 

Equations  (3.308)  for  the  geodetic  coordinates  r,  S,  and  z 
include  as  special  cases  the  equations  for  the  geocentric  coordinates 
r,  X,  and  y and  the  coordinates  r,  X^,and  4>  examined  above.  In  order 
to  convert  from  the  geodetic  coordinates  r,  S and  z to  the  geocentric 

coordinates  r,  X,  and  't , it  is  sufficient  to  require  that  the  trihedra 
n‘n2n5  and  C1C203  coincide.  This  is  the  case  if,  of  all  of  the  direction 
cosines  6^^  of  table  (3.273),  only 

Anr“*u=,®u=*  i. 

are  non-zero.  To  obtain  the  ideal  equations  in  the  coordinates  r,  X^ 
and  v,  it  is  necessary  in  addition  to  set  u = 0. 

To  the  above  ideal  equations  of  inertial  systems  determining  the 
coordinates  r,  X^,  9;  r,  X,  Q;and  r,  S,  z,  it  is  necessary  to  add 
further  the  table  (3.6C'i)  of  the  direction  cosines  between  the  X,  Y, 

Z axes  attached  to  the  object  and  the  x,  y,  z axes  of  the  gyrostabilized 
platform.  This  table  enables  us  to  find  the  parameters  characterizing 
the  orientation  of  the  object  in  space  from  the  measured  values  of  the 
rotation  angles  a,  8,  and  y of  the  gimfcal  ring  of  the  gyrostabilized 
platform  (or  the  platform  of  the  gauge  of  absolute  angular  velocity) . 

This  aspect  of  the  problem  does  not  differ  in  any  way  from  the  analogous 
problem  for  the  case  of  Cartesian  coordinates  considered  in  S3.1. 

3.3.5.  Geographical  coordinates.  Let  us  now  consider  an  example 
of  a non-soherica 1 orthogonal  reference  qrid,  in  the  form  of 
geograuhicirl  coordinates:  latitude  y',  lonqitude  X,  and  height  h over 
the  surface  of  the  ocean. 

Wo  will  consider  the  surface  of  the  ocean  to  be  an  ellipsoid  of 
revolution.  This  ellipsoid  is  usually  termed  a Clairaut  ellipsoid. 

The  minor  semiaxis  of  the  ellipsoid  is  its  axis  of  symmetry  and  coincides 
with  the  earth's  axis  of  rotation. 


. ■.  n~  . . I HI  .1  , I I I !■  I .11  1 ■ — 
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The  geographical  latitude  f ' will  be  defined,  as  usual,  as  the 
a'.glc  between  the  plane  of  the  earth's  equator  and  the  external  normal 
to  the  Clairaut  ellipsoid. 


To  apply  the  general  formulas  of  the  preceding  section,  we  will, 
. before,  stipulate  the  equalities 


= *’=i' 


(3.309) 


Since  the  n1*  n2*  n3  axes  are  rigidly  bound  to  the  earth  and 
'-an3  axis  is  directed  along  the  earth's  axis  of  rotation,  according 
t.  (2.7)  and  (2.8)  we  have: 


*i'  = 
*i’*= 


ITr 


I T^Tm’T’ 

’ «jl  - «’) 

, rr^«,Mu,Ti 


4 A J COSI|-'  COS 

• 4 a|  ■ i>% »,-'sln X. 
- 4-  a)  sin<|\ 


(3.310) 


where  a is  the  minor  semiaxis,  e is  the  eccentricity  of  the  Clairaut 
ellipsoid,  and  n1,  n?,  n3  are  the  projections  of  the  radius  vector  r 
of  the  point  0 at  which  the  sensing  masses  of  the  newtonometers  are 
located  on  the  n'»  n2,  n3  axes.  The  projections  of  the  vector  r on 
the  f, 1 , F,2 , f,3  axes  of  the  main  Cartesian  system  are  related,  according 
to  relations  (3.231),  to  the  n1,  n2c  n3  coordinates  by  the  equalities 


l1  e=t|'  COS  11/  — tf  Slit  W/, 
l7  = i|'  sin  at  -i-  ,,'coi  lit, 


(3.311) 


From  expressions  (3.310)  and  (3.311) 


•^-  = cos«|'cos).,  ^ = cos«|>'sln>..  ~£slii^', 

^ ■ — (j7fT-#W  + *) C05  * ' 4!" 

4r  ™ ( Tr^smiF  ■*  *) 105  *' c<”  '•  ^ 

l(~.  ^ yT  + X) s,n  V cos 

lln.,yr  + *|  sl"i! 

S-S- 


(3.312) 
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The  Jacobian  determinant  is 

y=[-  *(1  — + a] / p a) .os 

and  the  reference  end  is  degenerate  on  the  n5  axis,  where  9’  = ±ir/2. 


The  components  agg  of  the  metric  tensor  A of  the  space  defined 
by  the  coordinates  h,X  and  <?  are  calculated  according  to  (3.312)  as 
follows : 

w 

0 


1,1  “ q-  a» = [rHHiov + *Jc“Y- 


/ 


(3.313) 


From  (3.313)  and  (3.174)  we  obtain  the  Lame  coefficients: 

*»  •"  (rr^?siF  + *) co*  ^ 

.*’> , h a.  1 £ 


314) 


We  may  now  find  the  non-zero  Christoffel  symbols  from  formulas 

(3.175):  ,,  1 / a . . \ , . 

r„. , - 1 » - - I ")™  9. 

rui-ri— — 

r„.  i=r„.  }=*/-  m)>™v. 

1 *)  • 

x(7i^k=v  1 *)“"  *'«***’• 

r,5  = I’m  = - (yYzkv'V  f ")  x 

x|a  t — — y ~V~.Ti7 1 ’S  9*. 

| (I  r*  stn*  v ) • | 

r -r  — /»d  -<?»  . < 

r^”r,!”|a  vL,‘\V;  1 "1  ’• 

p”-  ’ *”  ( i'T-  ^ so.' 1 r * *)>: 

X [ '4=.;'.-.;  4 a]sIiII|'ioSi('. 

I (I  #’  sin’s  I ) 

-I  *1  “ X 

1(1-#’  sill’  1 ' ) 

r (I  — t*)  sin  (f ' coif'  f <i(l— r’) 

I II  % ts  ■■  * 1 ■■■'  — • 1 , 1 — 

(I  -#»»!«’  *')' 

,.3_f  0 (I  -#')  , J 1 /'Toll 

*"-hrr?=vF  + *]  or 


[ a - ,’si„<v')'"  ^ *!■ 


<•*)  »ln  <y*  foi  y 


(3.315) 
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Finally,  using  formulas  (3.232),  (3.177)  and  (3.178)  we  find  the 
symbols  rQ0  g,  r qq , r and  rQ®.  The  following  of  them  are  non-zero: 

tV.~ri.~- «’  + »)  *«•*  *. 

r^,=“’(7f^W+*)x 

X (*  + Fl^hiS»T5r>*l',T'co*  q '. 

rm. . — rM. , - . (yj^kvy  + *) cos’ 9,1 

fa.  1 — - T.X  , ~ | pf_- ■*  j-y  + *)x 

xlA  + ^l!t^V.]isl"^co,,y'- 
+ *)■’. 

\ r l-rnflf  / 

rj„t-,||-.,,Lr  tof'x 

*(A  + 1 T^Wv)^'^'- 

r“--“(?Tr?W  M)"X 

X[o^5^+A]'^' 

(3.316) 


It  is  evident  that,  if  in  expressions  (3.314),  (3.315)  and  (3.316) 
we  set 

« ct  0.  if'  — <p.  <>+*“'■• 

they  will  coincide  with  expressions  (3.251),  (3.252)  and  (3.267). 


Equations  (3.210)  — (3.213)  contain  the  Lame  coefficients,  the 
Christof fel  symbols  and  the  symbols  rQg  and  rQ^.  All  of  these  have  been 
found.  Substituting  their  expressions  (3.314),  (3.315)  and  (3.316) 
into  the  first  three  equations  (3.230)  we  arrive  at  the  following 
relations : 


4 / - ==■  I *1  (i  I 4- 

4-  grail'  I'll]  J dl  4-A(0), 


<3.  317) 
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I , ,*  + tos  f' 

Ur-^v  T l 

i 

“ J |oj -* (l + »«)«!?' + 

+ f — + *]  *'  <*•  + 2«),ln»'  + 

T l (I  — #,»mvr*  J 

•f  A,er»d' Vni  j dl  -f 

+|7WWr»T  + *,",]‘'0’,“,,0>' 

X(i-+-«),itii9'cos9'-t-Ai(jiid,l,ii}  1^  + 

» ' 

j. f *(l~f*>.  — + A (0)1 9' (0) 

(|l—  » (0)1  '*  I 


(3.317) 


The  Christoffel  symbol  does  not  enter  into  the  third  relation 
(3.317),  since  in  equations  (3.210)  the  summation  is  carried  out  only  over 
all  k different  from  s. 

To  find  for  the  case  under  consideration,  there  is  no  need  to 
use  equations  (3.211),  since  from  the  relation 

and  from  relations  (3.314)  it  directly  follows  that 


, Ovf  . i 

n!  e* — — i n’e*— i ’I?  *=*  rr  ~r • 

' os  ' h)  M 


(3.318) 


We  will  consider  that  the  vector 

p t—  erad  V 

(3.319) 

of  the  strength  of  the  earth's  gravitational  field  lies  in  the  plane 
of  the  meridian.  Then  in  the  second  equation  (3.317)  the  sum 


A, pud'  I'n;  — ~ Riatl’  V — 0. 


(3.320) 


since  this  sum  is  the  projection  of  the  vector  g on  the  direction  r£, 
normal  to  the  plane  of  the  meridian. 
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From  the  condition  that  the  vector  g lie  in  the  plane  of  the 
meridian,  the  following  relations  likewise  follows 


fiid1  V = gjcoi  X,  gud»V  = jfjsln*.  gtA<PV  = £j. 

where  g|]  and  g!j  are  functions  of  <p 1 and  h. 


(3.321) 


Using  relations  (3.318),  we  find: 

grad' Vi|J=<JJ  cos  ip'  + gj  sin  1>'.  ) 

f (3  322) 

By  analogy  with  relations  (3.266) , we  introduce  the  Drojections 
gQ  and  g^  of  the  vector  g = oradV  on  the  direction  of  the  normal  to 
the  Clairaut  ellipsoid  and  the  direction  of  the  tangent  to  the  geo- 
graphic meridian.  Then,  clearly, 

ifj=**jc°!<p'  + g}slnq>'.  ! 

«!■“-  ffj'lif' i *Jco»9'  I 

(3.323) 

Here  g^  and  g^  are  functions  of  h and  v . According  to  the  definitions 
given  in  §2.2, 

fit*.  »'».  s'0(h.  «>')• 


Since  the  surface  of  the  Clairaut  ellipsoid  is  a reference  surface 
i.e.,  a surface  of  constant  gravitational  force  potential,  in  the 
integrand  of  the  third  equation  (3.317)  the  sum 


0.  q.') 


iiu 1 sln«f* 

\'\  e1  >m*  v' 


(3.324) 


Relations  (3.320),  (3.322),  (3.323)  and  (3.324)  simplify  the 

integrand  of  equations  (3.317).  Taking  into  account  these  simplifica- 
tions and  adding  to  equations  (3.317)  the  formulas  for  h,  A,  and  v’ , 
we  arrive  at  the  following  system  of  equations: 
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A“/("'41(i-^vF+a](,,,)54' 

+ (?T_-7fSTi*Tr  + A)X 

Xtt  + Mj’cocV  + Sjtv'-  *)}*  + *(<>). 

(✓rJ?W'  + *)ilu,,pf,“ 

t 

=»  J { (i,  — A {>.  -f  2ii)cos  i).’ ip’().  4-  2u)  X 

■ *hr^&»+*W)'+ 
+|?mw+*mllw'“'r'm- 

I 

“|(",_^“(7P?sr 1 A)x 

X i(i  4-2u)slmf'cosif'  — A II1  sin  Ip' cos  If.'  -)- 

+ ■(')}<» -f 

4. 1 ?J1— **> — j-  4- A (0)1  if' (0), 

i ii — »*  w»’  »*  <o»r  * j 


w 

A-|  Al«  + A(0). 

x “ J TmT7  (rr-?Jfi»^r  ^ A)  x 

x((7P*sir+*)1'"*']'"+M'" 

1 ‘HI" 1 


(3.325) 

mhe  system  of  equations  (3.325)  constitutes  a portion  of  the  ideal 
equation  of  an  inertial  system  operating  in  a geographic  reference  • 

arid.  This  nortion  of  the  equations  deals  with  the  determination  of 

■ ■ • 

h,  X,  ip,  h,  X and  9 from  the  initial  values  of  these  coordinates  and 
the  readings  of  the  newtonometers  n^,  n.,,  n^.  Ncwtonometer  (its 
axis  of  sensitivity)  is  situated  in  the  direction  of  the  normal  r^  to  the 
reference  ellipsoid,  while  newtonometers  nj  and  n^  arc  situated  in 
a plane  perpendicular  to  r^,  i.e.,  in  a plane  parallel  to  the  plane 
of  the  geograohic  horizon,  the  axis  of  sensitivity  of  ncwtonometer  nj 
coinciding  with  the  direction  r^  lying  in  the  plane  of  the  meridian, 
and  the  axis  of  sensitivity  of  ncwtonometer  n^  coinciding  with  direction 

*►  , -►  * .y 

r 2#  normal  to  this  plane.  The  vectors  ^ and  r^  point,  clearly,  in 
the  direction  of  increasing  X and  <p'. 
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*♦  4 

To  determine  the  direction  cosines  of  the  vectors  r^ , rj  and  r^ 
relative  to  the  C1,  £5,  f,3  axes  of  the  stabilized  platform,  relations 
(3.312)  should  be  used.  From  them  we  immediately  obtain  the  direction 
cosines  between  the  vectors  rg  and  the  n1#  n*»  n3  axes: 

*ii  1/  *i» 

r,  cos  if' cos  ),  cos %' sin  1 sin  f' 

r,  — slnl  cos  1 0 

r,  — sin  v>' cos  1 —sin  if' sink,  cos  if'. 

These  direction  cosines  , together  with  the  direction  cosines 
between  the  nl , n2,  n3  and  £ 1 , £2 , £s  axes  . 

n1  *i*  M1 

l1  cosm<  — sln«/  0 

l’  Sill  'il  cos  ul  0 

v p (I  0 I 

fully  determine  the  position  of  the  vectors  rg  relative  to  the  S1, 

£2  , £3  axes. 

The  rotation  angles  a,  B,  and  y of  the  gimbal  ^rings  of  the  stabilized 
nlatform  enable  us  to  construct  table  (3.66)  of  the  direction  cosines 
bo two on  the  axes  of  the  trihedron  XYZ  bound  to  the  object  and  the 
x,  y,  z (C1,  f.2,  £3)  axes  of  the  stabilized  platform.  Table  (3.66), 
together  with  the  tables  of  the  direction  cosines  between  the  n1,  n2, 

n3  and  £*,  T, 3 axes,  and  between  the  ru , n,  axes  and  vectors 

► ► -►  , , , # 

r2#  r^,  enable  us  to  determine  the  orientation  of  the  object 

relative  to  the  plane  of  the  geographic  horizon  and  the  points  of  the 

compass . 


If  for  the  case  under  consideration  the  functional  diagram  is  a 
maneuverable  gyroplatform,  the  controlling  moments  M^x,  M^y,  and 

are  formed  according  to  formul  as  (3.209)  . The  g uantities  ^(i)  ' ^3(2)  ' 
required  here  are  easily  found  from  expressions  (3.205),  (3.315), 
(3.316)  and  (3.31-1): 

— ().  | a)  >•>*('.  -■  V. 

w,„  = (i  | «> c-os  >|  ' 
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We  note  that  equations  (3.317)  may  also  be  represented  in  a form 
analogous  to  equations  (3.289)  and,  further,  equations  (3.82). 

According  to  the  well-known  Dupin  theorem,  the  surfaces  of 
equal  values  of  the  coordinates  of  a trinle  orthogonal  system  intersect 
along  lines  of  curvature.  We  will  use  r2  and  r^  to  designate  the 
radii  of  curvature  of  the  normal  sections  of  the  surface  h = const 
passing  through  the  vectors  r2  and  r^,  respectively.  It  then  follows 
from  relations  (3.314)  that 


«(!-»*) 


(I  — »ln'* 


-r-  + A. 


(3.327) 


Since  r~  is  the  radius  of  curvature  of  the  parallel  of  the  surface 

z g 

of  rotation  h = const,  according  to  Meusnier's  theorem 


(3.328) 


The  projections  v^j  and  v^j  of  the  absolute  velocity  of  the 
origin  of  trihedron  rj^r-j  may  now  be  expressed  in  terms  of  <.  and 
(0^2)  » respectively  as  follows: 


voifewii),i'  v0)  *=■  — <*>,1/3 


(3.329) 


Before  substituting  these  relations  into  equations  (3.317),  let 
us  transform  the  second  of  these  equations.  We  may  form  the  total 
derivative  from  a portion  of  the  integrand  of  the  second  equation 
(3.317)  as  follows: 


_C05,.Au+[^i_^i+A];f'Us,„T'= 


Mir -1  A)“t05f1 


(3.330) 


Integrating  this  portion,  we  reduce  the  second  equation  (3.317) 
to  the  form: 


Wo  now  substitute  (3.326),  (3.327),  (3.328)  and  (3.329)  in 
•.*>  lation  (3.331)  and  the  first  and  third  equations  (3.317).  Taking 
account  equalities  (3.323)  and  (3.320),  we  obtain: 


9 

I 

Cm—  I In,  -f  »,«,»,(,  — -f-  j| (0). 

0 

I 

«-<»  - / |*J  4 - v„n„  4 dt  4 <°) 


(3.332) 


Thus,  the  ideal  equations  of  an  inertial  system  operating  in 
geographic  coordinates,  when  the  basis  of  the  system  is  a maneuverable 
gyroulatform,  may  be  represented  in  the  following  form: 

I 

J K 4- 4- £{(*.  <r')J*«+A«». 

0 

I I 

c,  — J c<i,  i-  ty.>,  - at  g v,  (0). 

0 

t 

v>  ■=■  / K 4 '«•»,  - V,™,  + «J(*.  <t')\<tt  + V,  (0). 

0 


»'*=-/  <'t  + •['  (0). 

0 


V 

I 

A *=  j A at  f-  A (0). 
0 


r,'=  +*• 
=>  U,  <B  t'. 

All,  — tht„  AtJ,  -j 


__  mi 
(I  — 

All.  =3  //(!>,. 


(3.333) 
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Equations  (3.333)  were  obtained  from  relations  (3.332),  (3.329), 
(3.326)  and  (3.209).  The  x,  y,  z axes  of  the  maneuverable  platform 

4 4 4 

are  superposed  on  the  directions  r2,  r^#  r^,  the  indices  (1),  (2), 

(3)  in  formulas  (3.333)  being  reDlaced  by  x,  y,  z. 

As  for  the  preceding  cases,  if  the  basis  of  the  system  is  not 
an  all-moving  but  a free  gyrostabilized  platform,  the  last  three 
relations  (3.333)  drop  out.  The  appropriate  tables  of  direction 
cosines  should  be  used  in  their  place  to  determine  the  required  orienta- 
tion of  the  newtonometers. 

3.3.6.  An  example  of  non-orthogonal  curvilinear  coordinates. 

In  conclusion  let  us  consider  an  example  of  non-orthogonal  coordinates. 
Let  the  coordinates  defining  the  position  of  the  point  O in  the  basic 
Cartesian  system  be  the  distance  r of  the  point  0 from  the  center  of 
the  earth  and  the  angles  and  ct2  which  form  the  vector  r with  the 
C1  and  5 2 axes  (Fiqure  3.5).  Then 

I'nrcn'o,.  l>-rco»o„  i 

1’“'  / (3.334) 

This  is  a stationary  spherical,  but  not  orthogonal  reference  grid. 


Figure  3 . 5 


From  (3.334)  it  follows  that 


3 V^sin’ci,  — cos7oJ# 

A ?» 

* — r sin  o.,  =*  0, 

1 cK), 

f «li>n,  («n, 

cvfT, 

l0-  *r, 

r «ln  (J,  cos  »i, 
l/Tln7o,  — cos^  * 
r*  >ln  n,  sin  n, 

I'fn* o,  --  cos*oi 


(3.335) 


Tho  reference  grid  degenerates  on  the  O^U,2  plane,  where  J = 


Let  us  assume  that 


x'caf.  «?■«,,  x’ = 0j. 


(3.336) 


The  covariant  components  of  the  metric  tensor  will  then  be: 


0||  «•  l.  rt|j  «;|  * 3 0,  </|  1 KT-  fl,|  esr  b, 

f*  <1(1*  <t,  slH*  il, 

Tln  * 

#*J6in  •>,  cn< <»,  sinn,  rnsn, 

ra  w Sill*  n,  - "lOS*#!,--  * 


(3.337) 


In  order  to  use  formulas  (3.129),  expressing  the  Christoffol 
symbols  of  the  first  kind  in  terms  of  tho  derivatives  of  the  covariant 
components  of  the  metric  tensor,  we  write  out  the  derivatives  8a 
The  following  derivaties  are  non-zero-  — ~ 

dn„  _ «♦«?„  __  7 r sin1",  sln,n> 

"dr~  ~~~dr'  shi*  i»,  — em’o,  * 

da,,  _ __  7r  slnfl,  ros",  slno,ros<y 

~~Jr  sin*  n,  - - c»»sT*»i 

da„  da„ 7'1  Mno,  »ln7  n>tni,n» 

(ilri’o,  - cus^,)*  ’ 


<M, 

#**10  01  to«  o,  (cns*n,  cos’ti,  + 
(sli.’.i, 


(bp  _ «*«*n 


'Jr  * tin  it,  (m1  fl,  'in  o,  c ns  t, 
(Mil*  n*I  coOo,)1  * 
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I*  Mnt,i m «»,  (to** Q|  cus1  n,  -J  <ln*  <i,  *|n*£i) 
**  “ i5ln*b»  — cos****)1 


Taking  into  account  equalities  (3.338),  from  formulas  (3.120) 
we  find  the  non- zero  Christoffel  symbols  of  the  first  kinds 
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(3.339) 

Thus,  to  within  the  constant  factor  1/2,  expression  (3.338) 
contains  all  of  the  Christoffel  symbols  of  the  first  kind  except  the 
symbols  3 and  2'  which,  according  to  relations  (3.338)  and 

( 3 . 339) , ares 


-f-Un’o,  cos’n,). 

I'm  = sin- o,  sln’M 

-4-  sin7  ii,  cos’n,). 


(3.340) 


To  find  the  Christoffel  symbols  of  the  second  kind,  we  must  use 

relations  (3.126),  the  right  sides  of  which  contain,  in  addition  to  the 

Christoffel  symbols  of  the  first  kind,  the  contravariant  components 
1 1 

a of  the  metric  tensor.  To  find  the  latter  we  may  use  the  fact  that 

st 

the  matrix  composed  of  the  contravariant  components  a of  the  metric 
tensor  is  the  inverse  of  the  matrix  of  the  covariant  components  asJc* 

Forming  the  inverse  of  the  matrix  1 1 aski ? we  find: 

a"  - I a7'  = 

II 71  — yjr  Cty!  Ilj  0,. 

p.t 


The  remaining  components  a 


are  equal  to  0. 


(3.341) 


From  equalities  (3.126),  (3.341).  (3.340),  (3.339)  and  (3.338), 


we  now  obtain  explicit  expressions  for  the  non-zero  Christoffel 
symbols  of  the  second  kind  I J?: 


p j / tin*  o(  nin1**, 

n **  iln*o^  — cuPoJ  * 

r*!  ■*  r>i  — r>lnt>ico»°|  »!n  0,  CO >0, 

11*1*0,  - coi}  ot 
p I — tln*o, 

M »ln*0|  — coV*  o,  * 


r,!-r,!-i.  rj. — «»' a,  «■«'<>, 

r *ln  o,  (iin*  0|  — coi1 0|)  * 

ra*  _ coi1**, iino, cot Q| 

§l*iro7^-co*,0|  * 


M tln'oj -”co»*o,  * 

pi  sln'o,  iMff.roio. 
rn=,^"Tin»b— c'oiio,1* 

r,J = I',? = - , 

tlllJ0,  ~ C0»,O|  • 

r 3 — * cot1*!,  C0S,0, 

M 5=3  lino,  (<111*0,  — cni’o,)  ' 


(3.342) 

Since  the  coordinates  r,  o^,  o2  are  stationary, 


(3.343) 

The  reference  grid  under  consideration  is  not  orthogonal. 

Therefore  to  obtain  the  ideal  equations  we  will  use  formulas  (3.172), 
(3.163)  or  (3.164),  as  well  as  the  table  of  direction  cosines  (3.173). 

Substituting  expressions  (3.343),  (3.342)  and  (3.341)  into  relations 
(3.172),  we  find:  , 

I 

[n>  + Wot~-7Z?oSa  +°i  + 

4-2l'l|0,ClR0|l  lR  O,)  f RMdU'l|;]rf(  + qO), 

ro,  - j [n,— 2f  <1,4  >15n^^(“.cos°.'oso>+ 
o^slno,  lino,)1  -(  r find'  V'ltf  ] dt  -)  r (0)  o,  (0). 

I 

.A  — f fit  — 9fo«4 — («vln*i|Stno2*4" 

c 

4 OjCfijo^ojo,)’  + rcN'!'V'n’]rf<  + r (0)<i,(0). 

'•  : . ■ 1 

r = !f  r dt-\-r (0).  o,  =>  J ■'(«,)<(/ 4 I 

« “ 

I 

. -F(ri,Utl  1 «,(0). 


1 


From  formulas  (3.163)  we  obtain: 


«i  f J r ,,l,0i  *lni»,  * 1.  • , 

nl  - - J | I1'? (~  °> 5ln °« sin  - 

u 

— o,coso|cosnJ)4  t|}(— n,slm>,sliio,— o^nsi^cnsii,)]-)- 
» 

’ J | ' f ^ lln1  ii,  — tus^57  x 

X |lj(—  o,  coin,  coso,  — o', COSO, till o}) 4- 
+ t|J(-o,  coin, coso,  — o,  Sill  o,  cos  o,)]-t 

+ i?7  + P^f^To^,lLOSO»coso»(^- 

— ’On;) + ’in  o,  sin  o,  (11,’iij  - n'n]))  [ at  + >ij  (O). 

I 

ns  = _ f Ini"1  | c<i»o,co«n, 

J \ n<  r 1 «ln'o,~  cos'ii,  X 

y 

X (n)(—  o,  col  O,  COS  II,  — 0,C0S  0,  SlnO,)-f 
+ iO(-o,e°lo,  cos  o,—  o,  sin  o,  COSO,)]  + 

+ ^ 7 + Fs,u»Tr--,c;r0;  hs (nX- 1 
— ’lj'l])  + Slno,  slno,(i)-i|]  — t0'i5))]i«+’0(O).  f 


(3.345) 


Equations  (3.345)  are  satisfied  for  constant  u by  the  following 
values  of  n^:  n[ ■=* coso, cos ut  + coso,  sin  «/. 

i|]  =»  — (—  slno,  coso/ -1-  coin,  cos  n, sin  ut). 

rj]  = * (coso,  col  o,  cos  of  — Sill  Oj  sin  of). 

I|]  = — COS  0,  Sill  ut  4-  cos  o,  cos  ut. 
il’  - (slno,  sin  ut  -4  coio,  cos  o,  cos  ut). 

i|]  ™ ( coso,  com, sin i, / — slno, cos  ut). 

i|)  i^=  lysin  ' o,  — tos’o,. 

1)J  l^sin1  ci,  — cus’o,, 

i|]  n - J^sh?  n,  — cos!o,. 


(3.346) 


The  quantities  n,  may  also  be  obtained  from  the  equalities 


’l?  = Vr\ 


(3.347) 
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in  which  are  expressed  in  terms  of  by  means  of  the  formulas 


1|,  COS  lit  IjSllI  lit, 

«h—  -||*lll»f  + ll  «<»#/.  1|,> 


.J 


(3.34B) 


In  order  to  use  equalities  (3.347),  rK  must  be  known.  Since 

r*  =a  r,nJ', 


(3.  349) 

by  taking  into  account  expressions  (3.341)  for  the  contravariant 
components  of  the  metric  tensor,  we  obtain: 

i r'etfi,  r*=»-jr(r}  — r,e#»o,eoi(j,), 


.fS*  ^r( -r,eoio,eeto,  fr,). 


(3.350) 


At  the  same  time,  according  to  relations  (3.334),  (3.335)  and  (3.336), 


r,  -» {|  cos  o,  ■+■  fcj £°s  °» 4- /sln’o,  — cos*  a,, 


r sin  tt,  coso, 


r,— l.rsma.  + l,^—  ^ 
r,  =■  — (,  r sin  a,  + la  . 

Ksin*  o,- cos*  o, 


(3.351) 


Substituting  r^,  r2»  ^3  into  formulas  (3.350)  and  using  equalities 


(3.348)  and  (3.347),  we  obtain  the  same  values  of  as  those  obtained 


using  formulas  (3.346). 


Turning  to  the  second  group  of  equations  (3.163),  we  obtain: 

i|* « Mir. 


or,  considering  formulas  (3.346), 


i|' - - r (cos  I),  CHS  nt  •(-  ins  iij  sin  nt), 
l|?  -=  r (~  cos  (i,  sin  nt  | cos  0,  cos  r.’ 
if*  =s  r J^sln?  (i,  — cos'  ,ij. 


(3.352) 


I 


The  quantities  n',n2  and  n1  are  required  for  the  formation  of 

the  force  function  V of  the  gravitational  field,  which  is  assumed  to 

• 9 s 

be  a function  of  these  coordinates.  Of  course,  the  sums  grad  Vn^ 

may  be  transformed,  as  in  the  preceding  cases,  so  as  to  contain  only 

g[]  and  g^  or  g1  and  g1,  defined  by  equalities  (3.266).  The  latitude 

is  required  for  the  formation  of  gjj  and  gj]  or  g'  and  g}.  It  may  be 

256 


obtained  from  a comparison  of  relations  (3.352)  with  the  equalities 


i 


l|'  — r cos <p cos X.  i|J •—/■cos sin  J.,  tp=*rshif.  (3.353) 

To  complete  the  compilation  of  the  ideal  equations  of  the  system 
in  question,  only  the  direction  cosines  between  the  nowtonometers  axes 
ag  and  the  axes  of  the  stabilized  platform,  i.e.,  the  C1  > S5  axes  ** 
remain  to  be  found. 

From  table  (3.173)  and  expressions  (3.351)  and  (3.341)  we  find 
the  following  direction  cosines: 

t'  V V 

1 1 cos  o(  coso2  Y sl|1?  ni — cos?Oj 

— sln«r,  dg  ot  cos  it,  dgo,  lysin' o,  — cos' it, 
fi  tosa,clga3  — slno,  clgo, l/slnroj  — cos'a,. 

(3.353a) 

53.4.  Ideal  Fnuations  of  Inertial  Systems  Not  Containing  Gyroscopic 

Gauges  of  Absolute  Angular  Velocity  [absolute  angular  rate  meter)10 

3.4.1.  General  considerations.  Until  now  we  have  assumed  that 
the  inertial  systems  which  we  have  been  considering  have  contained 
gyroscoDic  sensing  elements  as  well  as  nowtonometers.  The  gyroscopic 
elements  were  used  to  effect  the  required  orientation  of  the  directions 
of  the  axes  of  sensitivity  of  the  three  newtonometers  in  the  main 
Cartesian  coordinate  system,  i.e.,  basically,  in  some  inertial  reference 
system.  Specifically,  the  gyroscopic  gauge  of  absolute  angular  velocity 
was  used  to  determine  the  projections  of  the  absolute  angular  velocity 
of  the  platform  of  the  gauge  on  its  axes,  which  made  possible  the 
integration  of  the  fundamental  equation  of  inertial  navigation  for  the 
case  in  which  the  axes  of  sensitivity  of  the  newtonomters  are  rigid- 
ly bound  to  the  platform. 

It  wan  also  assumed  that  the  sensing  masses  of  the  three  linear 
nowtonometers  are  always  situated  at  a single  point  on  the  object.  The 
determination  of  the  location  of  this  point  in  the  main  Cartesian 
coordinate  system  was,  therefore,  a problem  which  was  solved  with  the 
aid  of  the  ideal  equations  obtained  in  the  preceding  sections. 
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the  design  of  an  inertial  navigation  system  ^ is  in  principle  possible 
10  dispense  with  gyroscopic  sensing  elements  . In  fact,  let  us  return 
to  the  system  considered  in  §3.1.  This  system  (Figure  3.1)  consists 
of  the  platform  cf  a three-component  gauge  of  absolute  angular  velocity 
to  which  are  attached,  three  newtonometers,  the  sensing  masses  of  which 
ire  situated  in  the  center  of  the  platform  gimbalson  the  object.  In 
•:his  case  the  newtonomter  readings  are  the  projections  of  the  funda- 
nental  equation  of  inertial  navigation  (1.79)  or  (1.88)  on  the  axes 
if  the  Oxyz  coordinate  system. 

The  newtonometer  readings  are  functions  of  the  first  and  second 
lerivatives  of  the  Cartesian  coordinates  x,  y,  z of  the  point  0 in  the 
)^xyz  coordinate  system,  the  projections  and  derivatives  of  the  pro- 
tections of  the  absolute  angular  velocity  w of  the  trihedron  Oxyz  on 
Its  axes,  as  well  as  the  projections  of  the  vector  g of  the  strength 
of  the  earth's  gravitational  field  on  the  x,  y,  z axes.  To  integrate 
the  fundamental  equation  of  inertial  navigation,  i.e,,  to  obtain  the 
ideal  equations  (3.59)  — (3.65)  and  the  formulas  deriving  from  them, 

it  was  assumed  that  the  vector  g is  a known  function  of  the  radius 
*> 

vector  r in  the  earth  body-axis  system.  In  integrating 

the  fundamental  equation  and  in  converting  from  the  coordinates  x,  y, 

z to  the  coordinates  £*,  n*,  £*,  we  use  the  readings  mx,  my,  mz  of  the 

gauge  of  absolute  angular  velocity,  which  are  equal  to  u , u , o>  , 

x y z 

respectively,  for  errorless  operation  of  this  instrumer.t. 

Let  us  now  assume  that,  on  the  platform  or,  equivalently,  in  the 
trihedron  Oxyz,  newtonometers  are  rigidly  attached  not  only  at  the 
noint  0,  but  at  several  other  points  01.  It  is  evident  that  the  newtono- 
meter readings  at  these  points  will  differ  from  the  newtonometer  readings 
at  point  0 even  when  their  axes  of  sensitivity  are  identically  oriented. 


There  are  two  causes  for  differences  in  the  newtonometer  readings  f 

(assuming  that  trihedron  Oxyz  is  rigid)  : non-uniformity  of  the  gravi- 
tational field  and  rotation  of  trihedron- Oxyz  in  inertial  space. 

If  we  consider,  as  previously,  the  gravitational  field  to  be  a known 
function  of  a point  in  space,  then  the  difference  in  the  newtononjeter 
readings  at  points  0*  and  0,  caused  by  non-uniformity  in  the  gravita- 
tional field,  may  be  calculated  as  a function  of  the  coordinates 
determined  by  the  inertial  system.  Thus,  by  comparing  the  newtonometer 
readings  at  the  points  0*  and  0,  it  is  possible  to  obtain  information 
regarding  the  angular  velocity  of  trihedron  Oxyz,  whence  derives  the 
theoretical  possibility  of  dispensing  with  gyroscopic  sensing  elements 
in  the  design  of  inertial  systems. 


3.4.2.  Information  contained  in  the  readings  of  a group  of  mutually 
displaced  newtonometers . Let  us  assume  that  an  inertial  system  contains 
a platform  which  is  either  rigidly  attached  to  the 
object  or  is  gimballed.  As  previously,  let  us  attached  to  this 

platform  a right  orthogonal  trihedron  Oxyz  (Figure  3.6).  We  will  locate 


Figure  3.6 

the  newtonometers  on  the  platform  in  the  following  manner.  We  will 

place  three  newtonometers,  the  readings  of  which  we  designate  as  n£, 

n°,  n°,  at  the  origin  0 of  Oxyz,  directing  their  axes -of  sensitivity 
y z 

(the  unit  vectors  of  which  in  Figure  3.6  are  also  designated  as  n£, 
ny,  n°)  along  the  x,  y,  z axes  in  precisely  the  same  way  as  in  the 

system  (Figure  3.1)  considered  in  §3.1.  Wo  select  in  trihedron  Oxyz 

several  points  01  and  place  at  each  of  these  points  three  newtonometers 

oriented  similarly  to  newtonometers  n°,  n°,  n° . The  newtononoter 

. x y z 

readings  at  the  point  01  will  be  designated  by  n*,  n^,  n*. 


I 

i 


i 


L 
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As  before,  we  will  consider  the  task  of  the  inertial  navigation 
system  to  be  the  determination  of  the  coordinates  of  the  point  0*  at 
which  sensing  masses  of  the  newtonomters  n£,  n^,  n®  are  located. 

■*  < 

Let  be  the  radius  vector  of  the  point  0 relative  to  the  point 

0,  and  let  r be  the  radius  vector  of  the  point  0 relative  to  the  center 

of  the  earth  0^.  The  radius  vector  of  0*  relative  to  point  0^  will 

then  be 


Pi 


(3.354) 


Since  the  position  of  point  01  in  the  Oxyz  coordinate  system  is 
assumed  to  be  constant, 


Pi  Pi.Jf  + P,,y  ■+■  n„f, 


where  pix,  piy,  piz  are  constants. 


In  accordance  with  (1.88), 


(3.355) 


where 


«•  l^t  + ity  -f 


(3.356) 


(3.357) 


■+  > ■>  ^ t 

Let  us  subtract  the  vector  n from  the  vector  n , and  denote  this 

difference  by  n®1.  From  relations  (3.356)  and  (3.354)  we  obtain; 


=,  «<  _ h'  ~ — r(r  -hi,)  -t -e  (*•). 


(3.358) 


Using  relations  (3.3),  we  find  that 

™'.  = «.  I 2w  X 1 « X I>|  + » < <«  X Pi). 

" (3.359) 

where  w is  the  absolute  angular  velocity  of  the  trihedron  Oxyz,  and 
the  dots,  as  before,  designate  the  local  derivatives  of  the  vectors 
in  the  Oxyz  coordinate  system,  or,  equivalently,  in  the  O^xyz  coordinate 
system,  since  these  coordinate  systems  are  identically  oriented. 
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It  follows  from  (3.355)  that 


r,  = i>,  = o. 


(3.360) 

since  in  the  Oxyz  coordinate  system  the  vector  is  constant.  Thus, 


-j,r  — « X l»,  4-  it  X (<■>  x p,). 


(3.361) 


We  introduce  the  notation 


a'^gir)  -*('  fp,> 


(3.362) 


From  expressions  (3.358),  (3.361)  and  (3.362)  we  obtain: 


• W \ I*,  t *•*  *'  (M  \ |«(  I i « 


(3.363) 


Projecting  the  vector  defined  by  equality  (3.363)  on  the  x,  y,  z 

axes,  we  find  the  expressions  for  the  difference  between  the  quantities 

n*,  nw « n*  and  n°,  n°,  n°  measured  by  the  newtonomters : 
x y z x y z 

-'vv*- 

4 w,  (►»,!•„  -i  '■'/.,)  “ l’„  ('■’!  4""«l  4-  “!• 
ny  n'  - o’  «=  lap, , — 4 

4 4- ■•V'i,)  - + t'i)  4- 

--‘v.. ; 

i * (“V..  4 'VV  * 1 /.'  (3.364) 


Equalities  (3.364)  contain  the  newtonometer  readings  no1,  no1,  n^1 

x y 

and  Pix»  Piy»  0iz>  which  are  known  quantities  given  that  the  relative 

locations  of  the  newtonometers  are  known,  the  projections  w , w , w 

x y z 

of  the  absolute  angular  velocity  of  trihedron  Oxyz  on  its  axes,  which 
•are  being  sought,  and  the  quantities  a^,  a*,  a*. 


To  find  wx,  and  u>,£  from  equalities  (3.364),  we  must  first 

either  use  the  latter  equalities  to  find  relations  which  do  not  contain 

a*,  a1,  a*,  or  express  a*,  a1,  a^  in  terms  of  parameters  determined 
x y z x y z 

by  the  inertial  system,  for  example,  in  terms  of  the  coordinates  x,  y, 
z of  the  point  0 in  the  O^xyz  coordinate  system.  The  expression  of 
ax'  ay ' az  *ri  terms  the  coordinates  x,  y,  z gives  rise  to  certain 
difficulties.  These  difficulties  stem  from  the  fact  that  the  earth's 
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I 

gravitational  field  is  determined  in  the  coordinate  system, 

which  is  a rigid  earth  body-axis  system.  In  this  coordinate  system  the 
projections  gr,  g , g of  the  strength  vector  g of  the  gravitational 
field  on  the  coordinate  axes  are  functions  of  the  coordinates  £,  n»  C. 

The  O^xyz  coordinate  system,  however,  rotates  relative  to  the 
coordinate  system.  The  projections  of  the  strength  vector  g of  the 
gravitational  field  at  the  points  0 and  0*  on  the  x,  y,  z axes  will 
be  functions  not  only  of  the  coordinates  x,  y,  z of  these  points  in  the 
O^xyz  coordinate  system,  but  of  the  parameters  defining  the  orientation 
of  the  O^xyz  coordinate  system  relative  to  the  coordinate  system, 

for  example,  the  direction  cosines  between  the  corresponding  axes. 

The  latter  are  defined  in  terms  of  wx,  and  u>z  and 

the  earth  rate  from  relations  (3.61)  and  (3.64)  or 

the  equivalent  relations  (3.31)  — (3.33),  (3.60)  and  (3.41).  To  find 
a*,  a*,  a*,  therefore,  it  is  necessary  to  use  these  relations,  as  well 
as  relations  (3.62)  and  (3.63),  relating  the  coordinates  £*,  n*»  C*  and 
C,  i),  c with  the  coordinates  x,  y,  z. 

As  before,  we  will  use  V to  denote  the  force  function  of  the  earth's 
gravitational  fields 

‘'-‘'(l.  «l.t)  (3.365) 

The  projections  g^,  g^,  g of  the  strength  vector  g of  the 
gravitational  field  on  the  n,  6 axes  will  then  be: 

_ dV  _ iV  dV 

(3.366) 

Substituting  into  the  function  V (£,  n»  O the  expressions  (3.63) 
for  the  coordinates  £,  n,  5 in  terms  of  the  coordinates  x,  y,  z and 
the  direction  cosines  B^j(t),  we  now  obtain: 

y. /./).  (3.367) 

Time  enters  explicitly  into  relations  (3.367)  in  terms  of  (t) . 

I 
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The  function  V(x,  y,  z,  t)  is  the  force  function  of  the  earth's 
gravitational  field  in  the  O^xyz  coordinate  system.  Indeed,  from 
relations  (3.3G7)  and  (3.63)  we  haves 


i.e. 


-37  = -^-(1,,+  j-fv.  -f  -,j  Pi,. 

<L' ’ *v  . , <H'  . , .U'  , 

-3j  = 7.  r,i  -t  J7  r,,  + -jT-  p„. 

*V  _iV  <)V'  ,1)1' 

~S7  *5{'Pii+ 


(3.368) 


g,  = f iPu  I-  r.P.i  4 /nP«. 

g.  = £lPn  t ftPiv 


(3.369) 


Differentiating  equalities  (3.368)  with  respect  to  x,  y and  z, 
we  find: 


t'V  _ d’V  , d’V  , .)'!'  , 

"5?  ?;r  P"  + Pji  + -Tijr  P3,  + 


+ 2 (ttSS  P|,P'1  + P‘,P)I  + VnTi;  Mx)  • 
+ 2 (■Jrsr  Mn  + P«M  • 


t’v  .)<r  , . a*v  . o=i' . 
•air^-gp-nu+^P!,-*  "?;rP''4 

+ * ( ifsr  "i'  iB; (VPu  4 ^rP:P")  • 


(3.370) 


Now,  taking  into  account  the  fact  that  the  O^xyz  and  O^CnC 
coordinate  systems  are  orthogonal,  the  validity  of  the  following 
equality  is  easily  demonstrated: 


d’V  OH'  d=r  tl’V  , o' l o»l' 
"ji**  < ‘ 3pr  op  T op  ' O'!’ 


(3.371) 


But  since  the  function  V(f, , n,  r,)  is  the  gravitational  potential, 

12 

it  satisfied  Laplace's  equation  in  the  coordinate  system. 

Therefore : 


i’v  , ,vv  . o’v  _ 

\f>'  ’ >)/»'  4)7T  ” (3.372) 
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As  a result,  th''  strength  of  the  earth's  gravitational  field  in 
the  O^xyz  coordinate  system  will  be  the  gradient  of  the  function 
V(x,  y,  z,  t)  : 

<'=Kt4d V (x,  y.  /.  I)  (3.373) 

Let  us  return  to  relation  (3.362)  and  find  explicit  expressions 
or  a*,  a*,  and  a*. 

From  relations  (3.362)  and  equalities  (3.373)  and  (3.355),  it 
follows  that 


— -f-p,..  y+p,,.  i f-Pi,.  t) 


Assuming  that  px,  py,  p'z  are  small,  we  obtain', 


(3.374) 


d'V 

ti'p 

rt»r 

Pi,. 

-7171  Pm - 

■ 7T,iy  p"  * 

“ dx  iii 

tW 

P'l' 

d>\' 

dA  Oy  *><  r 

- pFP"  ' 

~ dy  d: 

Pi,. 

d'V 

tVV 

r)»r 

p„ 

tlyti 7^iy 

(3.375) 

In  relations  (3.375)  the  second  derivatives  of  V are  taken  at  the 
point  O,  i.e.,  at  the  point  with  the  coordinates  y,  z.  The  second 
partial  derivatives  of  V with  respect  to  x,  y and  z are  determined  by 
equalities  (3.370).  The  mixed  derivatives  are  found  from  expressions 
(3.368)  and  (3.363).  They  are: 


on’  «>'»•  „ „ . <>>i'  „ , . .in*  „ , 

7TT37  "Si*"  uP«  t 

4 I'P,iPii1  I iPnP.j'f-PjiPijIH 


4 P„M. 


ti’V  «»M'  , f»fl*  , , iV\§ 

Omu  !»{,’  * 111*1  • t I .il*  i i 7/j<  J ul'u ‘I* 

d’y  ,mi* 

+ ^ 7^7£*<PiiPii-hPnPn)  f* 

l‘  ^»i| (i*  iP  iPn  f P*iP;»V 

— M..  I $ PJVf 

*1  Am  l-P..*Pn>  Wi.Pji  H't.-Pn)  f- 

-I  ,"’,^(P..r,.-l  P,.P.i> 


(3.376) 
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Relations  (3.364)  and  (3.375)  define  the  quantities  n* 

j ' 

n'1  for  arbitrary  selection  of  the  point  01 . 


Figure  3.7 

It  is  convenient  to  take  as  the  points  01  the  points  O1  , 0? , and  03, 
situated  on  the  x,  y and  z axes,  respectively,  at  equal  distances 
from  the  origin  0 of  the  Oxyz  coordinate  system  (Figure  3.7);  as  will 
be  seen  below,  this  does  not  cause  the  analysis  to  lose  generality. 


Pi,  “ Pj»  “ Pji  ***  !• 

Pi,  “Pi.  =*P /,=* 

= Pj.  “Pj.  “* 

*=  (>,,=*0. 

(3.377) 


Substituting  equalities  (3.377)  into  (3.375)  and  (3.64),  wo 
' r vo  at  the  following  expressions: 


«“=*/(«, -I  <■',•••,  — TTr  ) • 

flf’1  n /(  - bl  4-  It)  M — **--  1 , 

ni  * \ y ' a # o.i  V*  ) 

I (w, + -^37). 

"”=*'(  vir.-le)' 

t <i-\  %r) 


(3.378) 
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It  can  be  shown  that  equalities  (3.378),  together  with  the  first 
equality  (3.356),  exhaust  the  information  obtainable  from  newtonometers 
rigidly  situated  in  the  Oxyz  coordinate  system  near  its  origin:  they 
exhaust  it  in  the  sense  that  the  mounting  of  extra  newtonomters  in 
addition  to  the  twelve  situated  at  points  0,  01 , 0?,  and  0 \ add  nothing 
to  the  information  already  available  . 


Indeed,  let  an  additional  newtonometer  be  situated  at  some  P with 


coordinates  p , p and  p , and  let  the  direction  of  its  axis  of 

y z 


sensitivity  e form  constant  angles  with  the  x,  y,  z axes,  the  cosines 
of  which  are  Y2  and  Y3*  Then  from  equalities  (3.356) > (3.364) 

and  (3.375)  we  see  that  the  reading  of  newtonometer  np  will  be: 


» "]Y,  4-  «;v2  4-  4 [(up,  - ijpJ  + 

4-  ",  ("V>,  + “A)  - K + °’J)  - 

i'V  d'V  d'V  1 . 

- S7T  P,  - 5T37  P,  - srxr  PiJ  Vi  + 

+ [(«A  - “,P.)  + u,  KP,  + “J>,)  — 

- p,  K + “D — <*'  ~ p>  " 7757  pi]  v,  + 

+ [(“/,  - "a) + (*>A  + - P.  H + “5)  - 

i>V  i>V  d’V  l 

- 3777  P'  “ 7777  P>  - V7f  P*J 


(3.379) 


Grouping  the  terms  on  the  right  side  of  equality  (3.379)  reduces 


it  to  the  form 


'=«;Y|  -MJy,4  njv,  4 


+p,[-(u;  f ) ‘2, ) V,  -I  4 

+ (-<■•,  v>]  4- 

4 P,[(-,;.,4  ;^)v,  f «;  I f 

+ (".,-1  - aj'v ) v,]  l c.  !(<■>,  I v,  4- 

4 ( ~)v,-  (<*i  i i Yjj • 


(3.380) 


Comparing  equality  (3.380)  with  relations  (3.378),  we  see  that 
the  expressions  in  parentheses  on  the  right  side  of  equality  (3.380) 
are  the  right  sides  of  relations  (3.370),  divided  by  l.  Therefore 
equality  (3.380)  may  be  represented  in  the  form: 
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* f *=  "IV|  + "JVj  + (- E/-  «v,  4 «;‘V,  4-  4- 

+ t("?v.  1 «7v,4-«7vJ  + 

I 

+ -i-  «y,  h »;% + «”/va)  (3.381) 

Thus,  the  reading  np  of  the  newtonometer  is  a linear  combination 
of  the  readings  of  the  twelve  newtonomters  n£,  n^,  n®,  nx,  n^,  n£»  n£, 

ny'  nz'  nx'  ny'  nz  s^tuatec^  at  points  O,  01,  02 , and  0J.  This  demon- 
strates that  addition  of  newtonometers  to  those  situated  at  points  0, 
01,  0!  and  0 3 does  not  increase  the  volume  of  information  contained  in 
the  newtonometer  readings.  Of  course,  this  demonstration  is  valid 
only  under  the  assumption  that  i,  px,  py  and  pz  are  sufficiently  small 
such  that,  in  the  Taylor  series  expansion  of  3V/3x,  3V/3y,  3V/3z  in  the 
neighborhood  of  point  0,  only  linear  terms  in  i,  px,  py  and  pz  need 
be  considered. 

3.4.3.  The  ideal  equations  of  an  inertial  system  with  only 
newtonometers  as  its  sensing  elements.  Let  us  consider  the  basic 
alternatives  for  compiling  the  ideal  equations  of  systems  in  which  only 
newtonometers  are  used  as  the  sensing  elements.  To  do  this  we  will 
represent  equalities  (3.378)  in  a somewhat  different  form. 

Forming  the  appropriate  linear  combinations  of  equalities  (3.378), 
we  obtain  the  following  relations: 


— «!'  4-  "7  4-  «2J  4- 

+'(-£+£r  + -£)  = 


■ - 


r — 


: - 2/o>J; 


(3.382) 


-!,  + "7  + 2'^ 37“**W 


«?4  "?+«  -m ? 


tf+*?+s,4w-s*w 


(3.383) 
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(3.384) 


nj1  — 2/u,,  | 

— nj*  + *£*  = 2/oy  I 

«J»_n«=,2/<iJ.  | 

The  nine  equalities  (3.382),  (3.383)  and  (3.384)  are  linearly 
independent  and  therefore  fully  equivalent  to  equalities  (3.378)  Their 
Linear  independence  follows  from  the  fact  that  the  determinant  of  the 


coefficients  for 

-r 

(s  = 

1.  2, 

3) 

is  non-zero: 

1 0 

0 0 

1 0 

0 0—1 

1 0 

0 0 

-1  0 

0 0 1 

-1  0 

0 0 

1 0 

0 0 1 

0 1 

0 1 

0 0 

0 0 0 

A E= 

0 0 

1 0 

0 0 

1 0 0 

= 16 

y-o. 

0 0 

0 0 

o i 

0 1 0 

i 

0 -1 

0 1 

0 0 

0 0 0 

0 0 

1 0 

0 o - 

10  01 

0 0 

0 0 

0 1 

0 1 ol 

(3.385) 

Equalities 

(3.382)  may 

be 

s mnlif ied 

on 

the  basis  of  the 

fact  that 

it  follows  from 

the  Laplace 

equation  (3.372) 

that 

#V  . 

I»»v 

o •J'*' 

Ox*  ’ 

- 7.,r  « 

~*7vr• 

1 < 

IJ’/ 

«£T 

„ ,VV 

dy: 

0-V  . 

tW 

i <>iV 

(3.386) 

Ty* 

"*  o.-’  ~ 

2oP" 

Let  us  substitute  these  values  into  relations  (3.382)  and  complete 
equalities  (3.382),  (3.383)  and  (3.384)  by  adding  to  them  the  equations 
for  n°,  n£,  and  n“  deriving  from  formulas  (3.356),  (3.3)  and  (3.373). 

We  then  obtain  four  groups  of  equations: 


» '".v*  7>r- 

V“  "V* '*  1 «f" 

V,  <w  1 V-  1 ",TT- 


x -•  r,  — 

>■=«•,  u,Jt  )■«,*. 

i **Vr; 


(3.387) 
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_ 2/co*  . - n»  +»?  + "?-  « • 

-2/<oJ~»? 

-«?  + «?  + »££. 

,fcV*.  -*■+«■  + 2/^8 

2/w, 

2/<jf  ■=  — n'1  «*, 

2/»jf=  »;■  - ««. 

The  first  group  of  equations,  i.e.,  equations  (3.387),  are  the 

same  as  equations  (3.59).  They  enable  us  to  use  n“,  n°,  n°,  u>  , uu, 

x y ^ x y 

u to  determine  the  Cartesian  coordinates  x,  y,  z of  the  point  0 if 
the  force  function  V of  the  earth's  gravitational  field,  the  initial 
values  of  the  coordinates  x(0) , y(0) , z ( 0)  and  the  initial  values  of 
their  derivatives  x(0) , y(0) , z(0)  are  known. 

The  second  and  third  groups  of  equations  relate  the  projections 

of  the  absolute  angular  velocity  ux,  w and  uz  to  the  characteristics 

of  the  gravitational  field  and  the  newtonometer  readings.  Equations 

(3.388)  contain,  in  addition  n',  n',  and  n°,  the  readings  n3,  n2,  and 

x y z x y 

n3  of  only  three  newtonometers , while  equations  (3.389)  contain  the 

readings  n1 , n2,  n',  n3,  n2  and  n3  of  six  newtonometers.  Equations 
y x z x z y 

(3.388)  and  (3.389)  are  second  order  algebraic  equations. 

The  expressions  w2,  u2,  and  «2  in  terms  of  n°}  n°J  and  n“3  arid 
x y x y z 

the  second  derivatives  of  the  force  function  V are  evident  from  rela- 
tions (3.388).  In  order  to  find  them,  we  have  only  to  divide  relations 

(3.388)  by  21. 


(3.388) 


(3.389) 


(3.390) 
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It  is 
equalities 


also  easy  to  find  expressions  for  u>x, 
(3.389).  They  have  the  form: 


to’  and  to*  from 


»(■?+"?» 

^K'+^+^S) 


(3.391) 


The  fourth  group  of  equations,  equations  (3.390),  relate  to  , to 

x y 

anc  ioz  to  the  readings  of  six  additional  newtonometers.  These  are 
the  same  six  newtonometers  the  readings  of  which  are  contained  in 
equations  (3.389).  Equations  (3.390),  as  distinct  from  relations 
(3.388)  and  (3.389),  are  differential  equations.  A noteworthy  char- 
acteristic of  equations  (3.390)  is  the  fact  that  they  are  linear  and 
do  not  contain  any  characteristics  of  the  gravitational  field.  It 
follows  from  equations  (3.390)  that; 


<■’,  ■=»  J ("7  - «7) dl + <0)' 

0 

i i 

| (-«;'  + n7)rf/  + <",(0). 

I 

“ v'/  J W - n7) dl + (°) 

a 


(3.392) 


Like  equations  (3.390),  the  systems  of  equations  (3.388)  and 

59)  contain,  if  the  characteristics  of  the  gravitational  field 

:nown,  three  unknowns:  u>x,  to^  and  toz.  However,  only  the  system 

luations  (3.390)  permits  complete  determination  of  to  , to  and 

x y 

■ means  of  formulas  (3.392).  The  quadratic  equations  (3.388) 

t determination  only  of  the  moduli  |tox|,  | to  | , and  |toz|,  but 

imt  permit  determination  of  the  signs  of  these  quantities.  It  is 

v dent  that  knowing  the  signs  of  to  , to  and  to  at  the  initial  moment 

x y z 

of  time  is,  in  general,  insufficient  to  determine  the  signs  of  these 
quantities  subsequently.  Equations  (3.389)  also  reduce  to  quadratic 
equations  and  therefore  do  not  permit  determination  of  the  signs  of 


I 
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v Wy  and  uz>  Indeed,  if  the  signs  of  these  quantities  change, 
the  left  sides  of  equations  (3.389)  do  not  change  sign. 

Thus,  use  of  equations  (3.388)  to  find  w , oi  and  o>  requires  the 

x y z 

simultaneous  use  of  all  three  equations  (3.390)  in  order  to  find  the 
signs  of  the  projections.  But  since  the  signs  may  be  found  using 
equations  (3.390)  only  by  fully  determining  wx,  and  u)z  from  these 
equations,  equations  (3.388)  become  superfluous. 

Consequently,  to  find  wx,  and  l>z  we  may  either  use  the  three 
equations  (3.390),  or  some  combination  of  equations  (3.389)  and 
(3.390).  J From  the  point  of  view  of  simplicity  the  first  approach 
appears  to  be  the  most  appropriate.  The  second  method  has  several 
variants.  Thus,  it  is  possible  to  use  one  of  equations  (3.390)  and 
two  of  equations  (3.389),  for  example,  the  first  equatior  of  (3.390)  and 
the  first  and  second  equations  of  (3.389).  It  is  possible,  on  the  other 
hand,  to  use  two  equations  from  system  (3.390)  and  one  from  (3.389), 
for  example,  the  first  two  equations  (3.390)  and  the  second  or  third 
equation  (3.389).  The  remaining  equations  in  systems  (3.388),  (3.389) 
and  (3.390)  are  superfluous  here  and  may  be  used  only  ns  redundant 
information. 

To  summarize,  let  us  enumerate  the  equations  which  can  constitute 
the  operational  algorithm  of  an  inertial  system  without  gyroscopic 
sensing  elements. 


These  are  primarily  equations  (3.391),  the  integration  of  which 

yields  relations  (3.59).  Included,  further,  are  the  equations  for 

determining  the  projections  u>  , u and  u>_ : either  equations  (3.390) 

x y z 

or,  equivalently,  equations  (3.392),  or  one  of  the  above-mentioned 
combinations  of  equations  in  systems  (3.389)  and  (3.392).  The 
operational  algorithm  will  contain  equations  (3.60),  by  means  of  which 
the  direction  cosines  between  the  C*»  n*,  C*  and  x,  y,  z axes  are 
found,  and  equations  (3.61)  and  (3.64)  for  the  direction  cosines 
uij  between  the  C,  n,  S,  and  x,  y,  z axes,  or  the  equivalent  equations 
(3.31)  — (3.33),  (3.41),  and  (3.60).  Finally,  the  operational 
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algorithm  will  contain  equalities  (3.62),  relating  the  coordinates 
£*,  n*»  and  r,*  to  the  coordinates  x,  y,  z,  equalities  (3.63),  relating 
the  coordinates  £,  g#  C to  the  coordinates  x,  y,  z,  and  also  equality 
(3. 365), by  means  of  which  the  force  function  of  the  earth's  gravita- 
tional field  is  determined  in  the  earth  body-axis  coordinate  sys- 
tem and  the  equalities  (3.368),  together  with  the  required 

relations  from  equalities  (3.370)  and  (3.376),  depending  on  which  of 
the  equations  from  systems  (3.389)  and  (3.392)  are  chosen  to  determine 
the  projections  cjx,  u)y  and  ujz. 

The  combinations  of  relations  enumerated  above  form  closed  systems 
of  equations.  From  them  may  be  found  the  coordinates  x,  y,  z and  the 
velocities  x,  y,  z,  the  coordinates  £*,  g*»  C*  and  £,  g*  and  the 
projections  ux,  wy,  u)2  of  the  absolute  angular  velocity.  Of  course, 

• • • « • • 

the  velocities  £*,  n*#  S*  and  £,  g,  C may  also  be  found  if  necessary. 
These  equations  nay  also  be  used  to  determine  the  direction  cosines 
aij'  a ij  and  ®j.j*  characterizi-n9  the  relative  positions  of  the  Oxyz, 

and  0^£nr,  coordinate  systems.  The  first  of  these  coordin- 
ate systems  is  bound  to  the  platform  on  which  the  newtonometers  are 
mounted,  the  third  is  rigidly  bound  to  the  earth,  and  the  second 
is  formed  by  the  coordinate  axes  of  the  main  Cartesian  coordinate  system. 
If  the  olatiorm  on  which  the  newtonometers  are  mounted 
is  itself  gimballod,  the  rotation  angles  of  the  gimbal  rings 
determine,  in  accordance  with  table  (3.66),  the  orientation  of  the 
OXYZ  coordinate  system  attached  to  the  object  in  relation  to  the  Oxyz 
coordinate  system.  Together  with  the  direction  cosines  a^j,  table 
(3.66)  defines  the  orientation  of  the  object  relative  to  the  main 
Cartesian  coordinate  system,  and  .together  with  * in  relation  to 
the  earth  body-axis  coordinate  system  0^£nC- 

In  constructing  the  operational  algorithm  based  on  the  relations 
enumerated  above,  we  place  no  restrictions  on  the  orientation  of  the 
Oxyz  coordinate  system,  leaving  it  arbitrary.  As  v;as  the  case  with  the 
systems  using  gyroscopic  sensing  elements  analyzed  in  preceding  sections, 
it  is  oossible  to  place  various  requirements  on  the  orientation  of  the 
Oxyz  trihedron.  Thus,  it  is  possible  to  rigidly  attach  Oxyz  to  the 
object.  It  is  possible  to  orient  it  identically  to  or  0^£nc. 
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Finally,  it  is  possible  to  make  its  orientation  a specific  function 
of  time  and  the  coordinates  calculated  by  the  inertial  system. 

Of  special  interest  in  this  regard  is  the  case  in  which  the  gravi- 
metric system  is  used  only  to  orient  the  platform  in  a particular  way 
relative  to  the  gravitational  field,  for  example,  such  that  one  of  its 
axes  always  coincides  during  unperturbed  notion  with  the  direction  of 
the  strength  vector  of  the  gravitational  field.  In  this  case,  since 
the  coordinates  are  not  determined,  wx,«y,and  wz  also  need  not  be 
determined.  They  can  be  eliminated  from  the  equations.  The 

quantity  to  be  determined  will  be  the  parameters  characterizing  the 
deviation  of  the  platform  from  a given  position  in  relation  to  the 
gravitational  field. 

Up  to  this  point  it  has  been  assumed  that  the  gravitational  field 
is  known  but  arbitrary.  It  is  to  be  expected  that,  for  a specific 
form  of  the  gravitational  field,  the  ideal  equations  may  prove  to  be 
simpler  than  those  derived  for  the  general  case.  They  may  also  be 
simpler  if  the  Oxyz  coordinate  system  is  oriented  in  a specific  manner 
in  relation  to  the  gravitational  field. 

If  the  earth's  gravitational  field  is  considered  to  be  spherical, 


(3. 393) 


' *=  V*1 4-*J.  (3.  394) 

and  u is  the  product  of  the  mass  M of  the  earth  and  the  gravitational 
constant. 


Differentiating  equation  (3.393),  we  find: 
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If  the  Oz  axis  of  the  Oxyz  coordinate  system  is  superposed  on  the 
radius  vector  r,  expressions  (3.395)  simplify,  since  in  this  case 


t y ara  0, 


(3.396) 


It  follows  from  equalities  (3.395)  and  (3.396)  that 


in'  dW  0’V  a'V  _ d'V 

t)  i ^ dy  0tdy  fix  fit  dy  di 

dV  it  d’V  d'l'  ,i 

sr°-r>‘  fi\r  = W “ - }‘  • 

VV  2n 
d?  ■=  7-  • 


(3.397) 


Turning  to  equations  (3.387),  (3.388),  (3.389)  and  (3.390),  we 
note  that  for  the  case  of  a spherical  gravitational  field,  its  para- 
meters drop  out  of  the  first  two  equations  (3.387)  and  all  three 
equations  (3.389).  In  this  case,  as  in  systems  (3.390),  only  the 
projections  of  the  absolute  angular  velocity  and  the  newtonometer 
readings  remain  in  system  (3.389).  System  (3.389)  enables  us  to  deter- 
mine <jy,  and  u*  algebraically  using  only  the  newtonometer  readings. 
Corresponding  formulas  are  derived  from  relations  (3.391),  if  the  mixed 
derivatives  of  the  force  function  V are  set  equal  to  0. 

3.4.4.  Using  algebraic  equations  only.  Additional  remarks.  Let 
us  consider  equations  (3.388)  and  (3.389)  for  the  case  of  a spherical 
gravitational  field  in  greater  detail.  We  substitute  into  these  equations 
the  derivatives  (3.395)  of  the  force  function  of  the  earth’s  gravita- 
tional field,  after  first  having  introduced  the  following  designations: 


o,  = vV  K - < - "';')•  « 2i  w - ■?  - <)• 

i 

ji/z 1 c-  A,  x/r^x’.  yl'  my',  t/r  = t’- 


After  substituting  we  arrive  at  the  equations: 


(3.398) 


wj  =*at  — A(l  — 3a'7).  </?  = at— A(l  — 3/*). 

•£=*«,-  A(l  —32'’). 
uyo,  = fl,,  4 3Aa  V.  = o,,  (-  3 Ay  V. 

u,wA  - a„  ( 3A/V. 
a'’  1-/*+ /'*■=!. 

Equations  (3.398)  are  algebraic.  They  contain  seven  unknowns: 
x’ , ’,  z',  ux,  uiy,  uz  and  k,  which  under  certain  conditions  may  be 

dc  ined  from  these  equations.  One  of  these  conditions  is  knowledge 
oi  a sign  of  at  least  one  of  the  projections  ux,  ui^,  u>z  of  the 
absolute  angular  velocity,  and  also  the  sign  of  at  least  one  of  the 
coordinates  x,  y,  z.  This  is  possible  in  certain  cases.  Thus,  if 
the  platform  is  mounted  on  an  artificial  satellite  of  the  earth  and 
the  direction  of  its  z axis  approaches  the  direction  of  r, 
z = r,  and  therefore  z >0.  If,  in  addition,  the  orientation  of  the 
y axis  is  close  to  that  of  the  normal  to  the  orbit  and  the  velocity  of 
the  angular  oscillations  of  the  platform  around  this  axis  is  less  than 
the  angular  velocity  of  the  satellite's  rotation  around  the  earth, 
then  the  sign  of  becomes  known. 

The  first  six  equations  (3.398)  may  be  written  in  the  form  of  the 
tensor  equation 

T"’  — 4-  AT''1  + T"’  =■  0. 

where 
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All  of  these  tensors  are  symmetrical.  Tensors  and  T^2'  are 

dyadic  products  of  the  vectors  u and  r/3k/r  times  themselves . ^ Tensor 
is  unitary.  The  components  of  tensor  are  the  quantities 

measured  by  the  newtonomoters . 


As  a result  of  the  fact  that  tensors  and  are  the  dyadic 

products  o)w  and  rr3k/r  , only  the  first  invariants  of  these  tensors  are 
non-zero.  They  are  obvious: 

= kf  4- «>  -+  = w\  = XA  4-  y'1 4- 

Let  us  examine  the  invariants  of  the  tensor  kT  ^ + T^: 


y(  = a, -f-o,  t-0,  — 3*, 

J,  = — 3*’  + 4-  a,  -f  #,)  — a,a,  — a,o,  — 

— 0 a -4-  4-  o*  4-a>  . 

» ii  T "iji  " “jy‘ 

4-0, 4-  a,)4-*(—  «,a,  — 

— V.  - V* + "l.  + o’.,  + B- ,)  4-  2»„a„a, , - 


(3.400) 


The  invariants  J2,  and  J3  do  not  depend  on  the  orientation  of 
Oxyz.  Let  us  calculate  the  invariants  by  appropriately  selecting  Oxyz. 
Superposing  the  z axis  on  the  direction  of  r,  we  will  have:  x'  = y'  = 0, 
z'  = 1.  Thus  we  obtain: 


(3.401) 


The  relation  J-j  = 0 is  a cubic  equation  in  k.  This  equation  has, 
in  general,  three  distinct  real  roots  (k1<k2<k3) . One  of  these  is  the 
desired  value  kQ.  The  realness  of  the  roots  derives  from  the  fact 
that  the  roots  of  the  equation  are  eigenvalues  of  the  symmetric 
tensor  T^.  Comparing  expressions  (3.400)  for  J^,  J2  and  J^,  it  is 
evident  that 

/ __ 

J "7*  1 Jkl 


3J  3 (k0 ) 

According  to  the  second  equality  (3.401),  — ^ = J?(k0)>0, 

and  therefore  the  desired  quantity  is  the  middle  root  i.e.,  kg  = k2< 


The  equation  = 0 has  a double  root  kg  for  J2  = 0 and  a tride 
root  for  = 0.  In  the  first  case,  in  accordance  with  the  second 
equality  (3.401),  the  vector  o>  of  the  rate  of  rotation  of 
Oxyz  has  the  same  direction  as  the  vector  r. 
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In  the  second  case  w2  = 3k. 


3 *J3 


For  J2  = 0,  depending  on  the  siqn  of  = jY2-  = w2  - 3k,  either 

the  roots  k^  and  k2  or  the  roots  k2  and  k^  will  coincide.  It  is 
evident  that  if  J1>0,  ^ = k2  = kQ;  if  J^<0,  k2  = k3  = kg. 


After  k = kg  is  found  from  the  equation  = 0,  wx,  w^,  ioz,  x' 

y'  and  z'  may  also  be  found.  Relations  (3.400)  and  (3.401),  along 
with  the  equations  obtained  from  the  invariants  of  and 


(2) 

1"  v ' + Tw',  may  be  used  for  this  purpose.  The  following  approach  may 
also  be  used.  Since  k^,  k2  and  k3  are  eigenvalues  of  tensor  T ^ , 
equations  (3.398)  may  be  reduced  to  the  main  axes  of  this  tensor, 
after  which  they  are  easily  solved.15 

It  is  possible,  on  the  other  hand,  to  find  x’ , y’ , z’ , w , w and 

x y 

w2  by  beginning  directly  with  equations  (3.398).  In  this  case  it  is 
convenient  to  perform  the  following  change  of  variables  in  equations 
(3.398)  : 


(3) 


x,  —o,  — x'^5*.  x,  = u,  — / \'  3*. 
Xj  = U,— x' 


y,  r=u,-)-x'l-  3*.  y,  > 
=<’,4-x'J'r3i. 


, 4-  y'  V 3*. 


(3.402) 


As  a result  we  obtain  the  following  equations  in  place  of  the 
first  six  equations  (3.398): 


x,y,  x,y ,r~,ny  — k.  x,y 

>'i*j  4 x,y,  - 2<i , >•.*,+  x,v,  = 2<i„. 
Vjv,  t r,v,  2«i„ 


(3.403) 


Substituting  now  y^,  y2  and  y3  from  the  first  three  equations 
(3.403)  into  the  last  three,  we  obtain  the  quadratic  equations 
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a 


(3.404) 


Since  x^  and  y^  enter  symmetrically  into  equations  (3.403),  equations 
for  yj/yjy  yj/yj  anc*  ^l^y3  coinciding  exactly  with  equations  (3.404)  are 
obtained : 

(fl>  - k)  (tt)1  - 2a».  y,  + - * « 0. 

(«.  “ *)  )’  - 2«„  y + «,-*  = 0 

From  equations  (3.404)  we  obtain: 

77 - 7T=r  k ± V *)(«.-*)]  ■ 

y " TT^T k 1 -K- *)(<>.-*)) • 

T,  " 7TT  K.  * K-J. *)(«,-*) ] ■ 

The  expressions  for  y2/ylf  ^3^2  ant3  Vi/y3  differ  from  the  expres- 
sions for  Xj/x^,  x3/x2  and  x^/x^  only  in  that  the  signs  + appear  in 
the  brackets  in  front  of  the  root  in  place  of  ±.  This  correspondence 
between  the  signs  derives  from  the  last  three  equations  (3.403). 

We  note  that  the  equation  for  k may  be  obtained  from  relations 
(3.406)  by  multiplying  the  left  and  right  sides  of  these  equalities. 

It  can  be  shown  that  this  approach  also  leads  to  the  equation  = 0 
obtained  above. 

Denoting  the  right  sides  of  equalities  (3.406)  by  a2l'  a32  anc* 
a^j*  and  the  riqht  sides  of  the  analogous  equalities  for  y2/y^ * 
y3/y2  and  y^/y^  by  b2^,  and  b^2,  we  obtain  two  systems  of  homo- 
geneous linear  equations: 


(3.405) 


(3.406) 


*»  — = x,-«„jr,  = 0;  | (3.407) 

y,  _ b,x  y,  =0.  y,  — h,y,  =*  0,  y,  - »„>•,  = 0.  ) 
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Solving  them,  we  can  express  x^  and  x2  in  terms  of  x3  and  y^  and 
y2  in  terms  of  y3: 


yi  = »ny>-  y»  = -fr  (3.408) 

To  find  X3  and  y3  we  can  use  the  equations 

*"+/  + *',=  ».  ^ + “»+<4=«,+«,  + a.-  (3.409) 

The  first  of  these  is  obvious,  while  the  second  is  obtained  from 
the  first  equalities  (3.400)  and  (3.401)  or  directly  from  the  first 
three  equations  (3.398)  by  adding  them. 

According  to  equalities  (3.402) 


iz>  • 


T s 


7T'  *“ts r- 


(3.410) 


Substituting  here  x^,  x2  and  y^,  y2  from  relations  (3.408)  and 
introducing  the  resulting  expressions  for  o>x,  io2,  x’  , y'  , and  z' 
into  equalities  (3.409),  we  obtain  the  following  equations  for  x3 
and  y^: 


>*(*?>  4- + |)+jtiK>+ 

— <*..«..+  *u*jiaii°:i  -+->)=  12*0- 

yj(tu+»i/;l  -t  i)  + ■t!(oJ1-f «;,«),  4 

4 friAiBua!i4  !)*■< (0, -f  af-\-a,) 


(3.411) 


Dropping  y3  (or  x3)  from  these  equations,  we  obtain  a biquadratic 
equation  for  x3  (or  y3)  . 

Up  to  this  point  we  have  analyzed  a system  without  gyroscopic 
sensing  elements,  and  which  determined  the  Cartesian  coordinates  C*» 
n*,  C*  or  Ci  n,  C.  The  conversion  to  curvilinear  coordinates  may  be 
effected  in  exactly  the  same  way  as  with  systems  using  gyroscopic 
elements.  We  will  not  consider  this  case  in  detail,  confining  our- 
selves to  the  following  considerations  which  may  prove  useful  in  under- 
standing the  problems  arising  in  converting  to  an  arbitrary  reference 
grid. 
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In  the  general  case  complete  information  is  given,  as  was  shown, 
by  twelve  newtonometers  located  at  four  points  not  lying  in  the  same 
plane.  The  directions  of  the  axes  of  sensitivity  of  the  sets  of  three 
newtonometers  at  each  of  the  four  points  should  be  non-coplaner 
within  each  set.  If  the  tetrahedron  whose  vertices  are  the 
four  points  at  which  the  newtonometers  are  located,  is  rigid,  the 
task  of  the  inertial  system  reduces,  essentially,  to  determination  of 
the  coordinates  of  the  vertices  of  the  tetrahedron.  To  determine  the 
coordinates  of  any  of  the  vertices,  the  three  non-coplaner  newtono- 
meters whose  sensing  masses  are  located  at  this  point  are  sufficient 
(if  the  earth's  gravitational  field  is  known) . It  is  also  necessary 
to  know  at  each  moment  of  time  the  orientation  of  the  directions  of 
the  newtonometer  axes  as  a function  of  the  coordinates  being  determined 
and  of  time.  The  orientation  parameters  of  the  tetrahedron  relative 
to  the  coordinate  system  O^C*^*?*  become  known,  clearly,  as  soon  as 
the  coordinates  of  its  vertices  are  known.  The  orientation  of  the 
newtonometers  in  relation  to  the  tetrahedron,  on  the  other  hand,  should 
be  given  as  a function  of  the  coordinates  determined  by  the  system, 
and  of  time. 

In  conclusion,  lot  us  consider  one  more  problem.  In  compiling 
the  ideal  equations  we  assumed  that  the  earth's  gravitational  field 
was  known.  Under  this  assumption,  it  was  possible,  on  the  basis  of 
relations  (3.368),  (3.370)  and  (3.376)  to  determine  the  first  and 
second  partial  derivatives  of  the  force  function  of  the  gravitational  field 
with  respect  to  coordinates  x,  y and  z which  entered  into  equations 

(3.387) ,  (3.388)  and  (3.389).  At  the  same  time  under  this  assumption 
we  obtained  a superfluous  system  of  equations  for  the  navigation 
parameters  of  interest  to  us,  since  we  had  available  the  nine  equations 

(3.388) ,  ( 3.389)  and  (3.  390)  for  oox,  w and  u>z.  The  question  arises  as 
to  whether  it  is  possible  in  compiling  the  operational  algorithm  of 
an  inertial  system  to  have  preliminary  knowledge  of  only  some  of  the 
characteristics  of  the  gravitational  field,  and  to  determine  the  missing 
ones  from  equations  (3.388),  (3.389)  and  (3.390). 

It  is  evident  that  it  is  impossible  to  fully  determine  the  charact- 
eristics of  the  gravitational  field  from  equations  (3.387),  (3.388), 

(3.389)  and  (3.390).  In  fact,  if  we  assume  that  in  (3.387) 
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«,  = « , = t>,  = 0, 

(3.412) 

then  the  fifteen  equations  listed  above  are  sufficient  to  find  w , to  , 

x y 

wz»  x*  y*  and  z and  the  nine  first  and  second  derivatives  of  V at  point  0 
with  respect  to  coordinates  x,  y and  z.  There  are,  however,  no 
superfluous  equations,  and  if  equality  (3.412)  does  not  obtain,  the 
number  of  unknowns  increases  by  3 (vx,  Vy,and  v2) , and  the  number  of 
equations  becomes  insufficient.  We  note  that  the  introduction  of 
gyroscooic  sensing  elements  in  addition  to  the  newtonometers  leaves 
the  situation  unchanged.  This  is  due  to  the  fact  that  the  system  of 
equations  (3.390)  does  not  contain  the  parameters  of  the  gravitational 
field.  Thus,  if  iox,  and  w2  are  determined  using  the  gyroscopic 
gauges  of  absolute  angular  velocity,  equations  (3.390)  simply  become 
superfluous . 

On  the  other  hand,  equations  (3.388),  (3.389)  and  (3.390)  enable 
us  to  determine  wx,  and  io2  and  the  second  derivatives  of  V as 
functions  of  time,  such  that  if  the  second  derivatives  are  known  as 
functions  of  coordinates  (for  example,  of  £,  n and  O , equations 
(3.388),  (3.389)  and  (3.390),  together  with  equations  (3.61),  (3.62) 
and  (3.64),  also  enable  us  to  find  the  coordinates  x,  y,  z as  functions 
of  time.  In  this  case,  obviously,  equations  (3.387)  may  not  be  used. 

If  equations  (3.387)  are  used,  the  first  derivatives  of  the  force 
function,  which  enter  into  those  equations,  should  be  given  as  functions 
of  the  coordinates,  i.e.,  the  projections  of  the  strength  vector  g 
of  the  earth's  gravitational  field  on  the  axes  of  th.  coordinate  system 
attached  to  the  earth  should  be  known  (as  functions  of  the  coordinates 
C,  n and  5)  . 

In  conclusion  we  note  that,  for  the  practical  realization  of 
systems  which  do  not  contain  gyroscopic  sensinq  elements,  extremely 
accurate  newtonometers,  with  a range  of  measurement  from  g 
to(10”9to  ln_11)g  ere  required. 
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Chapter  4 


THE  DERIVATION  AND  TRANSFORMATION  OF  THE  ERROR  EQUATIONS 
OF  INERTIAL  NAVIGATION  SYSTEMS 

S4.1.  The  Perturbation  Mode  of  Inertial  Systems.  Basic  Instrument  Errors. 

The  equations  describing  the  ideal  functioning  of  inertial  navi- 
gation systems  examined  in  the  preceding  chapter  constitute  algorithms 
on  the  basis  of  which  various  systems  may  be  constructed.  In  order  to 
realize  the  algorithms  it  is  necessary,  clearly,  to  have  available  the 
required  instruments  and  devices.  These  are,  primarily,  inertial 
sensing  elements:  newtonometers  and  gyroscopes.  Further,  computational, 
including  integrating,  devices  will  always  form  a part  of  such  a system. 
In  order  to  effect  time  integration  and  the  synthesis  of  time  functions, 
an  inertial  system  should  include  a timer  from  which  time  signals  are 
fed  to  the  computer;  these  signals  should  mark  absolute  (newtonian) 
time,  which  may  be  assumed  as  corresponding  to  the  astronomical  siderial 
time.  Finally,  the  system  should  include  devices  which  effect  the 
interconnections  between  the  various  elements  and  instruments,  including 
servo  devices  based  on  one  or  another  principle  of  operation. 

The  equations  describing  the  ideal  functioning  of  inertial  systems 
include  the  initial  values  of  the  coordinates  and  their  rates  of  change, 
i.e.,  the  initial  conditions  of  the  motion  of  the  object  in  which  the 
inertial  system  is  placed.  These  initial  conditions  should  be  known. 
Moreover,  the  sensing  elements  of  the  system  should  be  oriented  in  a 
particular  way  at  the  moment  at  which  the  system  begins  to  function. 
Their  initial  orientation  should  correspond  to  the  selected  algorithm 
describing  the  functioning  of  the  system. 

The  ideal  equations  are  sufficient  for  describing  the  functioning  ' 
of  an  inertial  navigation  system  only  when  all  of  its  elements  and 
devices  are  errpr-free  (ideal)  and  when  the  initial  conditions  of  the 
system  correspond  precisely  to  the  initial  conditions  of  the  motion  of 
the  object. 


In  real  systems  these  conditions  are  fulfilled  only  to  a certain 
level  of  approximation.  Therefore,  the  mode  of  functioning  of  an 
inertial  system  differs  from  that  described  by  the  ideal  equations, 
and  the  navigation  parameters  are  imperfectly  determined  by  the  system. 
This  mode  of  functioning,  or,  in  other  words,  the  motion  of  the  inertial 
system,  determined  taking  into  account  errors  in  initial  conditions 
and  instrument  measurements , may  be  termed  the  perturbed  motion  of  a 
navigational  system. 

Since  the  algorithm  characterizing  the  unperturbed  motion  of  the 
system  is  known,  in  dealing  with  perturbed  systems  we  are  primarily 
interested  in  their  deviations  from  unperturbed  motion. 

Equations  defining  the  deviations  of  variables  describing  the 
state  of  an  inertial  navigation  system  from  their  ideal  values  will 
henceforth  be  termed  error  equations.  These  equations  determine  the 
stability  of  the  inertial  system  as  a whole.  They  also  establish 
the  connection  between  errors  associated  with  system  elements  and 
errors  in  the  initial  conditions,  on  the  one  hand,  and  errors  in  the 
systems'  determination  of  the  navigation  parameters,  on  the  other. 

Thus,  the  properties  of  the  error  equations  determine,  in  the  final 
analysis,  the  functional  accuracy  of  the  inertial  system.  Analysis 
of  the  properties  of  the  error  equations  constitutes,  therefore,  one  of 
the  fundamental  goals  of  the  analysis  of  an  inertial  system. 

Analysis  of  the  error  equations  permits  determination  of  the 
requirement^  on  the  system  elements  which  must  be  met  if  the  system 
is  to  achieve  a previously  specified  level  of  accuracy.  Study  of  the 
error  equations  further  permits  systematic  selection  of  the  algorithm 
describing  the  ideal  functioning  of  the  system  (including  the  reference 
grid  in  which  the  position  of  the  object  is  determined) , and  the 
orientation  of  the  sensing  elements.  Finally,  the  error  equations 
permit,  as  we  will  see  below,  rigorous  determination  of  the  acceptability 
of  various  simplifications  of  the  algorithm  determining  the  functioning 
of  an  interial  system.  Moreover,  it  is  only  on  the  basis  of  the 
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properties  of  the  error  equations  that  it  is  possible  to  judge  the 
need  for  corrections  in  an  inertial  system,  as  well  as  the  effective- 
ness of  various  correction  procedures. 

Before  proceeding  to  derive  the  error  equations,  it  is  necessary 
to  examine  in  somewhat  greater  detail  the  basic  sources  of  error  which 
perturb  the  functioning  of  an  inertial  system. 

The  essence  of  the  functioning  of  an  inertial  navigation  system 
consists  in  the  processing  according  to  a specific  algorithm  of  the 
information  contained  in  the  readings  of  inertial  sensing  elements: 
newtonometers  and  gyroscopes.  It  is  to  be  expected  that  the  instrument 
errors  associated  with  newtonometers  and  gyroscopes  are  the  primary 
sources  of  error  in  the  functioning  of  an  inertial  system. 

The  primary  content  of  the  algorithm  determining  the  functioning 
of  an  inertial  system  is  the  integration  of  the  fundamental  equation 
of  inertial  navigation.  This  integration  presupposes  knowledge  of 
the  initial  conditions  of  motion  of  the  object.  Error  in  these  initial 
conditions  also  leads  to  perturbations  in  the  functioning  of  an  inertial 
system.  The  algorithm  selected  to  integrate  the  fundamental  equation 
(different  algorithms  may  be  used  in  different  systems)  presupposes 
a specific  orientation  of  the  sensing  elements  of  the  system,  beginning 
at  the  moment  at  which  the  system  begins  to  function.  This  applies 
equally  to  errors  in  the  specification  (or  the  pre-start  computation) 
of  the  numerical  values  of  the  initial  conditions,  as  well  as  to  errors 
in  the  realizations  of  these  values  in  the  system. 

Further,  the  solution  of  the  fundamental  equation  depends  on 
a priori  knowledge  of  the  gravitational  field  of  the  earth,  i.e.,  the 
magnitude  of  the  gravitational  pull  as  a function  of  position  in  a 
earth  body-axis  coordinate  system.  Solution  of  the  fundamental 
equation  also  presupposes  a given  motion  of  the  earth  around  its  center 
of  gravity.  Errors  in  specification  of  the  gravitational  field 
and  the  earth  rate  give  rise,  clearly,  to  error. 


Finally,  the  instrumentational  realization  of  the  algorithm  for 
integrating  the  fundamental  equation  and  the  appropriate  orientation 
of  the  sensing  elements  gives  rise  in  a real  system  to  error.  This  is 
due  to  the  instrument  error  of  the  timer,  the  computing  and  integrating 
devices,  and  the  servo  and  transform  systems.  Engineering  inaccuracies 
in  the  mechanical  (kinematic)  elements  of  the  system  are  also  of 
relevance  here:  inaccuracies  in  dimensions,  angles  between  datum  planes 

and  alignment  directions,  coaxial  misalignments  between  elements, 
slack,  elastic  deformations,  etc. 

An  inertial  navigation  system  includes,  as  a rule,  a large  number 
of  elements  and  devices.  All  of  these  elements  and  devices  contribute 
their  error  to  the  functioning  of  the  system.  However,  it  would  be 
incorrect  to  attempt  to  reflect  as  large  a number  of  elements  as 
possible  in  the  error  equations.  A more  effective  analysis  of  the 
error  equations  would  result  from  the  reduction,  if  possible,  of  the 
error  contributions  of  all  of  the  elements  to  a few  characteristic  ones 
covering  all  possible  sources  of  error.  In  other  words,  it  is  always 
expedient  to  use  the  smallest  possible  number  of  independent  parameters 
defining  the  state  of  the  system. 

In  an  inertial  navigation  system,  error  in  the  specification  of 
initial  conditions  and  the  instrument  error  of  the  sensing  elements, 
the  newtonometers  and  gyroscopes,  may  be  taken  as  characteristic 
error  sources  of  this  type.  Instrument  error  in  the  inertial  sensing 
elements  will  henceforth  be  termed  basic  instrument  error.  The  instrument 
error  of  all  other  elements  and  devices  in  the  system  can  in  the  over- 
whelming majority  of  instances  be  reduced  to  a few  equivalent  basic 
error  types,  i.e. , error  in  the  sources  of  primary  information.  Error 
in  the  specification  of  the  gravitational  field  and  the  earth 
rate  likewise  reduce  to  equivalent  basic  error. 


The  possibility  of  reducing  the  instrument  error  of  any  element 
or  device  in  an  inertial  system  to  an  equivalent  error  in  the  sensing 
elements  is  not,  generally  speaking,  obvious.  It  will  be  evident  from 
the  following  that  this  possibility  occurs  only  when  all  of  the  elements 
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and  devices  in  the  system  fulfill,  even  though  with  a certain  degree 
of  error,  their  functions,  i.e.,  all  elements  and  devices  transform 
the  information  fed  to  them  in  accordance  with  those  portions  of  the 
ideal  equations  which  they  realize.  This  means  that  at  the  output  of 
any  device  there  is  always,  along  with  an  error  signal,  a basic, 
useful  signal.  Error  in  this  case  may  always  be  represented  as  some 
additive  error  introduced  into  the  output  of  the  device. 

It  is  evident  that  such  types  of  error  in  the  functioning  of  the 
elements  and  devices  of  the  system  are  also  possible  when  the  algorithm 
defining  the  ideal  functioning  of  the  system  (or  of  some  part  of  it) 
breaks  down.  This  occurs,  for  example,  in  zones  of  instrument  dead  time, 
in  air  gaps  and  stagnation  friction  zones.  In  these  zones  the  elements 
in  question  may  not  fulfill  their  function  in  the  system:  the  useful  sig- 
nal may  be  absent  at  their  output  in  spite  of  the  presence  of  an  input 
signal. 


We  will  return  to  this  problem  in  Section  4.6.  In  this  section 
we  will  use  concrete  examples  to  show  how  the  error  of  system  elements 
and  devices  may  be  reduced  to  an  equivalent  basic  error.  In  the 
meantime  we  will  consider  that,  as  a rule,  the  only  instrument  error 
in  an  inertial  system  is  the  instrument  error  of  the  sensing  elements: 
the  nowtonometers , the  geometrical  sum  of  whoso  errors  we  will  designate 
by  the  vector  An,  and  the  gyroscope  for  measuring  absolute  angular 
velocity,  the  vector  sum  of  whose  errors  we  will  designate  as  Am. 


The  physical  sources  of  instrument  error  in  the  sensing  elements 
wore  discussed  in  Chapter  1,  which  included  a derivation  of  the 
equations  describing  their  operation,  and  we  will  not  consider  this 
question  further  here.  We  will  consider  An  and  Am  as  given  functions 
of  time.  They  may  bo  either  determined  or  random.  The  form  of  those 
functions  may  of  course  bo  a function  of  the  pa  imeters  of  motion  of 
the  object  on  which  the  inertial  system  is  mounted,  in  particular 
velocities  and  accelerations  (g-loads) . 

It  has  already  boon  noted  that  the  error  equations  link  error  in 
the  oetormination  of  the  navigation  parameters  with  the  instrument 
error  of  the  elements  of  the  system  and  error  in  the  specification  of 
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the  initial  conditions.  In  developing  the  equations  describing  the 
ideal  operation  of  inertial  navigation  systems  it  is  assumed  that  they 
should  solve  two  fundamental  problems:  first,  to  determine  the 
coordinates  of  a moving  object  and  their  rate  of  change,  and,  second, 
to  guarantee  the  required  orientation  of  the  inertial  sensing  elements 
and  to  define  the  orientation  parameters  of  the  object.  It  is 
accordingly  necessary  to  obtain  equations  defining  both  error  in  the 
determination  of  the  coordinates  of  the  object  and  defining  error  in 
the  parameters  characterizing  the  orientation  of  the  inertial  elements 
and  the  object  in  space.  In  the  general  case  these  two  groups  of 
equations  are  related.  However,  a number  of  considerations  make  it 
expedient  to  begin  by  deriving  the  equations  defining  error  in  the 
specification  of  the  coordinates,  and  this  will  be  the  subject  of  the 
next  three  sections  of  this  chapter. 

§4.2.  Equations  Describing  Error  in  the  Specification  of 


Cartesian  Coordinates 

4.2.1.  The  vector  form  of  the  error  equations.  We  will  derive 
the  equations  describing  error  in  coordinate  specif ication  for  the 
system  examined  in  §3.1. 

Equations  (3.53)  — (3.58)  or  (3.59)  — (3.65)  constitute,  in 
essence,  the  functional  algorithm  of  this  system,  i.e.,  the  equation 
defining  its  ideal  operation.  Equations  (3.53)  — (3.58)  and  (3.59)  — 
(3.65)  are  fully  equivalent  and  differ  only  in  their  forn:  equations 
(3.53)  --  (3.58)  are  a vector  description  of  the  operational  algorithm 
of  the  system,  while  equations  (3.59)  --  (3.65)  are  in  scalar  form. 

Equations  (3.59)  --  (3.65)  based  on  the  newtonometer  readings 
n , n , n and  the  absolute  angular  velocity  readings  m , m , m permit 

a y ^ x y c> 

us  to  obtain  the  Cartesian  coordinates  of  the  object  x,  y,  z in  the 
coordinate  system  O^xyz,  and  also  the  coordinates  f.„,  n*,  in  the 

basic  Cartesian  system  and  the  coordinates  f, , n,  r,  in  the  coordinate 
system  O^i'nc  rigidly  bound  to  the  earth. 


We  recall  that  the  force  function  e (C , n,  C)  of  the  non-spherical 
component  of  the  gravitational  field  which  enters  into  equations  (3.56) 
and  (3.65)  is  considered  as  known.  Also  considered  as  known  are  the 
projections  u. , u , u of  the  absolute  angular  velocity  of  the  earth 

S M 

around  its  axis,  which  enter  into  relations  (3.67). 

The  initial  conditions  of  the  ideal  equations  (3.59)  — (3.65) 


vx(0),  Vy(0),vz(0)  — the  values  of  the  projections  of  the  absolute 

linear  velocity  of  the  object  (more  precisely,  the  velocity  of  the 
apex  of  the  trihedron  0xyz  connected  to  the  platform)  around  axes 

x,  y,  z at  the  initial  moment  of  operation  of  the  inertial  system; 

x(0),  y(0),  z(0)  --  the  coordinates  of  point  O in  the  coordinate 
system  0^;;y2  at  the  initial  moment; 

c^j(O),  3^^ (0)  — the  initial  values  of'the  direction  cosines  between 
axes  x,  y,  z and  axes  f*,  n*,  C*  and  f,  n,  c* 

Now  let  Am  , Am  , Am  , An  , An  , An  be  defined  as  the  instrument 
a y ^ a v z 

error  of  the  device  measuring  absolute  angular  velocity  ar.d  the 
newtonometers,  respectively.  We  will  consider  these  quantities  to 
be  functions  of  time,  either  determined  or  random.  At  the  initial 
moment  of  operation  of  the  inertial  system  they  may  be  different  from 
zero.  We  will  denote  their  initial  values  by  Amx(0),  Amy(0),  Amz(0), 

Anx(0) , Any  (0) , Anz(0) . 

Also  let  6vx(0),  Avy  ( 0)  , 6vz(0),  6x  (0)  , 6y(0),  6z(0),  6a^  (0)  , f 

i fi . (0),  q*,  in*,  ic*,  if,  in,  6r,  be  the  error  in  the  specification 

13 

of  the  corresponding  initial  conditions. 


We  will  denote  deviations  of  variables  and  functions  from  their 
values  corresponding  to  the  unperturbed,  ideal  functioning  of  the 
system  by  Av  , ov  , 6v  , 6x,  6y,  6z,  6u..,  6 B ^ , if*,  in*,  6c*,Af  , 

in,  AC. 
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In  order  to  obtain  the  error  equations,  i.c.,  the  equations 
corresponding  to  perturbations  6x,  6y,  6z  etc.,  it  is  necessary  to 
substitute  x + 5x,  y + 6y,  z + 6z,  ...  for  x,  y,  z ...  in  equations 
(3.59)  --  (3.65) , and  m + 6m  , n + 6n  , ...  for  m , n . ...  and 

X XX  X XX 

to  subtract  equations  (3.59)  — (3.65)  from  the  resulting  equations. 

If  we  ignore  the  squares  and  products  of  the  perturbation,  the 
procedure  for  deriving  the  error  equations  reduces  to  the  derivation 
of  the  usual  equations  in  the  variants  corresponding  to  equations 
(3.59)  — (3.65). 

The  modification  of  equations  (3.59)  — (3.65)  may  proceed  in 
a completely  formal  manner  since  we  are  considering  the  general  case. 
The  significance  of  this  remark  consists  in  the  following.  Let  us 
assume  that  we  are  considering  not  the  general,  but  a specific  case, 
in  which  the  orientation  of  trihedron  0xyz  has  boon  selected  in  seme 

special  fashion.  In  this  case  a number  of  terms  may  drop  out.  For 

example,  if  we  assume  that  the  z axis  of  trihedron  0 is  directed 

xy  Zt 

along  vector  g,  then  in  the  first  and  second  of  equations  (3.59) 

projections  g and  g will  be  absent.  In  this  case  the  formal 
x y 

modification  of  these  equations  will  not  enable  us  to  obtain  6gx  and 

6gy  which,  clearly,  should  enter  into  the  error  equation,  since  in 

the  perturbed  mode  the  conditions  under  which  the  z axis  and  the  vector 
g would  coincide  will  not  be  fulfilled.  As  is  well  known,  in  the 
compilation  of  equations  describing  the  variations  in  dynamic  systems 
for  the  purpose  of  investigating  their  stability  or  the  transient 
processes  occurring  in  them,  it  is  always  necessary,  before  attempting 
to  derive  the  perturbation  equations  by  means  of  formal  variation  l 
of  the  initial  unperturbed  equations,  to  make  certain  that  there  arc 
no  forces  acting  on  the  system  other  than  those  occurring  in  the 
equation  describing  the  unperturbed  motion  of  the  system. 


In  our  case,  as  has  already  been  noted,  equations  expressing  to 
a first  approximation  the  influence  of  perturbations  6x,  6y,  6z,  etc. 
may  be  obtained  equations  of  variations  of  (3.59)  — (3.65). 
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Wo  now  turn  to  the  derivation  of  these  variations  equations  for 
(3.59)  — (3.65).  Those  equations  may  be  obtained  eith- 
er by  varying  the  scalar  equations  (3.59)  — (3.65)  or  by  varying 
the  equivalent  equations  (3.53)  — (3.58).  We  will  begin  by  deriving  the 
variations  equations  from  the  vector  equations  (3.53)  — (3.58). 


Varying  equations  (3.53)  — (3.58),  wo  obtain: 

I 
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The  variations  equations  (4.1)  --  (4.5)  include,  in  addition  to  the 
vectors 


Am  = Am,.t  4 \m,y  t Am,/,  (4.6) 

Ail  =»  A»,jt  •(  An,  y ~t  An,.- 
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of  the  instrument  error  of  the  device  measuring  absolute  angular 
velocity  and  the  newtonometers,  the  error  vectors  Ag  and  Au.  These 
errors  may  be  expressed  by  means  of  the  equivalent  errors  An  and  Am. 

For  now,  however,  it  is  expedient  to  preserve  them  in  the  equations. 

There  are  two  reasons  for  this.  First,  the  errors  Ag  and  Au  are  in 
themselves  characteristic  of  inertial  systems.  They  reflect  incomplete 
knowledge  or  specification  of  the  force  function  of  the  gravitational 
field  and  the  earth  rate.  Second,  using  the  errors  Acf  and  Au  it  is 
possible  to  demonstrate  the  procedure  of  reducing  specific  types 
of  errors  to  equivalent  basic  errors.  '* 

The  variations  of  the  variables  entering  into  equations  (4.1)  — 

(4.6)  are  isochronous.  We  continue  as  yet  to  regard  the  timer  in 
the  inertial  system  as  ideal.  We  will  return  below  to  this  question 
and  will  show,  in  particular,  that  error  in  the  specification  of  time 
may  also  be  reduced  to  certain  equivalent  basic  errors. 

We  now  move  from  the  integral  equations  (4.1)  — (4.3)  to  their 
differential  forms,  which  we  obtain  by  differentiating  them  with 
respect  to  time  in  the  coordinate  system  OjXyz,  i.e.,  in  the  same,, 
coordinate  system  in  which  the  integration  of  relations  (3.53)  — (j).55)  , 
and  consequently  relations  (4.1)  — (4.3),  was  performed.  Considering 
equality  (3.1)  and  shifting  terms  not  containing  variations  of  variables 
to  the  right  side,  we  obtain: 

ir  -f-  X Ar  4- » X («*  '<  At)  t m X Ar  — 6f  ^ 

= \g  -f-  An  — ? Am  X f 4-  Am  X r — 
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*1,  t (j  x A;.  — f,  X Am.  Ail,  -)  h X Aij.  = i|.  X Am.  I 
At.  ( M .<  At. « t.  X Am;'  I 


A*-Hw  - a)  X A£  r.  £ x (Am  — \ii  — An). 

Ai|  (n  — ill  X Ai|  a>  i|  y ( Am  — An  — An). 
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In  equations  (4.7)  — (4.9)  the  dots  denote,  as  before,  local 
differentiation  in  the  O^xyz  coordinate  system.  The  initial  conditions 

of  the  differential  equations  (4.7)  — (4.9)  derive  from  the  integral 
equations  (4.1)  — (4.3).  The  initial  conditions  are: 


(4.7) 

(4.8) 

(4.9) 
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V (0).  <V  (0)  » ~jj—  - «(0)  X Am  (0)  X r (0). 

«i.<0).  *n.(0).  A{,(0),  A‘(0).  Ai) (0).  AJ(0). 


(4.10) 


Since  the  error  in  the  computation  of  the  initial  value  of  the 
velocity  appearing  in  the  second  equality  (4.10)  is 


d hr  (0) 
dt 


■ to„  -f  M (0)  X tr  (0)  4 1*>  ( 0)  X r (0). 


(4.11) 


6r  (0)  may  be  represented  as  follows: 


to  (0)  = Ar0  + |A..»<0)  — Am  (0)1  < r (0). 


(4.12) 


where  6rfl  is  the  error  resulting  from  the  introduction  of  the  initial 
value  r(0)  into  the  system  computer. 

If  the  initial  value  'u(O)  is  measured  by  a gyroscope  measuring 
absolute  angular  velocity,  and  is  not  a calculated  value, 


to"(0)  A/rt(0).  A)  (0)  -3 


(4.13) 


Let  us  now  transform  equations  (4.4),  (4.5)  and  (4.7)  — (4.9). 
Let  us  first  determine  the  variation  of  6g.  From  the  first  equality 
(4.4)  we  have: 


•h 


Akmu  t =»  ^ 4-  4 tJt-  K 4-  kmJ  & 


(4.14) 


We  introduce  the  vectors 


Af,=(r  a;)J  4<r  ■ Ai|> I|  ( (r 


(4.15) 
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Then  relations  (4.5)  may  be  written  in  the  form 


5 — * 9 


hr,  .V  4 hr,,  hr,  e,  hr  4.  hr,. 


(4.16) 

I 


where  vector  6r  is  defined  by  equation  (4.7)  and  the  vectors  6r^  and 
tr4  are  introduced  through  the  equalities 


* n.H  + tiC..  I l7, 

•r.-l«&4l«l4S*:  / ' 1 

From  the  equalities  (4.17)  it  is  easy  to  see  the  physical  signifi- 
cance of  the  vectors  6?3  and  6?^:  these  designate  the  total  error  in 

the  determination  of  the  coordinates  of  the  object  in  the  03C*n*C*  and 

*> 

03( nc  coordinate  systems,  respectively,  consisting  of  the  error  6r  in 


the  determination  of  the  x,  y,  z coordinates  in  the  O^xyz  coordinate 
system  and  the  errors  ?r^  and  6r2  in  the  conversion  of  the  x,  y,  z 

coordinates  to  the  f.*,  n*,  c*  and  K,  n,  c coordinates. 


Taking  account  of  equalities  (4.17)  causes  the  first  formula  (4.4) 
to  take  the  form 

+ -3V'1  + 

+ (4..  18j 

Let  us  turn  to  (4.8)  and  (4.9). 

The  trihedra  O^C*  n*c*  and  mC  are  rigid,  so  the  vector 
triple  £*  + 6 n*  + 6^*,  c*  + 6 c*  and  t + 6C,  "n  + 6^1,  c + 6c  likewise 
form  orthogonal  trihedra.  Since  the  vectors  &£*,  sti* , 6c*,  and  6^ , 6^,, 

and  6c  are  small,  it  is  possible  to  introduce  small  rotation  vectors 
0^  and  0 2 , such  that  the  equalities 

y \.-  - «,  x »i..  ft;.- 

6 All-  n,Xi|.  AC=-»>XCl  14.19) 

will  be  valid  to  within  the  second  order  of  smallness  relative  to  the 
vectors  6 6nA,  6c*,  &t,  6 n,  and  6c. 
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Substituting  relations  (4.19)  into  formulas  (4.15),  wc  find: 


A/,  X r.  Ar,  -n,  x r 


(4.20) 


In  order  to  determine  and  ^ wc  proceed  as  follows.  We 

substitute  the  first  equality  (4.19)  into  the  first  equation  (4.18). 
This  substitution  and  a few  simple  transformations  yield: 


«i  X ( n,  X t.  f M X (0,  X ;.l  >»  Am  X t. 


(4.21) 


We  now  substitute  into  relation  (4.21)  the  expression  for  C* 
from  the  first  equation  (3.54).  This  gives  relation  (4.21)  the  form: 


<>i  >'  t.  t 0,  X If.  X M)  f-  .0  \ (It,  X {.)  . {.  X Am 


(4.22) 


It  is  easy  to  verify  that  the  following  identity  holds: 

fli  x <?.  x <")  ( <i  x («,  x ?.)  =*(<••  x it,)  x ?,  (4.23) 

Using  this  identity,  wo  derive  the  following  equation  from 
equality  (4.22) : 

(A,  f-wX<>,  Am)  :t.  = o. 

(4.24) 


But  since  the  vector  quantity  in  parentheses  is  essentially 
arbitrary,  it  follows  that  the  vector  should  satisfy  the  equality 


d,  -f  u x u,  Am. 


(4.25) 


For  Oj,  analogously,  from  the  third  equality  (4.19),  the  first 
formula  (3.55)  and  the  relation  (4.9)  we  obtain 


d,  X 1 ) n,  .<  i*  i<  (m  «ii  i <m  u)  x in,  y ;t 

- (Am  Am  | Ah)  X (. 


(4.26) 
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which,  using  identity  (4.23),  may  be  reduced  to  a form  analogous  to 
(4.25): 

+ (»  — a)  X 0,  ■=* Am  — An  — Au.  ^ 27) 

But  in  accordance  with  the  last  equation  (4.9)  and  the  last  three 
equalities  (4.19), 


iu  = - 0,xo 


(4.28) 


We  therefore  finally  obtain  in  place  of  (4.27): 

6,  -I  *>  x «,  ■=  Au.  (4.29) 


In  deducing  equations  (4.25)  and  (4.29)  we  made  use  of  the 
first  equalities  (4.8),  (3.54),  (4.9)  and  (3.55).  The  result,  of 
course,  is  the  same  if  we  use  the  second  or  third  of  these  equalities. 
In  fact,  -if,  for  example,  in  equation  (4.24)  £*  were  replaced  with 
n*  or  t*,  the  final  result,  i.e.,  equation  (4.25),  would  be  unchanged. 


We  now  return  to  equalities  (4.14)  and  (4.18)  If  in  relations 
(4.14)  we  insert  65,  6 n,  6r.  from  the  last  three  equalities  (4.19), 
we  obtain  the  expression 


bgtailrt*  - (I,  x Cl  i'lf  t U.Mj  /■■r. 


(4.30) 


in  which  the  term  grad  6 2 may  be  represented,  according  to  relation 
(4.18),  in  the  following  form: 


(judftc  = (v,  ■ CM, l *6):  -f- 

■\  ^ r , • fN.1  -it ) i|  f (.v,  ■ c(«.i  *'!-)  f (4.31) 

Let  us  now  collect  the  transformed  equations  in  a system  equivalent 
to  equations  (4.1)  --  (4.5).  For  this  we  will  use  relations  (4.7), 
(4.25),  (4.29),  (4.20),  (4.16)  and  (4.30).  The  error  equations  of  the 

system  under  consideration  will  then  reduce  to  the  following  system  of 
vector  equations  on  variations: 
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Ar  + 2»  X Ar  + « X (<*  X *r)  ) «XAr  — 

— A Jin)  y 0,  X RMli 1 C'dAe  “ 

Af  f-  An  — 2 Am  X r - Am  X r — 

— Am  X (w  X r)  — w X (Am  X r); 


(4.32) 


fi,  -f  *»  X 0,  ■*«  Am.  | (4.33) 

6,  + u X 6j«=  Am  — An;  I 


Ar,  s=«  0,  X r.  Ar,  0,  x r,  I 
Vj=*Ar 4 hr,.  Ar,  *=  Ar -f  Ar,  j 


(4.34) 


Tno  initial  conditions  of  the  differential  equations  entering 
into  the  system  (4.32)  — (4.34)  are  given  by  relations  (4.10)  — 
(4.13)  . 


The  solution  of  the  error  equations  (4.32)  — (4.34)  enables  us 
to  find  the  vectors  6r,  fir^,  6r^,  i.e.,  the  error  in  the  determination 

of  the  Cartesian  coordinates  in  the  O^xyz,  0^£*n*C*  and  0^5  nC 

coordinate  systems  as  a function  of  the  error  in  the  specification 

of  the  initial  conditions,  the  basic  instrument  errors  Am  and  An, 

“►  *> 

and  the  errors  Ag  and  Au  in  the  specification  of  the  gravitational 
field  and  the  earth  rate. 


4.2.2.  Equations  defining  error  in  projections  onto  the  platform 
axes.  Let  us  now  turn  from  the  vector  error  equations  (4.32)  — (4.34) 
to  the  scaler  error  equations.  The  most  convenient  way  of  effecting 
this  transition  is  by  projecting  these  equations  on  the  the  x,  y,  z 
axes  of  the  platform  of  the  inertial  system,  since  the  local  deriva- 
tives in  equations  (4.32)  — (4.34)  were  taken  in  this  coordinate 
system . 


Expanding  the  vector  products  in  equations  (4.32),  we  find: 


I 

Ai  — (oj  f <.i-)Ar  4 — 6>,)Av  — ?.i,»v  4 

4-  (*>,'■',  ! + 

— ^Agiait  ~ — 0,  Xgiadr  ■(  gtailArJ  =» 

, «=■  Ag,  4'  An,  — 2 (Am,/  — Am  y)  — 

— Am,/  4 Am,y  — 6i,(Am,y  4 Am,/)—  ' 

— Am,  (6i,y  4 6>,/)  i 2*  (m,  Am  4 o,  A m.) . , 

6y  — (m;+  o’)  Ay  4 (hi, hi,  — o,)A;  — 2hi,A / 4 
4-(i.yi,  4 o,)Ay  4 Vm,A.»  — 

—(*  gt.nl  ~ — flj  X C*->d  f 4 •=  \£, 44(1,— 

— 2(Am,t — Am,?)  — Am,/  -)  Am,/ — 

— 6i, (Am,/  4 Art,/)  — Am,  (•.!,!  f nyc)  4 
4 2y(6i,Am,  4o,  Am,), 

4/  — (o]  4 6>J)  4-  (oi,n,  — ,l,)4j;  “ ?wr  4/  4 
4 (o,6i,  4 <i’,)4y  4 2o,4y  — 

— ^6  giad  -J 0,Xgia<lt  4 gi.nl  tV)^  ■=» 

«=.  Ag,  4 An,  — 2 (Am, y— Am,/)  — Am,y4Am,Jt— 

— o,(Am,z  4-  Am,y)—  Am,  (hi,/  4«,y) -*• 

-42/  (6>,  Am , 4 6i,  Am ,). 

From  equations  (4.33)  and  (3.64)  we  obtains 


(4.35) 


6n  + u,°'*-,',.ni, *i,  -*  6i,n„-o,0„»iAm,,|  (4.36) 

H„4-6i,0(,  — 6i,0, , 1®=  Am,;  I 

+ 6i,0,,  — 6i,0},  c-t  Am,  — An,,  j 
(l|,  4 6i,0,,  — M,0;,  = Am,  — Ah,, 

(l,,  4 6i,0,,  _ 6>,0,,  =s  Am,  — A u,. 

A«,  Ah.(\„  4 Ah/-,  4 A,,/,,. 

Ah,  = AH.fl,,  | Ah/..,  4 A »/,()„, 

Ah,  = Ah/,,  4 Ah/,,  4 An/,,. 

Finally,  from  relations  (4.34)  we  find: 


(4.37) 


A/,  = 0,,/  — 0„y, 
Ay,  =*0„.r  - 0,,/, 
6/,  =0,,y_0„v. 


A.Vj  =a  fax  + A.v,, 
Ayj  = Ay  4 Ay,. 
fa* ) = fa* 


(4.38) 


A/:  ~ 0,,/  - 0„y. 

Aj':  = 0,,/  - 0;,/, 
A':  = 0„y-  0;/, 


Ay,  *ss  fa\  -j-  Aa'i,  | 

Ay,  — Ay  j Ay,,  i 

A.- , us  A/  4 A.-,.  J 


(4.39) 
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The  initial  conditions  of  equations  (4.35)  — (4.39)  are  the 
quantities:  6x(0),  6y(0) , 6z(0),  6x(0),  6y(0),  6z(0);  6lx(0),  0 ly ( 0 ) , 


9iz<°>;  «2x(0),  ®2y (0) * °2z(0) 


In  accordance  with  (4.11) 

tx  (0)  =.  6 t,  -f  ]ftv,.r  (0)  - Am,  (0)|  c (0)— 
—!*<■>,  <0)  — Am,  (0)|y(0), 
«y(0)  = A)'H-|*u,(0)  — Am,(f.)|jr(0)  — 
— IH(0)-Am,(0)U(0). 
ti  (0 ) = 6/0  + ]6u>,  (0)  — Am,  (0)|  y (0)  — 
-|Am,(°)  — Am,(0)|jr(0). 


(4.40) 


In  equation  (4.35)  the  projections 


gtadJ 


1 T-  — X gtad  t -f  glad  6c ) , 
(A  e«d  7 - 02  X gud  e + grad  6c)  . 
(*  grad  * - 0,  x grad  c -f  grad  6c) 


(4.41) 


have  intentionallv  been  left  unexpanded.  Before  expanding  expressions 
(4.41),  it  is  necessary  to  consider  the  following.  For  a gravitational 
field  as  close  to  spherical  as  that  of  the  earth, 

|gradc|»^|grad  y-j . (4.42) 


and  so 


|ftKradf|cj6Crad||.  (4.43) 

Equations  (4.35)  --  (4.39)  are  the  essence  of  the  equation  in 
variations.  They  were  obtained  by  formal  variations  of  the  equations 
describing  the  ideal  operation  of  the  equations  (3.53)  — (3.58) 
describing  the  ideal  operation  of  the  system.  Only  terms  which  are 
linear  relative  to  variations  of  the  variables  were  retained.  Terms 
containing  squares  of  variations,  products  of  variations  with  each 
other  and  products  of  variations  and  instrument  error  quantities  were 
considered  to  be  sufficiently  small  to  be  ignored. 
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Thus,  m the  perturbation  6grnd  — — only  the  linear  terms  are 
retained,  i.e. , 


"*£"£(  Vi**).  . 


(4.44) 


At  the  same  time  6grod  c has  the  same  order  of  smallness  (which 
may  be  verified  by  performing  the  corresponding  calculation)  as  the 
quadratic  terms  of  the  series  expansion  of  the  spherical  component 
of  the  gravitational  field,  which  were  ignored  in  equality  (4.44), 
the  more  complete  form  of  which  ist 


B,ai*  “ K,:ld  £ (-  ir  **  31 


(4.45) 


Consequently,  if  only  the  linear  terms  are  left  in  the  expansion 
of  the  spherical  component  of  the  gravitational  field,  there  is  no 
need  to  retain  the  variation  of  the  non-spherical  component.  The 
variation  of  the  correction  for  non-sphericity  of  the  gravitational 
field  is  retained  in  the  error  equations,  so  that  it  is  necessary  at  the 
same  time  to  retain  the  quadratic  terms  in  the  expansion  of  the 
spherical  component,  i.e.,  in  place  of  6grad  determined  by  equality 

(4.44),  the  quantity 


K',d7T*r-c'4'1  "r 


must  be  used. 


Ull  -- 

r 

?tV  t r,  — f Tyi"V  >V 


(4.46) 


We  note  that  in  relations  (4.44)  — (4.46)  the  quantity  6r 
denotes  not  the  modulus  of  vector  6r,  but  rather  is  defined  by  the 
equality 


It  seems  that  it  is  senseless  to  speak  of  retaining  the  quadratic 
terms  of  the  expansion  of  (4.46),  for  the  reason  that  the  entire  set 
of  equations  (4.35)  — (4.39)  are  linearized 

equations.  If,  however,  we  return  to  the  ideal  equations  (3.53)  — 
(3.55),  wo  notice  that  these  equations  are  linear  in  1,  v - dr/dt, 

"n*  / t,  n,  X,  excepting  vector  g,  which  is  a non-linear 

function  of  those  variables.  Therefore,  when  the  instrument  errors 
are  absent,  equations  (4.1)  --  (4.3)  and  consequently,  also  equations 
(4.7)  — (4.9),  if  the  perturbation  6g  is  abstracted  out,  are  exact 
equations  for  the  perturbations  6r,  6v,  6 i**,  6'n*,  6?*,  6 1,  6n,  6?. 

In  the  investigation  of  the  stability  of  an  inertial  system  discussion 
will  center  around  solution  of  the  homogeneous  error  equations,  based 
on  the  assumption  that  instrument  error  is  zero,  and  only  errors  in 
the  initial  conditions  are  the  source  of  perturbation.  Thus,  with 
regard  to  the  homogeneous  equation  (4.7)  — (4.9)  their  accuracy  is 
determined  only  by  the  accuracy  of  the  expansion  of  (4.46). 

At  the  same  time  the  homogeneous  equations  (4.36)  and  (4.37)  are 
first  order  equations,  i.e.,  linearized  equations,  since  in  introducing 
the  small  rotation  of  vectors  0^  and  t 2 and  in  making  the  transition 

from  equations  (4.8)  and  (4.9)  to  equations  (4.36)  and  (4.37)  we 
ignored  terms  containing  the  squares  and  products  of  small  angles. 

But  the  homogeneous  equations  (4.35)  remained  exact  in  the  sense  that 
the  degree  of  their  approximation  is  determined  only  by  the  error  in 
the  approximate  representation  of  (4.46). 

The  stability  of  the  system  of  homogeneous  equations  (4.35)  — 
(4.39)  is  determined,  obviously,  primarily  by  the  differential  equations 

(4.35)  --  (4.37).  It  is  easy  to  see  that  equations  (4.36)  and  (4.37) 
arc  solved  separately  from  the  others.  The  solution  of  equations 
(4.37)  takes  part  only  in  the  formation  of  6grade  in  equation  (4.35). 
Equations  (4.37)  are  not  associated  in  any  other  wrv  with  equations 

(4.35) .  But  6grade  is  a quantity  of  the  second  order  of  smallness. 

The  use  of  linear  equations  (4.35)  — (4.39)  in  its  formation  can 


302 


give  only  a third  approximation  of  the  error,  but  the  second 
approximation  remains  exact. 

It  follows  from  these  considerations  that  in  the  first  approximation 
the  quantity  6grad^  in  equations  (4.35)  may  bo  substituted  for 

using  equality  (4.44),  and  the  quantity  6grade  may  be  considered  to  bo 
sufficiently  small  to  be  ignored.  In  this  case  expressions  (4.41) 
in  equations  (4.35)  are  replaced  by: 

6ru<I.7  =tt(—  ix  t-S-'  r)1 

~ = 7r(-ty4  3yy-). 

= £ {—  ti  j- 1/  y'j  , 

where 

y’4  />.  fir  =\r  } Ar|  — r ~L-  (4.49) 

The  equalities  (4.48)  and  (4.49)  are  equivalent  to  the  vector 
equality 

",  r.  ( «r!v£-;1*r.).  (4.50) 

The  following  conclusions  may  be  drawn  from  the  above. 

If  we  ignore  the  variations  of  the  non-sphcrical  component  of 
the  gravitational  field,  the  differential  cquaiton  (4.35)  may  be 
solved  independently  of  equations  (4.3G)  and  (4.37).  The  corresponding 
vector  equations  (4.32),  as  well  as  the  first  and  second  equations 
(4.33)  may  be  dealt  with  in  the  same  manner.  Thus,  tr^  and  trj  become 
independent. 

If  there  arc  insufficient  first  order  equations,  their  subsequent 
specification  should  consist  in  the  following:  equations  (4.8)  and 

(4.9)  should  be  taken  instead  of  equations  (4.36)  and  (4.37),  and 
in  equations  (4.35)  the  projections  of  the  vector  6grade  and  the 


(4.48) 

• \ 


quadratic  terms  of  the  series  expansion  of  the  spherical  component 
df  the  gravitational  field  (4.46)  should  be  retained. 

We  obtained  the  error  equations  (4.32)  — (4.34)  or,  equivalently, 
equations  (4.35)  — (4.39),  on  th  basis  of  the  ideal  vector  equations 
(3.53)  — (3.58).  It  is  possible,  if  course,  to  obtain  these  equations 
directly  from  the  ideal  scalar  equations  (3.59)  — (3.65).  In  view 
of  the  importance  of  the  error  equations  in  the  solution  of  the 
fundamental  problems  of  inertial  navigation,  we  will  repeat  their 
derivation  in  analytic  (scalar)  form.  This  will  permit  a clearer 
understanding  of  the  transformations  and  assumptions  made  in  the  derivation 
process.  Moreover,  we  will  henceforth  need  certain  scalar  relations, 
the  derivation  of  which  will  require  the  re-derivation  of  a large  portion 
of  the  error  equations  in  scalar  form. 

In  order  to  derive  equations  (4.35)  it  is  necessary  to  differentiate 
the  scalar  equations  (3.59)  with  respect  to  timg,  and  then  to  vary  them 
except  for  6vx,  6vy,  6vz»  and  to  substitute  expressions  (4.41)  for 
*9X'  6gy'  6gz‘ 

In  order  to  obtain  equations  (4.36),  we  must  obtain  the 
differentiated  equations  (3.60),  replacing  m^,  my,  mz,  with  wx, 
ty,  ui z . Performing  the  differentiation  and  varying,  we  obtain 


4 “ «i„  Am,  — u,,  Am,, 

*“11  I *“n»',  — A'/'1,  Am,  — ci,.  Am,. 
*"»  + -n„Am,—  3„Am,; 

*“n  f *“11 - *««•'>,  Am,  — o„  Am,. 
*“n  Am,  — «„  Am,. 

-«,i  Am,—  «„Am,; 
*°ii  | - iVi  i/.i,  it  \"t,  _ Uj,  Am,, 

*“n  + *" «<■>,  — — it,.  Am,  — ci,.  Am,, 

I — Ah„m,  in,, Am,  — n„Aiit, 


(4.51) 
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In  order  to  further  transform  equations  (4.51),  we  introduce 
thf’  notation 


0|,  =*  — — o„Au,,  — n l3 

0,,«=a„Aa„  + n:1An„ 

0,,  a — a,,  \i„  — u.i  An,,  — a„AuB. 


(4.52) 


By  varying  the  obvious  equalities 


®ii«n  4-  a?/h\  4-  an"n  =■  0.  (4.53) 

°nan  f"  nii°.  i ' 1 °jian  “ ®. 
bii°ii  4~  'hinn  4-  aJi°  3i  **  ®. 

we  see  that,  with  an  accuracy  to  within  terms  of  the  second  order  of 
smallness  relative  to  6a^j,  the  projections  ^x>  e1y»  ®lz  may  also 

be  represented  in  the  following  form: 


0|«  “On&'u-f-OaAiin  f-a^Aa,,.  | 

®i,  =»  — oMAun  — anAa„  — <i„Anj,.  1 
®i,  =ni,Aa„ -f-aaAn„ j 


It  is  easy  to  see  that  elj{,  ely,  olz,  defined  by  equalities  (4.52) 

or  (4.54),  are  the  x,  y,  z components  of  3ome  small  rotation  vector 
d^  of  the  trihedron  C^xyz  relative  to  the  trihedron  O^C^n^C*.  This 

small  rotation  is  characterized  in  a change  by  a magnitude  6a^j  of 

the  direction  cosine  a^j  between  the  x,  y,  z and  £*,  n*,  C*  axes. 

We  now  multiply  the  second  equation  (4.51)  by  a^»  the  fifth 
by  f« ^ 3 and  the  eighth  by  a^-j  and  add.  Grouping,  we  arrive  at  the 
equality 


W'n  f -•••.(,,nA,,n4  I Au„n„)  4. 

4 ,I"|I  * «,A*,,4  •’  A1,,)  >'".(«!,  I 

- Am((fi„o„  4-<vO- 


(4.55) 
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Taking  into  account  relations  (4.53)  and  (4.54),  as  well  as 


a?i  °3i-+  "I,  =*  i 


(4.56) 


^nd,  consequently,  to  within  terms  of  the  second  order  of 


smallness 


“lie'll + =»  0. 


(4.57) 


we  obtain  from  equation  (4.55): 


t "jl  A(I;J  t’  'I  n A*!.;  — I^O^as  \ma. 


But  according  to  the  first  relation  (4.54), 


(4.58) 


~ nn<V„  — a,,Ao„— u^Au,, 


(4.59) 


Replacing  now  a^,  “23'  “33  *n  side  of  equation  (4.59) 

with  their  variations  from  the  third,  sixth  and  ninth  equations  (3.60), 
we  find  that 


— w,(«„  j ».,Au„  -r«„  A11 ,,)  - 

\i„q  <i„A>i,,  f- « 


(4.60) 


Since  the  second  term  of  the  right  side  is  equal  to  zero, 


= A.;,,  -f-  u„  An,.,  +u,i  Ail,,) 


(4.61) 
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We  now  insert  relation  (4.61)  into  equality  (4.59),  and  the 
latter  relation  into  equality  (4.58).  Taking  equality  (4.52)  into 
account,  we  obtain 

0|. + «,«■»  Am,.  ,. 


If  we  multiply  the  first  equation  (4.51)  by  the  fourth  by 

a23,  and  the  seventh  by  a 33  and  add,  then,  using  equalities  (3.60), 

(4.52),  (4.54)  and  relations  (4.53),  (4.56),  (4.57),  we  arrive  at  the 
equation 


Finally,  multiplying  the  third  equation  (4.51)  by  a^,  the 
sixth  by  a21  and  the  ninth  by  “3^*  we  find  that 

-Am,.  (4.64) 

Comparing  equations  (4.62)  — (4.64)  with  equations  (4.36), 
we  see  that  they  coincide. 

Equations  (4.37)  may  be  obtained  from  the  scaler  equations  (3.61) 
in  a manner  completely  analogous  to  the  derivation  of  equations  (4.62) 
— (4.64).  This  requires  only  the  introduction  of  the  small  rotation 
vector  $2,  the  projections  of  which  on  the  x,  y,  z axes  are 


Pntyii  'hP.-ttya;  -f  (Viityw  “ ~ 

— — T i:  '"'Tj  i - 

0>,  ■**  “ ti  x~- 

r-  Tu  i i 1 Pn  'Y:i  't  Til  ®0*ii 

®;,  ”^17^*11  "hPa.'ty'/i  +('j7^ji  — 

=■  — (i,,  ftp,,  — p,i  Ap,,  — (ij,  Apv, 


(4.65) 


and,  in  addition,  the  use  of  equality  (3.64). 


We  note  that  the  homogeneous  equations  (4.51)  are  exact  . In 
going  from  equations  (4.51)  to  equations  (4.62)  — (4.64),  we  modified 
equalities  of  the  type  (4.53)  — (4.56)  and  ignored  squares  of 
variations  of  the  direction  cosines  6a^j  and  their  products.  The 
homogeneous  equations  (4.62)  — (4.64)  are  therefore  first  approxi- 
mations of  the  effect  of  the  perturbations.  Analogously,  equations 
of  the  form  (4.51),  which  may  be  obtained  from  the  equalities  (3.61), 
will  bo  precise,  while  equations  (4.37)  will  be  first  approximations. 

This  confirms  the  considerations  expressed  above  * regarding  the  accuracy 
of  equations  (4.8),  (4.9),  and  (4.36),  (4.37),  since  equations  (4.51), 
like  the  analogous  equations  for  6 6^,  are  projections  of  the  vector 

equations  (4.8)  and  (4.9)  on  the  x,  y,  z axes. 

In  the  process  of  deducing  equations  (4.36)  and  (4.37)  directly 
from  the  scalar  ideal  equations  (3.60)  and  (3.61),  we  obtained  relations 
(4.52),  (5.54)  and  (5.65),  which  link  the  variations  6a^  and  68^ 

of  the  direction  cosines  to  0^x,  0^  and  0 2j{,  0^,  02z,  respectively. 

These  relations  permit,  in  particular,  expression  of  the  initial  values 

6lx(0)'  °iy (0) ' °iz(0)'  °2x(0)'  °2y(0)'  °2z(0)'  in  terms  of  6aij (0) 
and  66  „ (0) . 

In  addition,  we  will  show  how  equations  (4.37)  are  obtained  from 
relations  (3.31),  (3.32),  (3.33),  (3.41)  and  (3.21),  (3.22),  (3.23). 

From  formula  (3.41)  it  follows  that 

+ «;i  H + ».i  *% + «„*«;,  + 

+ “'ll  *“„  + "!i  'Si  + ,Vl  ii  + 


★ 

See  page 


300  (of  translation] . 
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Substituting  here  the  values  a'^j,  6“ij'  6“  *i  j from 

expressions  (3.31)  — (3.33)  and  (3.21)  — (3.23),  and  noting  that 

“ nnnn  + an"n  + njinii' 

and  making  use  of  the  orthogonality  property  of  the  tables  of  direction 
cosines  (3.16)  and  (3.27),  we  arrive  at  the  equality 

*011  ~ K - *,)  - *fl|l  (">,  — «,)  + 

+ - (ii/Jl,,  + ,Vgia  + AmJIj,)  - 

— (at*>n  +■",*>«  4-“;*0u>l  — 

— + A«Jln  + AbjPj,)  — 

— («l*0u4-«,*0n4-«;*M. 


which  also  follows  from  relations  (3.61),  (3.64).  The  remaining 
analogous  equalities  following  from  these  same  relations  are  obtained 
in  a similar  manner.  The  further  derviation  of  equations  (4.37)  is 
obvious. 


We  now  derive  relations  (4.52),  (4.54),  (4.65)  directly  from 
relations  (3.17).  According  to  (3.17) 


*1.  =■  fr'u*  + *>,i.’Jl  4-*"n*. 
*i».  — *>1}|*  + *“ny  t *«m». 
*t,  — *0„*  -f-*««>  4- *u«r. 


1 


Further  from  relations  (3.17)  and  the  first  three  equalities  (4.19) 
we  find: 


*0||  = 
*»!!  = 
*au  = 

hu„  = 
ia„  = 
4an  = 
*°ii  “ 

Au„« 

*°ii  = 


— *'i,un  4* 

— 0|,un  4 ni.l,n- 

*ii',u+  0,r«i,.; 

— ®i,nn4 

— Oi/'n  4-  *i/*n. 

— 0„a„  4 0|,«n. 

— 0|.aji  4”  *u'<u. 

— *i.°ii4-(*i,an 


(4.67) 
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If  we  now  multiply  the  third  equality  (4.67)  by  a^i  fche  sixt^ 
by  &22'  an<*  t*ie  n^nt^  a32'  an<*  a<^  the  resulting  equalities, 
taking  into  account  the  relations 

a«  + “!,4  q2j  = i.  j 

+ B.nU,i  f o./ij,  = o,  I (4.68) 

we  obtain  the  expression  for  0^x 

0„  =»  - 0„4>I„  — nafci.,  — outnJ)t  (4.69) 

which  coincides  with  the  first  formula  (4.52),  as  required. 


The  remaining  five  formulas  (4.52)  and  (4.54)  may  be  obtained 
in  an  analogous  way  from  equalities  (4.67). 


In  order  to  obtain  formulas  (4.65)  from  the  latter  three  equali- 
ties (4.19),  the  relations 


tyi,*  ) tyr.y  ) 
4i(, c t$tlx  | 

*f. I tv*.-)/  I 


(4.70) 


must  be  used  to  write  the  equations  linking  the  variations  63^j  of 

the  direction  cosines  with  l^,  °2y'  52z'  ana^°9OU3ly  to  equations 

(4.67),  and  the  same  operations  must  be  carried  out  on  them  as  in 
the  derivation  of  formulas  (4.52)  and  (4.54). 


Thus,  we  have  obtained  equations  (4.35)  --  (4.37)  from  the  ideal 
scaler  equations  (3.59)  --  (3.65).  It  remains  to  obtain  equalities 
(4.38)  and  (4.39)  and,  in  addition,  to  obtain  from  relations  (3.65) 
the  projections  (4.41).  From  equalities  (3.62)  we  have: 


I 


' 


I ’ 
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«Jt  «0„t, -t-  AO;|t|,  4- 

4- «>ii  + "21 41.  + Oji  At,. 

Ay  — to| A.  4 Aa„n.  4 A.1,^  4 

4-  ®i,A;,  4-  unAi|,  + Oj,  AJ,. 
it  =■  Ao.jt,  4-  to.i'L  4 Ar1.1t.  4 

4-Oi,A;.  4 o., All. 4 OjjAt.. 

But  according  to  expressions  (4.17) 

ui|At,  4-o.iAi|,  4-Oj,At,.=  6jtj.  | 
4 <4,  Ai|,  4- 'in  At,  «=  Ay,.  j 
OiiAt.  4-o21Ai|,  4 OjjAt,  «=  A^j.  I 


(4.71) 


(4.72) 


On  the  other  hand,  using  £*»  n*,  C*  from  relations  (3.62),  we 

find : 

A°iii.  4-  Au.,11. 4 A'iiC,  =* 

= (“||  A<i||  4 «, I All,,  4ii„  A.1,,1  v - (ii|,Ao„  4n,  A<i  ,,  i~ 

4 ii.ijA<ij,)y  4 (ii.,A.i.,  4o„'\ia  4«i,Ao„)j  (4.73) 

As  a result  of  the  orthogonality  of  the  table  of  direction  cosines 
a^j  it  is  possible  to  write  with  an  accuracy  to  within  the  second  order  of 

smallness: 

«,i>‘*'ll  r 1 u.i  A'*. i J 0. 


but  accorling  to  equalities  (4.52)  and  (4.54), 

«i,Aci|(  4»„Au„  -f  Uj. An,,  =»0„. 

u,,Au„  ) «3,A„u  ( n,iAii„  — 0|f. 


Thus,  taking  into  account  the  first  equality  (4.72),  the  first  equality 
(4.71)  assumes  the  form: 

Ai  — 0,,y  — U,,i  4 Ajfj. 
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But  from  formula  (4.38): 


®i,y-<V  = — Ajrf 

Wo  therefore  finally  obtain: 


6x,  — fl„y.  Px,  =,  6x  4- 6x,. 


(4.74) 


which  coincides  with  the  corresponding  equalities  (4.38).  The 
remaining  equalities  of  this  group  .nay  be  obtained  in  an  analogous 
manner. 


In  order  to  obtain  the  last  three  relations  (4.39),  it  is  necessary 
to  use  the  equalities 


Ajt  = N'nl  + tyjiC  + Mi  + PflOti+ii,,*:.  | 

touS  + Ml  + Mq+MC.  7n 

*=  APi  )*. + fpj.ti  4 *P,  4 + P,J  *£  + pjj  An + p,,*:.  I 
that  follow  from  formulas  (3.63). 

Completing  the  derivation  of  equations  (4.35)  — (4.39)  from 
(3.59)  — (3.65),  we  obtain  from  the  latter  equations  the  projections 
(4.41)  of  the  variations  in  the  intensity  of  the  gravitational  field 
of  the  earth  on  the  x,  y,  z axes,  i.e.,  we  show  that  the  following 
expressions  for  6gx,  Sg^,  6gz  obtain: 


f>e , «*  (p  pad  y — 0,  >.’  gud  r 4-  glad  fr]  , 
bg,  **(pg»Jd  y — 0,  X Riad  c4-grad  Ptj  . 
bgt  “ (ft  (jraU  y — 0,  X guJ  c 4-  K'ad  Pt.)  . 


(4.76) 


The  three  equalities  (4.76)  are  clearly  equivalent  to  the  single 
vector  equality 


(4.77) 

64  « ftjud  y — «,  x t 4-  i:1^ 
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the  correctness  of  which  we  arc  now  certain  on  the  basis  of 
equations  (3.65). 


From  equations  (3.65)  it  follows  that 

Of  *■  — * yy  jr  (Pu*  + PuJ'  4-  Pn*)  4- 

+*  i * ii;  (I*ji*  4 f jj>  + ftu*)  4* 

+ yr(*tyii  4-y*('i!  4-*A|lM)  4- 
4-  -ji  U 4 y -4- 1 Aji,,)  4- 

4-£(*Afj,  4-j'Af'„4-'A(' 


whence 


Of  ==  * K"d  'y  -f  Kiad  At  4 0\  4-  *n  + • £ 6;. 


But  according  to  the  final  three  equalities  of  (4.19) 


Ot  ,,  , it  . . Oi 

3TA"'*"<Jq'A  *4--jj  a»=j.  r 


(4.78) 


(4.79) 


(4.80) 

The  validity  of  equality  (4.77)  follows  from  formulas  (4.80)  and 
(4.79) . 


In  conclusion  we  will  write  the  error  equations  in  vector  and 
scalar  form. 

If  the  coordinates  being  determined  are  the  n* , C*  coordinates 

in  the  fundamental  Cartesian  coordinate  system,  then  the  error  vector 
equations  form  the  system 


br  -f-  ?<4  ;<  hr  -f  «•»  < hr  -j  n / (<•»  ' Ar)  i 
4 y,  Or  yf  -‘tjifl  , \n  f-  \K  '2  \m  V r - 

— Am  v r \m  / (w  r ) m / ( Am  < r), 
llj  f*  <«>  X Oj  Am . 

6r,  3ll,Xr.  hr  ~hr-\-hrk. 


(4.81) 
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The  initial  conditions  of  these  equations  will  be  the  quantities: 


6y(0)  = 6/,  47(0)  =.A;", 
4i(0)^=4i".  4y(0)  = 4^,  A • (0)  = 4in, 

o„(0)  h 4-uLK. 

°i»  <">  ’ ra  "ii  *"3,  + «3,  K’>  + '<3, 4o^, 
°i,  (°)  = °u + "X!,  4-  "LK.- 


(4.86) 


where,  in  accordance  with  relations  (4.40) 

4i4  A.vB  (A«.iJ  — Am])  ;n  — - Ant") 

4y°  = 4yu  4 (AwJ  - Am")  .v"  - (Am]  - Am';)  7", 
4i°  = 4i0  (-V.]  — Am])  y"  — (AjJ  — Am])  V. 


(4.87) 


4.2.3.  Additional  remarks.  If  the  coordinates  being  determined 
are  the  Cartesian  coordinates  £ , n,  C in  the  coordinate  system  attached 
to  the  earth,  then  the  first  equation  (4.81)  is  retained,  but  the 
final  three  equations  are  replaced  by 


W,  « X 0,  -sr  Anj  — Aa,  1 
hr,  — 0;  X r.  hr,  = hr  -f  hr,  } 


with  the  initial  condition 


(4.38) 


Corresponding  to  equation  (4.88)  are  the  scaler  equations 


— M,fl„  = Am,  — An,,  | 
11 J.  ~f  — Am,  — An,,  j 

bu  -J-  <o,0,,  — = \m,  - An,;  ] 


hx,  = 0 „7  - U,,y.  by,  - 0,,jr  — 
hx,*3hx-j-bx,.  by,  --  by  4 Ay,.  A.-, — A.' 4- 4.-,. 


(4.89) 


(4.90)  ' 


The  initial  conditions  of  equation  (4.89)  will  be  the  quantities 
defined  by  the  following  equalities,  analogous  to  the  final  three 
equalities  (4.86) : 


e„(i» = oj, = .( n;, + p^,. 

o„(0)=o;>  = p;|dp;1 
ei.<0>“OJ,“ pw,  t-p^ApJ,  +Pi«P3,. 


(4.91) 


It  may  bo  seen  from  equations  (4.83)  and  (4.89),  that  the  errors 
Ag  and  Au  may  in  fact  be  replaced  by  the  equivalent  basic  instrument 
errors  An  and  Am.  One  feature  of  this  substitution  should  be  noted, 
however.  If  equations  (4.83)  and  (4.89)  are  compared,  the  following 
circumstance  is  revealed  . The  right  side  of  equations  (4.89) 
includes  the  projections  of  the  vector  Am  - Au,  while  the  right  side 
of  equations  (4.83)  contains  only  the  projections  of  vector  Am. 
Therefore  the  substitution  of  the  equivalent  value  Am  for  Au  is 
effected  in  the  following  manner:  first,  in  equations  (4.89)  the 
following  substitution  is  performed 


Am'  =»  Am  — An. 


(4.92) 


then  Am'  is  substituted  for  Am  in  the  right  side  of  equations  (4.83), 

' -► 

while  other  terms  containing  Au  are  dealt  with  by  the  corresponding 
equivalent  variation  of  the  error  vector  An. 

Equations  (4.81)  for  the  corresponding  scaler  equations  (4.83)  — 
(4.85)  do  not  differ  in  essence  from  the  system  represented  by  the 
first  equation  (4.81)  and  equation  (4.88).  They  differ  only  in  the 

right  sides  of  the  first  equation  (4.88)  and  the  second  equatxon  (4.81). 

-► 

By  virtue  of  the  reducibility  of  the  error  Au  to  the  equivalent  errors 

-►  -> 

Am  and  An,  this  difference  is  insignificant.  Therefore  only  the 

system  of  equations  (4.83)  --  (4.85)  will  be  considered  in  the  following 

discussion. 


1 


Up  to  this  point  in  this  section,  the  discussion  has  concerned 
the  derivation  and  transformation  of  the  error  equations  of  inertial 
navigation  systems  containing  gyroscopic  sensing  elements.  I'. 

§3.4,  however,  it  was  shown  that  it  is  possible  to  construct  an 
inertial  system  in  which  gyroscopic  sensing  elements  are  absent. 

In  these  so-called  gravimetric  inertial  navigation  systems,  the  only 
sensing  elements  are  newtonometers . All  initial  information  on  the 
basis  of  which  the  operational  algorithm  of  the  system  is  constructed 
derives  from  these  elements. 

The  operational  algorithms  of  inertial  systems  lacking  gyroscopic 
sensing  elements  may  be  of  different  sorts.  These  systems  may  contain, 
as  was  shown  above,  from  6 to  12  newtonometers  depending  on  the 
algorithm.  The  minimum  number  of  newtonometers  — six  — corresponds, 
naturally,  to  the  number  of  degrees  of  freedom  of  an  object  freely 
moving  in  space.  As  was  shown  in  §3.4,  the  equations  describing  the 
ideal  operation  of  an  inertial  system  containing  no  gyroscopic  sensing 


elements  determining  the , Cartesian  coordinates,  may  differ  from 
equations  (3.59)  — (3.65)  in  that  relations  for  the  calculation  of 


wx' 


, u in  accordance  with  the  newtonometer  readings, are  added  to 

y z 


the  latter. 


The  error  equations  of  an  inertial  system  without  gyroscopic 
elements  detjrmining  the  Cartesian  coordinates  will  therefore  differ 
from  equations  (4.83)  --  (4.85)  as  well.  The  difference  will  consist 
only  in  the  addition  to  equations  (4.83)  --  (4.85)  of  expressions 


derived  by  variation  of  the  relations  used  to  determine  wx, 


As  was  stated  in  §3.4,  the  basic  moans  for  determining  u>x, 


o>z  is  the  use  of  equations  (3.392).  In  this  case  the  error 


equations  (4.83)  — (4.85)  remain  valid.  It  is  necessary  only  to 
substitute  for  Am 

relations  (3.392): 


substitute  for  Amx,  Am  , Amz  the  following  expressions  following  from 


A mM  = Af.y  = f (Wr-  - i ^i, <»). 

« 

I 

Am(  — = tJj  [ (An’,’  — i\n"l,)ill  I A ipO). 


y J ('ll''  A /I,-").//  : '>■>, 

U 
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<") 


(4.93) 


As  is  evident,  this  changes  only  the  right  sides  of  equations  (4.83) 
and  (4.84). 


4.3.1.  The  general  case  of  non-stationary  oblique  curvilinear 
coordinates . We  will  derive  the  error  equations  for  an  inertial 

system  determining  arbitrary  curvilinear  and, in  the, general  case, 

' 1 o 3 

non-orthogonal  and  non-stationary,  coordinates  x , x , m of  an 

object  in  the  basic  Cartesian  coordinate  system  As  in 

§4.2,  we  will  confine  ourselves  for  the  moment  to  that  portion  of 
the  error  equations  which  relates  to  the  determination  of  the  coordinates 
of  an  object. 

In  order  to  solve  this  problem,  it  is  sufficient  to  examine  the 
inertial  navigation  system  described  in  §3.2,  in  which  a free  gyro- 
stablized  platform  was  taken  as  the  basis  of  the  kinematic  system, 

-*■  . 4 4 

and  the  newtonometers  were  oriented  along  the  vectors  r,  r , r pf 
the  mutually  based  trihedron.  The  operational  algorithm  of  this 
inertial  navigation  system  is  given  by  equations  (3.172)  and  (3.163) 
or  (3.164)  and  the  table  of  direction  cosines  (3.173)  characterizing 
the  orientation  of  the  axes  of  sensitivity  of  the  newtonometers 

4 4 4 , 

e^,  Oj,  c-j  relative  to  the  stablized  platform,  i.e.,  relative  to  the 
axes  of  the  basic  Cartesian  coordinate  system  O^f;1^*^3. 

As  in  the  derivation  of  the  error  equations  of  an  inertial  system 

defining  Cartesian  coordinates  which  was  performed  in  §4.2,  we  will 

reduce  the  instrument  error  of  the  elements  and  devices  of  the  system 

to  a few  basic  instrument  errors.  As  before,  we  will  take  as  the 

basic  errors  the  errors  of  the  sensing  elements.  In  this  case,  these 

will  be  the  errors  AnQ  of  the  newtonometers  and  the  orientation  errors 

s 


* 

V.  D.  Andreyev,  Nrror  equations  of  an  inertial  system  determining 
arbitrary  curvilinear  coordinates  of  a moving  object.  Izv.  AN 
SSSR,  Mexhanika , No.  4,  1965. 


318 


of  tho  gyrostablizod  platform.  The  latter  may  be  given  as  three 
angles  characterizing  the  deviation  of  tho  trihedron  associated  with 
the  platform  from  the  required  position.  It  is  more  convenient, 
however,  to  define,  as  before,  the  orientation  errors  of  the  gyro- 
stablized  platform  by  means  of  the  projections  Am^s  of  the  absolute 

angular  velocity  of  its  rotation  in  inertial  space  around  the  CS 
axis  of  the  gyrostablized  platform. 

Varying  the  basic  inertial  navigation  equation  (1.88)  and  taking 
into  account  the  basic  instrument  errors  discussed  above,  we  obtain 


A(^r  — r)^An-2AmX^-~-Xr. 
Am  = Afflj  l,  -f  Am^.J;,. 


On  the  other  hand. 


(4.94) 


4(-Sjf  — ’-nb(n‘rl).  (4.95) 

From  expressions  (3.132)  for  the  contravariant  components  of  the 
-► 

vector  n in  the  basic  coordinate  system,  and  from  which  the  formulas 
(3.172)  wore  derived,  we  find: 


Sn  -ir/t*'  | I. Ik I VlVx"  I- 1',.'  /»')-(- 

f(*  |- IV.- 


(4.96) 


From 

following 


relations  (4.94) 
three  equations 


(4.95)  and  (4.96)  we  now  obtain  the 
( k = 1,  2,  3) : 


i(x‘-i  r„*,vnK"  j-21’ vx'-PlV 

■t  (i'  -i  -t 

-An*-  (2 Am  ✓ % 


-f*)  ( 

f IV,—  n jr*  tr,  — ! 


(4.97) 


31* 


Equations  (4.97)  will  be  the  first  group  of  error  equations  for 
an  inertial  system  determining  arbitrary  curvilinear  coordinates. 

They  clearly  correspond  to  equations  (4.1). 

Let  us  now  expand  the  expressions  appearing  in  equations  (4.97). 
Since  r^,  ^On'  ^00  are  functions  of  the  coordinates  x 1 , x2,  x'3 

and  time  t,  and  the  variations  arc,  as  before,  isochronic, 


M*‘  +■  + nv‘i'4  r,.‘  - k‘)  » 

~ si*  + irvti-  + -A.  (r„J)  i’i*Ax"  4 

Of. 

4 ~7  rt",i)Ax’  f ? — (r.^Ax'hir.'.A-i'  -A.-*. 


(4.98) 


Accordina  to  the  definition  of  r : 

s 


* " * * 


(4.99) 


From  this,  recalling  the  definition  of  the Christof fel  symbols, 
we  obtain: 


r>  ■ Ax"r,J. 


(4.100) 


Let  us  introduce  the  vector  q and  its  contravariant  components 
(q)  according  to  the  equalities: 


(2Am  * "Sr  t r X r)  • r*  = * . r* 


(4.101) 


and  compute  the  values  of  (q)  . 


For  the  vectors  \m  and  dr/dt  appear  inn  in  expression  (4.101) 


we  have: 


A/m  r-  A/: 

rfr  • , . i >r 


From  the  second  equility  (4.102),  it  follows: 


(4.102) 


I 


(<«)  "*'+-3^  = + a*. 


(4.103) 


where 


denote  the  contravariant  and  covariant 


components  of  the  vector  dr/dt.  Further, 


(■*sr)'=A"‘  + Am'(r,%'+r„*). 

1 4\m  \« 

\ <ii  /•  a,*rsr) 


(4.104) 


and,  finally, 


(r)*  = «'*(/■),. 


(4.105) 


Substituting  (4.102),  (4.103),  (4.104)  and  (4.105)  into  the  left 
side  of  equality  (4. '01)  and  introducing  the  Levi-Civita  symbols  (3.150), 
(3.151),  (3.152),  we  obtain  the  following  representations  of 
expressions  (4.101): 


~e,'*[2,\„i, -i «,',)+ 

+ -i  r,;))JL_£_  /•>). 

2 <V  J 


(4.106) 


Let  us  find  Sg  . According  the  formulas  (3.11)  and  (3.15) 


rcjnd  7 ) B'adt  (n1.  n’.  V) 


Therefore , 


~ * 7T  r ■ r*  ) grad1  r>|' 


M •»  <V* 

•jo"  vo  iorad  >>)!■ 


where  n,  is  defined  by  equations  (3.163)  and  (3.164) 


We  now  obtain 


(4.107) 


(4.103) 


A(-,-r  r')  i grad^'H  i(*  j grad' 
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I ■ 

Jr 

In  order  to  find  6n^  is  it  necessary  to  vary  equations  (3.163) 

or  their  equivalents;  the  variations  of  the  first  components  in  the 
right  side  of  equalities  (4.109)  may  be  expanded  immediately: 


*(>“•' •'*)■=■  nr*. 6(£)  + 


(4.110) 


Using  formula  (4.44)  we  expand  the  first  terms  of  the  right  sides 
of  equalities  (4.110): 

Mr*  • 4 (tt)  = 7T  (Ar  — 3r  ' r>  “ 

=>  7T  r*  • r.Ax’— — r . r.a'V  • r/m’  ■= 


„JLak*— 

r3  4r^  dx*  dxrt 


(4.111) 


Irt  order  to  expand  the  second  terms  of  (4.110),  we  consider  the 
equalities 


rm  • */•'  = ~r‘- 


(4.112) 


Then 


M.i  |i  rV*  . • 

yrr  tr  » 


(4.113) 


Substituting  (4.113)  and  (4.111)  in  (4.110)  and  also  in 

If 

(4.109)  we  arrive  aftho  following  expressions  for  6g  . 


« - 4 - 1-  3;  ±1  ±L  4,."  + 

b r ’ ' <r'  ax1  <)x" 

-I-  -^T Ax'*  -I  KK1<I,'V|,*  (■  KMil'rAu*. 


(4.114) 


In  considering  in  S4.2  the  error  equations  of  inertial  systems 
determining  Cartesian  coordinates,  we  concluded  that  in  the  first 
approximation  of  the  error  equations  the  variations  of  the  nonspherical 
components  of  the  earth's  gravitational  field  may  be  ignored.  It  is 
evident  that  this  conclusion  is  valid  here  as  well. 
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In  place  of  relations  (4.114)  we  will  then  have: 


(4.115) 


Taking  those  equalities  and  equalities  (4.106),  (4.100),  (4.98) 
into  account,  we  obtain  from  relations  (4.97)  the  equations: 


^*+2^"  6x"+-£  (rn‘)  i-;«  6 k" + •—  (i  «*)«*" + 
+ 2 (r,;)  i-  fix"  + 2r0;  6x*  4-  4 Ax*  - 


3(1  „kn  dr’  Or1  . „ |i  i)r»  m/ir  *.  n , 

77  a76x  r'""6x  + 


■ “Hr  fl 

i 7 


2 r3  flx" 

-J-  I'm,**'"*"  +2rnt,x"-(-roo  + 

4 "dZ*)  “ ^n>  ~ ' C*1*  | '^AmjC/ifx1  4<jJ)4“ 

4flin[^,',n  + (r/m>«'"  + “jjf  J- 


(4.116) 


Equations  (4.116)  constitute  the  first  group  of  error  equations 
of  the  inertial  navigation  system  under  consideration.  To  them  it 
is  necessary  to  add  the  equations 


4-  Oi  (I  Vi  h*  -|-  I'm)  = Am*, 

fix*  = fix*  4 fix*. 


(4.117) 


The  first  group  of  equations  (4.117)  is  analogous  to  equations 
(4.84)  of  the  preceding  section.  The  equations  of  this  group  define 
the  small  rotation  vector  5^  of  the  hydrostabilized  platform  in 

inertial  space,  resulting  from  its  free  drift. 


The  second  and  third  groups  of  equations  (4.117)  define,  ana- 
logous to  (4.85),  the  errors  <5*®,  in  addition  to  6xs,  in  the 

determination  of  the  coordinates  t s caused  by  the  fact  that  the  angle  0^ 
is  different  from  0,  and  total  errors  Sx*  in  the  determination  of  the 

coordinates  analogous  to  the  errors  fcx-j,  6y3,  6z3  in  equation  (4.85). 


L 
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Before  analyzing  equations  (4.116)  and  (4.117)  and  examining 
special  cases,  let  us  transform  them  somewhat.  As  a result  of  the 
transformations  we  obtain  the  following  system  of  equations: 


fix*  4 £ Ax'  4-  2(l’Jx " 4-  r.»)Ax"  4- 
+ [(£  r,„;  4 rM)  xV4 

4- 2 (~ioi  \ r0,;i\i) x"  -t  r.I(x* 4- iV,)4- 

, i >.  t 3(1  in  rfl*  <V*  1 . .1 
+ __  j ftx  = 

= A/»*  — £"*  | <i1),Am'7i„  (x'  4 n') 4- 

4-n«.|A»n"  4 ■(  1'n"') Am/J -^-7)1 

k 2 W) 

0*  4-  0'i(l’/fx  4 

Ax*  = £''*«  0? 

1 c *<  • 2 ,)k' 

Ax*  -rs  Ax*  | AxJ 


(4.118) 


The  initial  conditions  of  equations  (4.118)  are  obvious. 

Equations  (4.118)  contain  the  contravariant  components  An3  and 
s ->  -+• 

Am  of  vectors  An  and  Am  of  the  instrument  errors  of  the  sensing 

*4 

elements.  The  projections  Anc  of  vector  An  on  the  axes  of  the 

sensinq  newtonometers  and  the  projections  Anf s of  vector  m on  the 

axes  of  the  gyrostabilizcd  platform,  i.e. , on  the  axes  of  the  basic 
Cartesian  coordinate  system,  are  known. 

*4 

Since  in  the  system  under  consideration  the  unit  vectors  cg  of 

4 e 

the  nowtonometer  axes  are  disposed  along  the  vectors  r of  the  common 
basis, 


An,  -*  An  c,  . 

• I j" 


(4.119) 


Hence  (not  summing  over  si) 


A»*«a,A»,  /«», 


(4.120) 


From  equalities  (4.94)  and  (3.88),  (3.89) 

A*'~Am  #-„a,v  (4.121) 

We  note  that  the  orientation  errors  of  the  newtonometers  in  the 
class  of  systems  under  consideration  may  be  obtained  by  varying  the 
elements  of  table  (3.173).  We  will  not  present  here  the  relations 
obtained  from  this  variation;  this  will  be  done  below. 


4.3.2.  Orthogonal  coordinates.  Cartesian  and  geocentric 
coordinates.  Let  us  examine  several  special  cases  of  the  derived 
ideal  equations  of  an  inertial  system  using  curvilinear  coordinates. 
For  stationary  coordinates,  when 


(4.122) 


Hu  « 0,  flo^O, 

the  first  two  groups  of  equations  (4.118)  assume  the  forms 

•V  d»»  1 „ 

— ~~r  n -~-y  — - I ox  » 

Ox  dx  \ 

**  An*  — 4-  0„  (Am"  -f- 
6*  -f  Oil’,!  x’  «=  Am*. 

The  third  and  fourth  groups  of  equations  (4.118)  do  not  change, 
nor  do  relations  (4.120)  and  (4.121). 


(4.123) 


If  the  coordinates  h s are  non-stationary , but  are  orthogonal, 
then  only  the  diagonal  components  o?  the  metric  tensor  are  different 
from  zero.  As  a result,  the  first  and  third  groups  of  equations  (4.118) 
may  be  written  in  the  following  form: 
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t 2 (!'..! x"  I l',*|Ax”  -f- 

+2;"(^rr„:.i  ImI’mJ -(■(/'  nv,)i«+ 
+ *?I-“V"  TSTsr  ' 

“ An*  — c"*  { ‘2a,,  A m\,  (x1  f nj)  )- 
+«.,|A*,+,W(rl;;‘>  hvdiI^L), 

2 ihr  j 


(4.124) 


The  second  and  fourth  groups  of  equations  (4.118)  and  relations 
(4.120)  do  not  change,  but  equalities  (4.121)  take  the  form: 


Amr=—  Am  i ~'r  a" 

1 ft/.' 


(4.125) 


Finally,  i*  the  coordinates  are  stationary  and  orthogonal, 


I’o*  — I'l.’i  — 0. 


(4.126) 


must  be  substituted  into  equation  (4.124),  as  a result  of  which 
these  equations  take  the  following  form: 


6x*  pi*  Ax*  t-2l,„.*i>x"  | 

3i*  t|  *>r*  i if1  1 , „ * » .•!»!  Ia  » > ’f 

i «<„(•' n | Amx'IV;)^ 


(4.127) 


Equations  (4.124)  and  (4.127)  correspond  to  the  ideal  equations 
(3.210)  — (3.213)  in  orthogonal  curvilinear  coordinates. 


If  x 1 , x?,  x 3 are  non-stationary  Cartesian  coordinates, 
equations  (4.124)  transform,  as  expected,  into  equations  (4.83)  — 
(4.85).  In  fact,  in  this  case  the  vectors  are  unitary,  and  the 

orthogonal  trihedron  formed  by  them  rotates  as  a unit.  All  of  the 
Christoffel symbols  are  equal  to  zero,  while  the  non-zero  diagonal 
elements  of  the  metric  tensor  are  equal  to  one.  Taking  this  into 
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account,  we  obtain  from  equation  (4.124): 


4il*  + 4k*  I-  2l\i  4i”  + 

r.a-» 

“A»'  — €,»  [2Am'(K'+  oJ)  + 

4-  (Am 1 + Am'rj)  y • 
6,  -f- OjP(v  *=*  Am*, 

*><: -6, k- 


(4.128) 


Since  the  coordinates  are  Cartesian, 

'’=(*')'  + (K*)l  + (K»>> 


and 


(4.129) 


dr< 

<fx* 


2k*. 


(4.130) 


k k 

The  symbols  rQs  and  rQ0  for  the  case  in  question  have  already 

been  calculated  in  §3.3.  Turning  to  formulas  (3.233)  — (3.237) 
we  find: 


— a*  + I’m) * 


= (<■>  X r„)  ■ r,  4-  w,wt  — r,  • rtu’, 


(4.131) 


Substituting  (4.131)  and  (4.130)  into  (4.128)  we  arrive  at  the 
equations 


4k*  4-  fr-fru'  — 3x*x„Ax'’)  4. 
45|MX'r„)-/'fe"-( 

4-  l("»  X O ■ r*  -I  w*m„  — r*r„i.x|  4k"  = 

*=  An*  — (■’"  1 2 Am,  |x,  * «..  / r)  • r, | -f 

4- I'm,  : iW(n  V r,)r  |x,|. 
0?4  0,(«Xr,).r*  = Am*.  4xf^  £„,»;**. 
4x*>»Ak*  4 4xJ. 


(4.132) 
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Since  the  coordinates  are  Cartesian,  r = rg  and,  consequently, 

the  contravariant  and  covariant  components  are  equal;  also  equal  are 

s tk 

the  Levi-Civita  symbols  €stjc  and  i . The  indices  in  equations 

(4.132)  are  therefore  disposed  in  such  a way  as  to  guarantee  the 
summing  rule.  Expanding  the  mixed  products  in  those  equations,  then 
summing  and  noting  that  quantities  r^,  r2. 


2 1 n * n » " t w2* 

Am2,  Am^;  0^,  G*,  G^  in  equations  (4.132)  correspond  to 


U3J 


the  quantities  x,  y,  z; 


x#  y»  z;  <*'x» 


"y»  only , vlx,  oly, 

in  equations  (4.83)  — (4.85),  wo  easily  convince  ourselves  of  the 
identity  of  equations  (4.132)  and  (4.83)  — (4.85). 


Am.. 


Am 


0, 


0, 


'lz 


The  error  equations  (4.118)  wore  obtained  by  considering  an  inertial 
system  the  kinematic  basis  of  which  was  taken  to  be  a free  gyrostabilized 
platform.  In  §3.2  it  was  also  shewn  that  a maneuverable  gyroplatform 
may  also  servo  as  the  kinematic  basis  in  the  determination  of  ortho- 
gonal curvilinear  coordinates.  Equation  (4,118)  remain  valid,  of 
course,  in  this  case  as  well,  and  only  the  instrument  error  Am 

changes,  being  specified  not  as  projections  Anus,  but  as  projections 

**  4 direc- 

Am^sj  on  the  axes  of  the  maneuverable  platform,  i.e.,  on  the  rg 
tions.  As  a result,  in  calculating  the  contravariant  components 
of  the  vector  Am  in  the  basic  coordinate  system,  instead  of  formulas 
(4.125)  we  will  have  formulas 


(4.133) 

where  Am^j  denotes  the  errors  in  the  specifications  of  the  projections 
of  the  angular  presession  velocity  of  the  maneuverable  gyroplatform 
on  its  axes  (the  instrument  errors  in  the  formation  of  the  controlling 
moments  and  the  free  drifts  taken  with  inverse  sign).  According  to 
formulas  (3.209)  and  (1.78a) , 


77- 


"S. 

ir 


(4.134) 
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For  purposes  of  illustration,  let  us  derive  from  equations 
(4.118)  the  error  equations  for  the  geocentric  coordinates  r,  X,  y 
in  a trihedral  bound  to  the  earth. 

Since  the  geocentric  reference  grid  is  orthogonal,  instead  of 
relation  (4.118)  we  may  begin  from  equation  (4.124)  and  the  second 
and  fourth  groups  of  equation  (4.118). 

We  will  use  the  values  (3.252)  for  the  Christoff el  symbols 

calculated  above  for  a geocentric  reference  grid,  the  values  (3.267) 
1c  k 

of  the  symbols  rQg,  Tqq,  and  the  values  (3.250)  of  the  diagonal 

components  of  the  metric  tensor.  Substituting  these  into  the  first 
group  of  equations  (4.124),  we  obtain  the  following  values  for  the 
individual  terms  in  the  left  side  of  these  equations. 

For  k = Is 


2 -f_  Pol)  Ax"  = 

8=3  2 |(l  3 1 x7  I - r0J)  Ax’  -(-  falx'  Ax‘'|  “ 

*=  — 2 r ('pty-Hi-fi/fcos’ip  6i|. 

[*  * 

+2i*(-^r|’o5  f-roir,i)].v  = 

- l'»(^  4-  4-  2Tji*|  Ax"4- 

4 f n Ax  [ 2x  (r„?  4-  x7)  4-  2x’  (iv?  4-  r,?xJ)]  + 

4-rjl6x  (2(  aix'x3 -px3(2['y3  4"  ^ 7ix7)]  ^ 

»-  Ar  1*1 ? f C/.:  { 

— ’2(il  (u  i A)(fiHS*‘|  - /'I  i — 1 

— r ( /.■'  t”  cos*j  J, 

. r,i  Ax-  f-  r,ix*  Ax’  f lV,(x’  1-  I ,.l)  Ax’  r 

Ok 

r= — 6r/i7  c os7  <p  -j-  r ( u7  s i n *[  c os  if — «tp)  — 6). r /.  coiJ  ip. 
3fi  ..  Or1  Or * « 3u  x, 

r'  .)x‘  dx"  r‘ 


(4.135) 
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For  k = 2: 


trr  2 [(r^Jx1  *4-  Pol)  Ax'  4 (I  4 I tu)  hit  4 
+ (Fil <*’  4-  rsjx')  Ax*|  = 

«=2|ir  4 ojuntf  4 (f-1! '*"()]  ■ 

[(d7  r»*  4-  • -!i«)  «"«*  4 

4*  2 ^~pr  ^ + 

= -A  |2i‘  (r3?x’  4 r«)  4 2x.3(r:;x’ + rj)]  4k*  4 
4-r,?6K’|x  (i\-!x:  <-2rJ)'+(iyr,l|4- 
4-  r^frx'lx’^y  4-  2r4)  t srv'x’x'l  f- 
4 Pi*  4x’  | x1  (I'll x7  4-  2I'cT}  4-  xs(l  »jx?  4-  2 IVi)  4 
4-Pi7x'x'  4 I^x’x’l  4-  I'jj  6x'|x'  (P,T x?  4-  2r0i) 4 
4"  x*(Pjix’  4-  2l'tn)  4~  I ijx1  x1 4-  Pj.  x x I 6=1 
*=  — 26r  — 24<f(i  4- 

- b\  [ 3l<>.  4-  2«)  4 4-  2 j 9i«n  j . 

~7?a n1777u=a-  I 

[-JJ7  r«4r»(«'  4"  r<i)]  b*  “ 

■oPiJx’ftK1  4Pij(xi  4- F ui) 6x,4-r»(K,4‘Pro)*K,4‘ 
4-  r,5x’  b*~ir  y 4-4 >•  (y- - (fljrff  - ll’j  -6-fWf. 


For  k ^ 3s 


a(r«i"  4 PoJ)  4x"~ 

-=  2|(r^’  + p«)  *xJ  4 r,;;*  4 r.ji'  fti‘|  = 

“ 2 [if  2-  4 4i().  4 u)  sin  if  coup  4*<p£j , 

[(^r"’"  + r":r")  *"*’  + 

42(£Pci4  p.;r.i)  K*j  =, 


dx' 


rlH?0 ft*7  -f-  SIm)  2I’ijkix,| Inf  -f. 


-f  I a?  |2!Y'i«V  4 x7(IV;H7  4 2loJj|  6ft1  4- 

+ rZ\«\V,W  + 2I\,})  + 4 

4*  I w|2x  (I  jJ  x7  4- 1 VO  4 ^x1  (I'jjx7  4>  r0DJ  6x7  =3 

*=  br  y (J.  f 2<#).)  sin  cos  «|  f- 
4 2A>.(J.  4 u)  (£cos»p  — «f  sin  «f)  sin?  — 

, rfr*  t>r*  , _ 


--51,  o' 

4 r' 


d*1  <ix" 

I*i4  P*« (x’  4 IV.)]  Ax*  *=» 

*=-j^-PoJ*x  4Pjf(x'  4 P»5,)Ax'  4 
4 Tij (x1  4Pol)  ix1  f Pjjx'fci't= 

tfy('p  (-«,>llnfCOJ9)4  i tin  ip  cos  If  t).  4 

+ *r(p  — «,»ln,f] 


(4.136) 


(4.137) 
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Noting  that  for  the  right  sides  of  the  first  group  of  equations 
(4.124)  the  following  relations  hold 


(t r* 


(4.138) 


and  taking  into  account  expressions  (3.183)  for  the  Levi-Civita 
stk 

symbols  C , we  have: 


A»*  — £MI|2<i„Ani*<ij1(M'-|  «^)|  — 

«=A«i'  4 2]/  — lAm’fv1  + (h>  + aj)|. 

A«>-e,(2“J.Afl,“.,(*,+«i)  + 

•f  [Am3  4 aV(P n?Hm  4 P»J)|  x J 

— Am,aa,(K®-+-  = 

« A»H  2 ]/ -^,|Am»(KH^)-Am»(x»4-fll,l)|- 

— 1^ ^ Am5(v.iV)  4-  Pol)  f 

4A«3x,Pai  4Am'xY  ijJ  x*» 
Art3  — £,}3[2<im  Am'/J^fx7  4 ^J- 

— Am?fl|(  (x‘  4«J)4 

4 fli?(Am54- Am/(rn?H',f  4 Pttf))*'I™ 

«=  A«34-2  4*J)-Am,(H’4^h 

4 (Am3  4 Am'  (P:3x3  4-  r<,i)  4 

+ Am'O’nx’  -f-  I'oO  + Am’ (r^x’-frJjH1)!' 


(4.139) 


where .according  to  the  first  group  of  equalities  (4.103), 


a-=  ■ S 

“j  01 


(4.140) 


Comparing  (4.140)  with  (3.232)  and  (3.130),  wo  haves 


°°~ua'  ('''it’ 


(4.141) 


Whence,  using  relations  (3.24G),  (3.247)  and  (3.250),  wc  find 


-=  °-  °J  =“•  «l : 


(4.142) 


331 


We  may  now  write  explicit  expressions  for  the  right  sides  of 
the  first  group  of  equations  (4.124)  for  the  case  of  geocentric 
coordinates.  Substituting  into  formulas  (4.139)  the  values  ajj 

from  equalities  (4.142),  the  values  of  the  symbols  r £»  T 


from  relations  (3.252)  and  (3.267)  and  the  values  ags,  aSS  from 
(3.250),  we  arrive  at  the  following  expression: 


An*  + 2 r*  coi  if  | An1  (i  4-  u)  — Am’y], 

4*’  + (Am 'if  — Am’j)  — 

— Toff”  I4"|1  + Am*(J.‘  -f  u)jln<fCosy4- 

4-Am»^-f  Am'  4], 
Ait*  + 2 coi  if  |Am’r  — Am'  ().  4 u)[  4- 

4- /cosiflAmH  Am3(i4-«)un'f4-  Am'  + 

4-  Am*  . 


(4.143) 


Here  Ans  and  Ams.are  the  contravariant  components  of  the  vectors 
An  and  Am  of  the  instrument  errors  in  the  basic  coordinate  system. 
Using  formulas  (4.120)  and  (4.133)  they  may  be  expressed  in  terms  of 

4 4 

the  projections  An^gj  and  &m(s)  vectors  An  and  Am  on  the 

directions  rg. 


Am 


(s) 


Substituting  An(sj  and 
expressions 

, An(„4-2f  |Aw(3,(>!4-«)cos<p  Am,„y|. 

■{ — ! — [Am,  |, if  — 2Am,3,-^  — 
r coif  ' <oi<f  l ",r  ' ' r 

— Am,j,  — Am|„(i.  -f-n)sif» <j|. 
——"4"  2 — Am,,,  — Am1)( (X4-  “)co» t4" 
4- Am  yj  — Am,,,  (i  4- “)  »in  y. 


for  An  and  Am  we  obtain  the 


(4.144) 


Combining  equalities  (4.135),  (4.136),  (4.137)  and  (4.144),  we 

obtain  the  desired  first  group  of  error  equations  for  a geocentric 
reference  grid. 
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r7 


A r — [ 4'  T1 4-(i  +■ «)!  cos’  <p]  Ac-  — 

— |2(X  4- </)(»■  cos’ /p— /■i/sliiifcosif)  4 riico4,ir|6X4- 
4-|/’(i4-i/)’sln<fcos'|  — 2nf—  n/l  \p — 

— 2r(i  4-  «)4j.  cos’  <f  — 2rif  fcf  = 

= A/i,,,  4-  2r  |Am„,(i  4-  i/)cnsy  — Am,„yl, 

4&  4"  [73 — (i  f-  *)’  — Is  4-  y — * ~ lUn'i  — 4- 
4-i|X-2.Hi4-i/)i.w,|]6r- 
— [2 (X  4“  "Js* 4“  2 7 (i  4-  “)l»n,|‘  — >-t»n 4- 

4"  2 (7  — TUnf)  — 2 (J.  4-  «) *■! »«« V 4-  2 7 (>•  4-  «)  4r'«» 

4"l”  1 1 Ta  * ft  A ' 

e» h Ani,,jr  — 2 Am.], 

/cosy  1 cos  | [ ""  r ■ 

— Am,3)  — Am,]  1 (/.  4.  u)  sin  if] , 

*9 4- [-|r ~ 4- »)’ sIm’v  — <1  ’ 4-  4- 

4-  [2  y (i  4- «)  sin  <f  cos  if  — 2y  (i  4- «)  slir  if  4- 
4-J Slnif  CGS<pj6X4-  4-i/)7slnif  cosy  4-ifjftf  4- 
4-2(i4-“)sl|,9  s°5,pAi4-2  ^ y4r  4-  2y  6<[  =» 

*“  4-  2 A//i„,  ~ — A/.i ,,,(/.  + i/)cos.p4- 

4-Am,„  — Am, j,(5.  + n)  sin  y | 


(4.145) 


Equations  (4.145)  correspond  to  the  first  group  of  equations 
(4.124)  or,  equivalently,  to  the  first  group  of  equations  (4.118). 

The  second  group  of  equations  (4.118),  if  only  the  non-zero 
Christoffel  synbols  and  I’^  symbols  are  retained,  take  the  form: 


W 4 0, 0';;* 1 4-fo!)  4_®il’;u>!1=*  An,1, 

W 4-  0!  (r,lx’  4 I'u)  -f-  0?  (IV.x1  4-  ra!x’)  4- 

4*  OiOjjH1  f- 1 oj)  — Am1, 

6,  4 0,r.„x  4 (lj(l  j, y ! 4 I 0/)  4 Oil  1 V. 1 « Am1. 


(4.146) 
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Introducing  the  values  (3.252)  and  (3.267)  of  the  symbols  r and 

mn 

k . s 

rQn  and  expressing  Am  in  terms  of  Am^j  m accordance  with  formulas 
(4 . 133) , we  obtain : 


6!  — Ojrti  + xjcoi’v  — Ojrif  = Am,i(> 

6]  + 0|  — j[u  + ®i  (y  — lPt»n<p)  — 

6?  + ol  i +■  o)  (i  4-  #) sin  % cos  «T  + 0?  A «,  ^ . 


(4.147) 


Equations  (4.147)  correspond  to  the  second  group  of  the  error 
equations  (4.118). 

Finally,  the  third  and  fourth  groups  of  equations  (4.118)  may 
be  written,  using  formulas  (4.138),  (3.250),  (3.251)  and  (3.183), 
in  the  following  manner: 

4,i " of 6T‘'“ -°’,C0»T.  (4.148) 

trtcatr  -Mr,.  f-  *>., , =■  + *Ti  (4.149) 

Equations  (4.145),  (4.147)  — (4.149)  constitute  a complete  system 
of  error  equations  for  coordinate  determination  in  a geocentric 
reference  grid. 

We  note  that  equations  (4.145)  and  (4.147)  — (4.149)  may  be. 

obtained  from  formulas  (4.83)  — (4.85),  since  the  geocentric  reference 

grid  is  orthogonal.  We  also  note  that  this  grid  is  spherical,  i.e., 

-► 

vector  r^  is  directed  along  the  radius  of  the  earth  from  its  center, 

-►  *> 

and  vectors  r 1^3  are  normal  to  this  direction.  Moreover,  we  will 

consider  that  the  x,  y,  z axes  in  projections  on  which  equations  (4.83) 

■>  . 

--  (4.85)  are  written,  are  superposed  with  vectors  l’j,  r^,  r^ , respectively 

o_  chc  main  basis  of  the  geocentric  reference  grid.  In  this 

case 


y =»  x = «.  i Q , 

should  be  substituted  in  equations  (4.83). 


(4.150) 
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According  to  (3.269)  and  the  correspondence  of  the  x,  y,  z axes 
and  the  vectors  r j,  r^,  and  r^. 


= —0-  + «)  Sill  If,  III,,,  ram, 

n>ui  =*  <■>,  = (?.  4 «)  i‘os  if ; 


(4.151) 


Am„,  = Am,,  Am,„.=  A«,,  Am,,,  ■=  Am,,  I 
All,, )'=*»/•  A«,„r=A n,.  An,, | .=.  An,  J 


(4.152) 


In  addition,  it  is  evident  that  the  relations 

6y^/Af,  Itx  cos  if. 

are  valid  to  within  the  second  order  of  smallness. 


(4.153) 


Substituting  expressions  (4.153),  (4.152),  (4.151)  and  (4.150) 
into  equations  (4.83)  and  dividing  the  second  of  tie  resulting  equations 
by  rcos'p  and  the  third  by  r,  we  obtain  equations  (4.145). 

In  order  to  obtain  equations  (4.147)  from  equations  (4.84),  we 
must  take  into  account  the  further  fact  that  in  equations  (4.84)  the 

4 

quantities  0^x,  , 0lz  are  projections  of  the  vector  0^  on  the 

x,  y,  z axes,  and  that  in  (4.147)  the  contravariant  components  of 
this  vector  in  the  main  basis  are  expressed  in  terms  of 

0|,  o£,  0^.  Therefore,  in  analogy  with  formulas  (4.120)  and  (4.133): 


°ii  =*®H»  — 0|.  0,1  =i0|,„  u’r  cosif,  0|,  «=(),,,,  ,0\ 

The  substitution  of  (4.154)  in  (4.84)  gives  equation  (4.147) 


(4.154) 


Finally,  from  relations  (4.85),  with  the  aid  of  relations  (4.154) 
and  (4.150),  relations  (4.148)  and  (4.149)  are  obtained. 


In  the  same  way  that  (4.145),  (4.147)  — (4.149)  were  obtained, 

the  general  equation  (4.118)  may  be  used  to  derive  the  error  equations 
for  any  reference  grid,  in  particular,  of  course,  for  those  reference 
grids  discussed  in  §3.3. 
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54.4  Reduction  of  Error  Equations  for  Curvilinear  Coordinates  to 
Error  Equations  for  Cartesian  Coordinates. 


4.4.1.  The  possibility  of  reduction.  The  error  equation  (4.118) 
and  the  resulting  error  equations  for  specific  reference  grids  are 
extraordinarily  unwieldy  and  complex.  One  may  easily  veri- 
fy this  by  referring  to  equations (4 . 145)  and  (4.147)  — (4.149)  for 
geocentric  coordinates.  Especially  complex  are  the  first  group  of 
equations  (4.1)8).  This  is  not  surprising,  since  these  equations  are 
essentially  none  other  than  variations  of  the  general  case  of  the  motion 
of  an  object  ( mass  point)  in  curvilinear  coordinates  in  a spherical 
gravitational  field  and  under  the  influence  of  several  arbitrary  forces, 
i.e.,  variations  of  Newton's  general  equations  in  curvilinear,  non- 
orthogcnal,  and  non-stationary  coordinates. 


Although  equations  (4.118)  are  linear,  their  coefficients, 
determined  by  the  trajectory  of  the  object  with  which  the  system  is 
associated,  are  complex  functions  of  time.  Equations  (4.118)  and  the 
equations  derived  from  them  for  curvilinear  coordinates  do  not  possess, 
as  a rule,  a symmetry  which  is  clearly  enough  expressed  to  facilitate 
their  analysis.  Simplification  of  these  equations  by  ignoring  various 
terms  is  in  general  impossible,  since  various  of  these  terms  may  be 
of  decisive  significance  depending  on  the  character  of  the  motion  of 
the  object. 


Another  possibility  is  to  simplify  equations  (4.118)  by  dividing  the 
possible  trajectories  of  motion  of  an  object  into  several  classes  on 
the  basis  of  their  practical  interest,  i.e.,  to  simplify  the  equations 
by  reference  to  the  various  categories  of  objects  for  which  the  inertial 
system  is  designed. 


However,  even  for  a given  class  of  trajectories  the  concrete  form 
of  equations  (4.118)  will  vary  as  a function  of  the  structure  of  the 
inertial  navigation  system,  i.e.,  as  a function  of  the  coordinates  in 
which  it  operates.  Thus,  the  problem  in  any  case  reduces  to  the  consid- 
eration of  a large  number  of  equations  of  the  form  (4.118). 


This  may  avoided  if  analysis  of  the  error  equations  for  any 
reference  grid  is  reduced  to  cheir  analysis  in  any  one  reference 
grxd  selected  in  an  appropriate  fashion.  This  approach,  in  conjunction 
with  the  reduction  of  the  real  instrument  errors  of  the  system  elements 
to  the  equivalent  instrument  errors  of  the  sensing  elements,  makes 
possible  a general  analysis  of  the  error  equations  of  inertial  systems, 
as  we  will  see. 

The  expediency  of  this  approach  derives  from  the  fact  that  there 
is  no  direct  need  to  consider  the  error  equations  in  the  form  of 
variations  of  the  coordinates  determined  by  the  system.  In  fact,  with 
regard  to  the  synthesis  of  the  ideal  equations,  one  of  the  problems  to 
be  solved  is  the  selection  of  the  reference  grid  on  which  the  kine- 
matics of  the  apparatus  to  a significant  degree  depends.  Here  it  is 
necessary  to  be  able  to  consider  the  ideal  equations  directly  in 
those  reference  grids  from  which  the  reference  grid  which  is  to  be 
realized  is  selected.  The  real  problem  in  the  analysis  of  the  error 
equations  is  to  establish  system  characteristics  such  as  operational 
stability,  and  also  to  determine  how  errors  in  the  determination  of  the 
coordinates  of  the  moving  object  depend  on  the  instrument  errors  of 
the  system  elements  and  the  errors  in  the  specification  of  its  initial 
conditions.  These  characteristics,  clearly,  may  be  obtained  by  examin- 
ing the  error  equations  in  other  coordinates  than  those  in  which  the 
actual  inertial  system  operates.  The  actual  instrument  errors  and  the 
errors  in  the  initial  conditions  should,  of  course,  be  translated  into 
the  coordinates  in  which  the  error  equations  are  being  analyzed. 

The  possibility  of  converting  the  error  equation  (4.118)  from 
one  coordinate  system  to  another  derives  directly  from  the  fact  that 
these  equations  are,  essentially,  variations  of  the  basic  inertial 
navigation  equation  (1.88),  which,  clearly,  is  invariant  relative 
to  the  coordinate  system  selected  for  its  solution.  Even  equations 
(4.118)  have  a tensor  character  and  as  a result  their  properties  should 
not  depend  on  the  choice  of  coordinate  system 


We  will  show  this  directly  by  transforming  equations  (4.118) 
into  an  invariant  (vector)  form. 

Let  us  consider  the  case  in  which  the  coordinates  «s  are  stationary, 
and  there  are  no  errors  deriving  from  the  gyroscopic  elements,  i.e., 

^=0.  Am^O.  (4.155) 


We  introduce  the  vector 


(4.156) 

(4.157) 

As  usual,  we  will  denote  the  covariant  and  contravariant  components 

of  these  vectors  in  the  main  basis  by  p and  ps,  p and  ps, 

s s 

and  qs  and  qs,  respectively. 

Applying  the  operation  of  covariant  differentiation  to  the  contra- 
• s s 

variant  components  p = 6x  of  the  vector  p,  we  find 

4 (4.158) 

Applying  the  same  operation  again,  we  obtain: 

g’ n 4-21’ t r,',*"#*'  4- 

+ A V W ~ r,‘,4*”*' »xT„;  IV,.  (4.159) 

According  to  the  definition  of  the  covariant  and  contravariant 
components,  we  have: 


along  with  its  time  derivatives 


•tf*  . d*a 

7T  »"<* 


P - p'r,  and  q =,  7V(. 


(4.160) 
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On  the  other  hand,  for  stationary  coordinates,  the  following 
equalities  hold: 


4r 

dt 

d'r 

7iT 


= (H*  + r,;i  V)rt. 


(4.161) 


Varying  equalities  (4.161),  we  obtain: 

6 T' -A"v*  + +- 

which  is  equivalent  to  equalities  (4.158),  and  also 


(4.162) 


*£-(?  +r.5i  •;>.+ 

+ r,  (6*  4-  2r.*.i-  4i*  + JjL  Tj)  = 

- -h  2r«;;-  »;* + i*i*  4*°  r.l + 

+(i,+r,*;-;*)fcc"rjl.  (4.163) 


Since  the  variations  are  isochronic,  the  operations  of  variation 
and  differentiation  should  allow  variation  in  the  order  of  their 
performance.  Therefore,  the  bracketed  expressions  in  equalities  (4.163) 
should  be  equal  to  the  expressions  in  the  right  sides  of  relations 
(4.159).  It  is  easy  to  show  that  this  is  in  fact  the  case. 


Indeed,  from  comparison  of  these  expressions  it  may  be  shown  that 
they  are  equal  if  the  sums 


* »"  I-  * mil 1 Thi"  * 


= X X OX  


are  equal  to  zero. 


(4.164) 


But  the  bracketed  expressions  on  the  right  sides  of  equalities 
(4.164)  are  simply  mixed  components  of  a Riemann-Christof fel  tensor, 

g 

i.e.,  a tensor  of  spatial  curvature  defined  by  coordinates  h : 


- j~r„:  4 r»:r.*.  r„:  - rjr,: 


(4.165) 
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This  three-dimensional  space  defined  by  the  coordinates  x s is 
Euclidean.  It  allows  the  use  of  a Cartesian  coordinate  system. 
Therefore,  the  Riemann-Christof fel  tensor  is  identically  equal  to  zero. 
Consequently, 

(4.166) 

It  follows  from  this  that  the  loft  sides  of  equalities  (4.164)  are 
also  identically  equal’  to  zero,  which  is  what  we  wish  to  prove. 

Considering  relations  (4.155)  and  (4.166),  the  first  group  of 
equations  (4.118)  may  be  simplified  to  take  the  form: 


A.  11  A..*  dr*  dr*  . » . or  *;  n ».*  » , 


(4.167) 


Using  equalities  (4.166),  (4.165),  (4.164)  and  (4.159),  we  arrive 
at  the  following  form  of  equations  (4.167): 


But  in  correspondence  with  relations  (4.111)  and  (4.10  ), 


(4.168) 


JL  4**  _ ±\.  ~ A*« 

r*  4 r'  d*n  #)« 


(4.169) 


Therefore,  equalities  (4.168)  take  the  form: 


and  this  is  equivalent  to  the  vector  equality 


(4.170) 


or  the  equality 


as  required. 


q \ hg  --  \n 


qfir  I = 


(4.171) 


(4.172) 
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If  the  coordinates  are  non-stationary,  then  the  left  side  of 
equation  (4.118)  nay  also  be  reduced  to  the  form  of  (4.171)  or 
(4.172).  In  order  to  demonstrate  this,  in  place  of  formulas  (4.158) 
and  (4.159)  the  following  formulas  should  be  applied: 


p’^bx'  +(r.;i’,+ r„:)4x*. 

+ [iV.x- +(r„;;-  + r„o  (r^i* + r„*)  + 

+ + i’.i)  x" + ± + r„;)]  <*• 


(4.173) 


and,  in  addition  to  identities  (4.164),  the  identities 

>rJ«i«+[si*(Jrri:+rt9-j)+ 

4- 1 «r ,1  -f-  Pu*j  Ax*  ea 

«2^ax‘+[^  +£(r,*i-  + r„H)  + (4.174) 

+rmt.v£*m  +r„i(i*i‘,+rtJ)]Ax\ 

should  be  used,  the  validity  of  which  follows  from  the  relations 


*r~  l hi  I til  j,»  -f  I vt« 
dt 

\ n J|«  l 

I * (Jl1  K 


^ pl  i r fr  * r'r* 

| I oo*  oi  — • ou*  io* 


dt 


IV 


Considering  that  according  to  equalities  (4.197)  the  terms  on 
the  right  sides  of  the  first  three  equations  (4.118)  containing  /m11 
are  obtained  by  expanding  the  expressions 


(2  A"'  * Vt 


--  x r 


(4.175) 


we  concluded  that  the  first  group  of  equations  (4.118)  is  equivalent 
to  the  vector  equation 


1 1’ hr 
<n>~ 


+ tyr  : - 2 ,\/ri  x 


1 ,f 

~dt  dt 


X r. 


(4.176) 


Similarly,  the  second  group  of  equations  (4.113)  reduces  to 
the  vector  equations 
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(4.177) 


rf«, 

iii 


— Aw 


Finally,  the  third  and  fourth  groups  of  equations  (4.118)  reduces  to 
the  vector  equalities 

*ri *=» "i  X r.  arj-Ar +ftr,.  (4.178) 

It  is  evident  that  equations  (4.17G)  — (4.178)  and  (4.81)  coincide. 
In  fact,  in  equations  (4.176)  — (4.178)'  the  differentiation  is  absolute, 
i.e.,  carried  out  in  the  basic  Cartesian  coordinate  system  O^f;1?;2^3. 

The  differentiation  in  the  first  two  equations  (4.81)  was  carried  out 
in  the  coordinate  system  O^xyz,  which  rotates  relative  to  the  reference 

coordinate  system  with  an  an  angular  velocity  w.  It  is 

evident  that  the  first  and  second  equations  (4.81)  are  the  same  as 
equations  (4.176)  and  (4.177),  expressed  in  terms  of  projections  on  the 
axes  of  the  trihedron  O^xyz. 

Projecting  the  vector  equalities  (4.176)  — (4.178)  onto  the 
axes  of  the  basic  Cartesian  coordinate  system  and  recalling  that 


we  obtain: 


e , 


+ £ iav + uv  - 2 cm;'  - 
w ...  v.v 

!'=» 

*=  An(l  — 2(A»il,*J~i\>n.,*,j  — AnijC  -t-Am^t*. 

<4'+£lUV-HlV-2iiW;'- 

fi  * ri  » 

— 2(Ara(,i’  — Arnt,‘’)  Aiii^'  jAm^1. 

t>V  4-  £ 1C)’  -t  O’  - 2 1 1 VI V - 
_ ML  a..  _*Cil 

es  Alj,  — 2(Aml,j1  — — Ai/ij,!’  +- 


(4.179) 


(4.180) 
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0||i  J Aidj,,  0|ji 1 — ■ Arn^,, 


(4.181) 


•ei-V* oH*'— o4,i» 

•Si-V — °.|,V* 

K‘s~*v  + r\.  + 

mj 


(4.182) 


Equations  (4.180)  — (4.182)  may  also  be  derived  from  equations 
(4.83)  — (4.85),  if  in  the  latter  it  is  assumed  that 

(d  3=  0 ' 

(4.183) 

and  the  correspondence  of  the  coordinates  £*,  £2,  £ 3 in  equations (4 . 180) 
— (4.182)  to  the  coordinates  x,  y,  z in  equations  (4.83)  — (4.85)  is 
taken  into  account.  Of  course,  equations  (4.180)  — (4.182)  may  also 
be  obtained  directly  from  equations  (4.118).  In  order  to  do  this, 
the  Cartesian  coordinates  £*,  £2,  in  the  basic  Cartesian  system 
should  be  taken  as  the  coordinates  x s.  In  this  case,  in  equations 
(4.118)  the  symbols  r^,  rQ*,  rQg  and  the  quantities  a^  van- 
ish, the  non-diagonal  elements  of  the  metric  tensor  become  zero, 
the  diagonal  elements  become  one,  and  the  Levi-civita  symbols  are  ±1 
as  a function  of  the  order  of  their  indices.  Considering  all  of  this, 
and  also  the  equality 


we  immedaitely  obtain  equations  (4.180)  --  (4.182). 


(4.184) 


Thus,  analysis  of  equations  (4.118)  may  be  reduced  to  analysis  of 
the  system  of  vector  equations  (4.81)  or  the  scaler  equations  (4.83)  -- 
(4.85)  corresponding  to  this  system. 
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4.4.2.  The  relation  between  errors  in  Cartesian  and  curvilinear 
coordinates.  Conversion  of  initial  conditions  and  instrument  errors. 


Examples.  Varying  equalities  (3.89)  we  arrive  at  the  following 

S k 

equations  relating  6£  to  6k  : 


OX* 


(4.185) 


Using  the  table  (3.16)  of  the  direction  cosines  between  the 
C 1 » £2,  S3  and  x,  y,  z axes,  we  find 


(4.186) 


In  order  to  find  6x,  6y,  6z  we  differentiate  equalities  (4.186): 

TVih«‘ix»  dx*d(/  " dH*  " 

4y  = TVo.j4**  + 

dA  (4187) 

+ 1~^—  x*  + «-) 

\ Ox*  dx*  Ot  } Ox* 

\ Ox*  0xn  Ox*  Vi  } Ox* 


Here  the  direction  cosines  u^j  are  defined  by  table  (3.16)  and 
equalities  (3.21)  — (3.23). 

The  relation  between  the  0®  components  and  the  projections  0^, 
Of  , is  given  by  formulas  analogous  to  formulas  (4.186): 


n dl*  » 

o.,--TolU,J. 


(4.188) 


Formulas  (4.18),  (4.187)  and  (4.188)  permit  us  to  find  the  initial 
values  6x  (0)  , 6y(0),  6z(0);  6x(0),  6y(0),  6z(0);  0lx(0),  0ly(0),  0lz(O) 

in  terms  of  the  known  initial  errors  xS(0)  in  the  xs  coordinates,  their 
. q w 

derivatives  x‘  (0),  and  the  initial  errors  0^(0). 


In  addition  to  converting  the  initial  conditions  in  making  the 

transition  from  equations  (4.118)  to  (4.83)  — (4.85),  we  also  need  to 

convert  the  basic  instrument  errors.  In  equations  (4.83)  — (4.85) 

the  quantities  An  , An  , An  , Am  , Am  , Am  are  the  projections  of 
x y z x y z 

vectors  An  and  Am  on  the  axes  of  the  xyz  trihedron.  The  vectors  An 
and  Am  are  given  by  their  projections  on  the  sensing  axes  of  the 
newtonometers  and  the  elements  measuring  absolute  angular  velocity. 
This  means  that  we  must  obtain  formulas  for  calculating  Anx,  An^,  Anz, 

Amx,  Amy,  Amz,  in  terms  of  the  known  Ane  , Am^p  or  m(s) » which  are 

related  to  Ans  and  Ams  by  relations  (4.120),  (4.121),  (4.133). 


In  accordance  with  equalities  (4.120)  we  have: 


V “ A"  V *, -=  1 V*  A«,tr,  ■ 


From  (3.88)  and  (3,89)  it  follows  that 


Therefore, 


, . it* 


&n.,^Va"An  *1 , 

1 


where  the  summation  is  carried  out  over  all  k. 


(4.189) 


(4.190) 


(4.191) 


If  we  now  use  table  (3.16)  of  the  direction  cosines.  An  , An  , 

x y 

An  take  the  form 
z 


An,  -=  Yu"  A .'V- 
An i — l7 «“  An,  ir,,. 

An,  l/«*‘  An,,  if  „ 


(4.192) 


v 


where  the  summation  extends,  clearly,  over  the  indices  k and  s. 


Correspondingly, 


A m 


(4.193) 


Formulas  (4.193)  give  the  values  of  Amx,  Am^,  and  Am2  for  the 

case  in  which  the  basic  inertial  navigation  system  is  a free  gyro- 

stablized  platform.  If  the  basic  kinematic  system  is  a maneuverable 

platform,  and  the  x,  y,  z axes  coincide  with  its  axes,  then  the 
-► 

vector  Am  will  be  given  directly  by  its  projections  Amx,  Am^,  Amz* 

It  must  be  remembered,  however,  that  selection  of  the  rotating 

coordinate  system  O^xyz  in  which  analysis  of  the  error  equations 

(4. S3)  — (4.85)  is  being  performed,  is  not,  in  general,  a function 

of  the  orientation  of  the  newtonometer  or  platform  axes.  In  particular 

if  the  x,  y,  z axes  do  not  coincide  with  the  axes  of  the  maneuverable 

platform,  the  projections  Am  , Am  , Am  , the  values  of  which  are 

x y z 

substituted  into  equations  (4.03)  — (4.85),  should  be  calculated  on 
the  basis  of  the  given  projections  of  the  vector  Am  on  the  axes  of 
the  maneuverable  platform.  For  this,  it  is  necessary,  obviously,  to 
know  the  position  of  the  platform  relative  to  the  x,  y,  z axes,  in 
terms  of  the  projections  on  which  equations  (4.83)  — (4.85)  wore 
derived. 


Since  the  goal  of  the  analysis  of  the  error  equation  is,  basically 

• • I i 

to  sti  dy  the  variation  over  time  of  the  qurntity  1 6 r ^ I between  parallel 

linos  as  a function  of  errors  in  the  initial  conditions  and  instrument 
errors,  tiie  inverse  transition  flora  the  variations  6x,  6y,  6z, 
to  U s is,  in  general,  not  obligatory.  But  this  transition  may  be 
useful  in  the  experimental  investigation  of  an  inertial  system,  since 
cne  parameters  which  may  be  directly  measured  in  such  an  experiment 
will  be  the  errors  in  the  coordinates  determined  by  the  system,  i.e., 
the  variations  of  6kS,6k^,  6k 


p 

In  order  to  effect  the  reverse  transition  from  6x,  6y,  62  to 

If 

6x  , we  will  use  equalities  (4.185).  They  may  be  regarded  as  a system 
of  linear  algebraic  equations  in  6x s : 


£>+*>»4$4x»-4t*. 


(4.194) 


The  determinant  of  system  (4.194)  is  the  Jacobian  J, 
which  according  to  condition  (3.92)  is  different  from  zero  over  the 
entire  range  of  the  operational  values  of  the  variables  xs.  Therefore, 
system  (4.194)  has  the  unique  solution: 


4x'. 


Nd;>  d*’  dj*  d**\  . 
^ \ d?  d?  ,)?  d«T ) 


. »,»/*.'  «n*  v <n'\i 

+ *•  Id?  diT-53ird?)J' 

"-*[*($£-#&)  + 

+ 6l’  ( 5?  I?  - 7?)  4 

*"-4[H'(££-£$)  + 

o\<  <n>  <n*  \ , 

+ 4*  lWd.f_dVdxfj  + 

+ *•  Id?  -S?- W7T»t)J  ■ 


(4.195) 


In  equalities  (4.195)  the  quantities  6f;  should  be  expressed 
in  terms  of  6x,  6y,  6z  and  a^,..  According  to  table  (3.16), 


*1’  =4x0,14-4)11,,  4 4«„. 


(4.196) 


Henceforth,  we  will  require  the  explicit  expressions  deriving 
from  relations  (4.186),  (4.187),  (4.180),  (4.189),  (4.192),  (4.193), 
(4.195),  (4.196),  for  the  curvilinear  reference  grids  considered  in 
§3.3.  Let  us  determine  the  corresponding  relations. 


! 


i 

< 


1 


i 


1 


• I 
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For  the  first  of  the  reference  grids  considered  in  §3.3,  the 

g 

quantities  C were  defined  in  terms  of  r,  <p,  in  formulas  (3.246), 

and  their  coordinate  derivatives  and  the  covariant  components  of  the 
metric  tensor  in  formulas  (3.247)  and  (3.250).  We  will  assume  that 
the  axes  of  the  trihedron  O^xyz  coincide  with  the  vectors  r r^,  r^. 


(4.197) 

From  relations  (4.192),  (4.197),  (3.247)  and  (3.250)  we  further  find: 


A«,=.A„v  A/i,=A#v  An,  = Art, . 


(4.198) 


From  relations  (4.193): 


Am,  = — Amj.slnli  4- Amatos 

Am,  =*  — Am^ilnipcos  X|  — Am;i  slnijsln  >.,  -f 

-t-  Amatos  9, 

Am,  «=•  Am^cos tf  CP5 ).|  -f-A«,icos9sln).| 

-4-  Amt.  slnif. 


(4.199) 


From  equalities  (4.186): 


A-f  r cos 


(4.200) 


From  expressions  (4.187): 


tx  = f ( os  if  A1  f-  r coi  .f  ft).  — rt,  s i n ij  AX, 
tiy=*  rbr  t-'  A<f.  Ac  -Ar. 


(4.201) 


The  substitution  of  relations  (4.197),  (3.247)  and  (3.250)  in 
formulas  (4.188)  gives: 


0i»  «=  o!f  n,  n'_,  n„  = ii. 


(4.202) 


Finally,  from  (4.195),  (4.196),  (4.197),  (3.247),  (3.248)  and 
(1.250),  we  find 


6?. 


, or 

I e*  — — , i , 

1 f r f 


(4.203) 


V 


We  note  that  formulas  (3.203)  and  (4.201)  may  be  obtained 
immediately  from  formulas  (4.200). 

For  the  second  of  the  reference  grids,  i.e.,  for  the  geocentric 
coordinates  r,  X,  <p , formulas  (4.198),  (4.199),  (4.200),  (4.201), 

(4.202)  and  (4.203)  retain  their  form,  with  the  exception  of  the 
substitution  of  6X  for  6X^.  In  formulas  (4.199)  the  only  change  required 
is  the  substitution  of  X + ut  for  X^. 

Let  us  now  consider  the  case  of  the  geodetic  coordinates 
r,  z,  S.  The  relation  between  the  quantities  £s  and  these  coordinates 
is  given  by  formulas  (3.280).  The  time  and  coordinate  derivatives  of 

s 

£ are  determined  by  formulas  (3.283)  and  the  components  of  the  metric 
tensor  by  equalities  (3.282).  Using  these  formulas,  from  (4.192)  we 
find: 


An,  = A An,  =■  An,,.  An,  An,,. 


(4.204) 


Those  equalities  are  obvious  as  a result  of  the  fact  that  the 
quantities 

An,  indAn,,,  An,»ndAn,(1  An, and  An,, 

are  projections  of  the  vector  An  on  the  same  direction,  since  the  x,  y, 

*♦ 

z axes  and  the  vectors  r2,  r^,  r^  (and  therefore  also  the  vectors  e2 , 

-►  '► 

03  » e^)  coincide. 

From  expressions  (4.193),  and  using  table  (3.300),  we  obtain: 


Ant,  =»  Anij.y,,.  Am,  *=  Anyy,,. 
Ant,  -Amt,Vli. 


(4.205) 


From  (4.13G),  (4.187),  (4.188)  and  (4.195)  formulas  corresponding 
to  formulas  (4.200),  (4.201),  (4.202)  and  (4.203)  may  bo  derived,  if 

z and  S are  substituted  for  9 and  X^  in  the  latter. 


For  the  geographical  coordinates  h,  <p  the  Cartesian  coordinates 
Cs  in  the  basic  Cartesian  system  are  given  by  equalities  (3.309)  — 
(3.311),  from  which  formulas  (3.312)  and  (3.313)  for  akk  and  3 C S/3m  k 

derive.  In  the  case  of  a geographical  reference  grid,  which,  like 
the  preceding  ones,  is  orthogonal,  equalities  (4.198)  and  (4.204) 
remain  valid. 

From  formulas  (4.193)  and  the  table  direction  cosines  obtained 
from  (4.197),  (3.311)  — (3.313),  it  follows  for  this  case  that 


Am,  = — Aifij,  sin  ().  -)•  ul)  -f-  Am,,  cos  ().  |-  ul), 

Am  ^ at  — Aiiij,  sin  cos  ()L  4-  ul)  — 

— Anij,  sin  ip'  sin  (>.  |-  ul)  -f  A«.,cosqi': 
Am,  = A m,,  cos  ip'  cos  (X  f ul)  4- 

4-  Am(,coi  q.'  sln(X  4-  ul)  4-  Am.,  sin  <p'. 


(4.206) 


Expressions  (4.206)  are  analogous  to  expressions  (4.199). 

Further,  from  relations  (4.186),  (4.197),  (3.313),  (3.312)  and 
(3 . 311) , we  obtain: 


+*)• 


(4.207) 


From  equalities  (4.187)  or  by  direct  differentiation  of 
relations  (4.207)  we  find: 


4 {/i  cos  q 

«jic=At>'[ — 4-  a]  ) 
y 1 l (l-«* sill' I 

T ‘ l ' (l-»>sln’,rV-  j 


(4.208) 
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From  formulas  (4.195)  — (4.197)  and  (3.311)  — (3.313) 
d-.roct  transformation  of  equalities  (4.207)  , we  obtain: 


M=6t. 
..  Ax 


(■fT-T  » ‘ 

V =.  Ay f — •SLzf-'l--  ) I, I' ' . 

[ (I  — »ll»*  % i ' i 


(4.209) 


Finally,  we  obtain  the  formulas  deriving  from  relations  (4.192), 
(4.193),  (4.186),  (4.187),  (4.188),  (4.195),  and  (4.196)  for  the 
coordinates  r,  o^,  o2,  the  relations  of  which  with  £s  is  given  by 

equalities  (3.334). 

The  reference  grid  r,  o^,  a2  is  stationary,  but  not  orthogonal. 
This  latter  circumstance  makes  it  less  convenient  than  in  the  preceding 
instances  to  reduce  the  error  equations  to  the  coordinate  system  O^xyz; 

this  is  due  to  the  fact  that  previously  it  was  possible  to, superpose 

■f  -►  4 

its  axes  with  the  vectors  r2,  r3,  r3  (or  equivalently  for  orthgonal 

“►  . *>  _ ■+  . 

coordinates,  with  the  vectors  r , rz , r ).  For  coordinates  r,  o^, 

c2,  we  will  therefore  begin  by  considering  the  case  of  arbitrary 
direction  cosines  a^. 


From  expressions  (4.192),  (3.335),  (3.341)  and  table  (3.16),  it 
follows  that: 

An,  a An,,  (an  co;  n,  4 a^coso,  f u,i  l/slii!rt|  — cos' J/)  f 
+ A/.,, (-"ii  sin 0,  -t-a3l  ^'—'’4— ) + 

\ V Hu*  0,  — cos*  a,  I 

+ (-  >■«  «/  H- «...  . I 

\ I sin*  Of  — cos*  o,  / I 

A «,  *=  An,, (dij c«i i.|  ( n-enso,  -f- n«  lysin’  Hi  — cos5  o’,)  H 
1 a-  / . » 'Ino  co*  n,  \ 

+ An,  (~a„  sin  a,  fa„  ) 

\ | Mil’ll  —cos'o,  / 

&/?4  *=*  A/i,(  (<ip  cos  Oi  f U;)COsn.»  -f-  u.u  — cos^'tij.  )+ 

1 a / 1 1 *ln«t,  roio,  \ , 

+ A/t„(-ouslfiO|  f 

\ Kllll,0,  — CVi,0|  / 

4“  A/i, /^aySln  o2  . 

\ 1 rtiii*0,-ro»’0|  / 


(4.210) 
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Formulas  (4.193),  clearly,  do  not  vary  as  long  as  specific  form  of 
the  direction  cosines  is  given. 


find: 


By  analogy  with  equalities  (4.210),  from  relations  (4.186)  we 

bx  ** 6f  (g, , cos o,  4 it],  cosa,  4- Uj,  J'sliro,  — c<.vroj) 4- 

i a / f i tin  fli  foftflt  \ i 

4-  rb*,  (- «„  .IP.,  +0,  + 

, . / , , tin  n*  cm  n.  \ 

11  ' Ktln'n,  ces’n,/ 

t>  n.Ar(«„co»o,  4-  ontoio,  4-«ji  l^»lii-'0|  — cos'oj4- 

it/  • . 'Inffifosn,  \ . 

+ rio,  (-  o, , .in  o,  4-  a„  p-p«  oT7^)  h 

4-*^(-««»lnoi  + .J,;^4Stf!fr) . 

\ I'tiii*  o,  — cn»*o,/ 

4/  a.ir(n,]Cnso,  4- 0„ cos o, -4- n j,  — on’oj 4- 

+ r4o,  (-  o, j sin  o,  4 «j,  4 

V V *111*0,  — €0**0,/ 

4-  rbo}  I - o„  sin  oa  4-  «*i  -7— 

1 (4.211) 


From  expressions  (4.187)  or  the  direct  differentiation  of  relations 
(4.211)  it  is  now  easy  to  find  fix,  fiy,  fiz. 

The  formulas  obtained  from  relations  (4.188)  for  0^x,  P^y,  0,^, 

are  fully  analogous  to  formulas  (4.211)  for  fix,  fiy,  fiz.  ct  is  necessary 
to  substitute  in  the  latter  the  quantitites  0|,  o£,  0’  "or  fir.fia^,  fiOj. 


Let  us  find,  finally,  explicit  expressions  for  fir,  fiu^  and  fic>2 

in  terms  of  fix,  fiy,  fiz.  Direct  transformation  of  formuj^s  (4.211)  is 
not  obvious,  and  so  we  will  use  the  general  formulas  (4.195)  and  (4.196) 
Using  relations  (3.335)  and  (3.336),  from  equalities  (4.195)  we  find: 

br  coso,  t /i*7cnsu,  J ^J|  sin- it,  — r«is*0j. 

An,  « -(  - a;1  sill  o,  -1-  A 9* cos  a 2 cot  •»,  4 

4*^coiO|  V Mo,-  tos^oj). 


6o3  n y (A<  * cos  <4,  cot  ”2 


4- -A*JcOt  <*?  — COS^Uj). 


where  6£  are  determined  by  equalities  (4.196) 


(4.212) 


1 


Let  us  now  take  the  basic  trihedron  O^C*42C3  as  trihedron  O^xyz. 

' i’hen,  clearly,  of  the  coefficients  a^..  only  the  terms  of  the  main 

diagonal  of  table  (3.16)  are  different  from  zero  (and  equal  to  one). 
Therefore,  in  place  of  formulas  (4.210)  we  obtains 


A#,  = A/i,,  < os  ot  — A/i,,  sin  nt,  * 

An,  *-*  A/i,,  toi  a,  — A/i,,  tin  0,, 

An,  *=  A/1,,  lysin'  o,  — cos^oj -p 

J-A«  tlna,  com,  , . nne,c<«a, 

*’  Kiln* a,  — tos’aj  |,«infoT^cos’af 


(4.213) 


Correspondingly,  in  place  of  equalities  (4.211)  we  will  have: 


tx  rs  4,  cos  o,  — rta,  sin  a,, 

6y  = A r cos  o,  — ,4a,  sin  <1,. 

Ai  3 hr  o,  — cos’ «,  -f- 

| cAa,  sino,  emit,  ^ ,Aa,  s|na,  toi  a, 

| sin*  o,  — cos*  a,  "piii^o,  — coi’  o, 


(4.214) 


From  equalities  (4.196) 


Ai'*=Jjr,  A««=A>'.  A* ' = Ac 


(4.215) 


Substituting  equalities  (4.215)  into  formulas  (4.212),  we  obtain 
expressions  for  6r,  So^,  60j  in  terms  of  6x,  oy,  6z. 


For  the  case  under  consideration  we  may  select  the  trihedron 
O^xyz  for  the  reduction  of  the  error  equations  in  a somewhat  different 
manner,  relating  it  to  the  basis  vectors  r^,  r r3>  For  example,  using 

the  fact  that  the  vectors  r^,  r3  and  r^,  ?2  are  pairwise  perpendicular, 

we  may  superpose  the  x and  y axes  of  the  reduction  trihedron  on  the 
directions  r^,  r2  ( or  the  x and  z axes  on  the  directions  r^,  r^)  . In 
this  case  only  the  z axis  of  the  trihedron  will  not  be  incident  with  the 
third  vector  r 3 of  the  fundamental  basis,  but  it  will  coincide  with  the 
vector  r3,  the  reciprocal  of  r^  and  r2« 
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Let  us  find  the  direction  cosines  of  the  x,  y,  z axes 

relative  to  the  F,1 , £2,  £ 3 axes  for  this  ease.  Using  equalities 
(3.337),  the  first  and  second  equalities  (3.351)  and  the  third  line 
of  table  (3.353a),  we  obtain: 

I 

m y * 

II  COI0I  — Kiiii'ii,  — cot’o,  turn, cot  o, 

• uno, 

co»0|  0 — tiiioj 

l<  K'llu’u,  — <0^  e»l  t.t'sm'u, -ros'^. 

(4.216) 

It  is  easy  to  see  that  table  (4.216)  is  orthogonal. 


Let  us  substitute  the  derived  values  of  a^j  into  relations  (4.210). 
After  grouping  and  simplifying,  we  will  have: 


A/i,  *■»  Art/,, 

> » lino.  SlltO,  I 4 unu, 

A/I- I T3  Art-,  -T-r-  ~ =V  -t - Art-  -7^— r— ■ , 

^ iin#  0|  — cos*  o,  ffti/ii,  — r <>%*«», 

An,  An,, . 


(4.217) 


Analogously,  substituting  the  values  of  into  equalities  (4.211), 
we  obtain: 


Ay  — ;7= — v=^=  .■  (Actt  sin  a,  sin  c.  -f- 6o2cos  o,  cos  o3). 

) till*  01  —COS*  0|  * ' 

6/  =*  rAoj. 


Using  formulas  (4.196)  and  table  (4.216)  we  find: 


(4.218) 


A’1  --  At  cos  n,  — -J~  ■ J^slir  o,  — tos'  n,  i A;  Cos  u,  col 
A;’  = A*  cos  n,  — A : slim 

A;1  — A.C  |'s7ll'<l,  — 7oSJ"tT,  1 Ay  + 

i/CoM.  \ sill'  «l|  n»v 


(4.219) 

! 
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Finally,  from  relations  (4.212)  and  (4.219),  after  the  required 
transformations  we  obtain: 


Ar  bx. 


bo,  „ 4,,  _ 4,  eoia.colJU. . 

* 9 rMno,  *lnn#  r 


*0)  **  T • 


(4.220) 


In  the  case  of  the  non-orthogonal  reference  grid  r,  o^,  in 
selecting  the  reduction  trihedron  O^xyz  we  made  use,  as  was  indicated, 
of  the  perpendicularity  of  vectors  r ^ and  r2, making  them  incident  with  the 

x and  y axes.  In  the  more  general  case,  in  which  the  three  vectors 
rl'  r2'  r3  arc  not  Pairwi-se  perpendicular,  we  may  select  the  reduction 

trihedron  in  the  following  manner:  directing  one  of  the  x,  y,  or  z 

•f  +S 

axes  along  any  of  the  vectors  r (or  r ) , we  place  the  second  axis  in 

s 

one  of  the  planes  defined  by  the  two  vectors  of  the  main  or  reciprocal 
basis  (or  one  of  the  vectors  of  the  main  basis  and  of  the 
the  vectors  of  the  reciprocal  basis) . 

§4.5.  Errors  in  the  Orientation  of  the  Axes  of  the  Sensing  Elements. 
Errors  in  the  Determination  of  the  Orientation  of  the  Object. 

4.5.1.  Errors  in  the  orientation  of  the  sensing  axes  of  the 
nowtonometers  and  gyroscopes.  Inertial  systems  must  not  only  determine 
the  coordinates  of  a moving  object,  but  also  determine  the  parameters 
characterizing  its  orientation  in  space.  The  relations  by  means  of  which 
these  parameters  are  found  were  deduced  in  Chapter  3 in  synthesizing 
the  ideal  equations. 

As  we  saw,  the  problem  reduces,  in  the  final  analysis,  to  the 
determination  of  the  orientation  of  the  object  relative  to  the 
sensing  axes  of  the  nowtonometers  and  gyroscopes.  The  nowtonometers 
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and  gyroscopes  are  in  turn  oriented  in  a particular  way  relative 
to  the  C1 , £2,  £ 3 (£*,  n*,  £*)  axes  of  the  basic  Cartesian  coordinate 
system  or  relative  to  the  o',  n2»  h1  (£»  h,£)  axes  of  the  coordinate 
system  associated  with  the  earth.  Therefore,  determination  of  the 
orientation  of  the  objects  relative  to  the  axes  of  sensitivity  of  the 
gyroscopes  and  newtonometers  entails  simultaneously  the  determination  , 
of  its  orientation  relative  to  the  basic  Cartesian  coordinate  system 
and  relative  to  the  earth. 

In  the  preceding  sections  of  this  chapter  we  obtained  the  error 
equations  relating  the  errors  deriving  from  the  elements  of  an  inertial 

system  and  errors  in  the  specification  of  the  initial  conditions  to 

/ 

errors  in  the  specification  of  the  coordinates  of  the  object.  Let  us 
now  obtain  the  equations  defining  errors  in  the  determination  of 
orientation.  These  consist,  clearly,  of  errors  in  the  spatial  orienta- 
tion of  the  sensing  elements  of  an  inertial  navigation  system  and 
errors  in  the  specification  of  orientation  relative  to  the  axes  of  the 
sensing  elements.  Let  us  therefore  first  consider  errors  in  the 
orientation  of  the  newtonometers  and  gyroscopes. 

Let  us  return  to  the  system  considered  in  §3.1.  This  system 
determines  the  Cartesian  coordinates  of  the  object.  The  newtonometers 
in  this  system  are  rigidly  connected  to  the  platform  of  the  device 
measuring  absolute  angular  velocity  of  the  gyrostabilized  platform 
(maneuverable  or  non-maneuverablo)  . The  axes  of  sensitivity  of  the 
newtonometers  and  gyroscopes  coincide  with  the  x,  y,  z axes  of  the 
platform.  The  problem  reduces,  therefore,  to  the  study  of  errors  in 
the  orientation  of  the  platform. 

The  simplest  case  is  that  in  which  the  spatial  gauge  of  absolute 
angular  velocity  is  the  basic  functional  diagram  . In  this  case 
the  orientation  of  the  x,  y,  z axes  of  the  platform  does  not  depend 
on  the  coordinates  determined  by  the  inertial  system.  Errors  in  the 
orientation  of  the  platform  in  the  basic  Cartesian  coordinate  system 
are  characterized  by  the  angle  0^,  the  projections  0lx»  °iy'  0iz  of 

which  on  the  x,  y,  z axes  are  given  by  equation  (4.84).  Errors  in 
orientation  relative  to  the  earth  are  characterized  by  angle  Oj, 
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equations  for  the  projection  of  which  on  the  x,  y,  z axes,  according 

i. 

to  (4.88),  differ  from  equations  (4.84)  only  in  their  right  sides. 
From  equations  (4.84)  it  follows  that  errors  in  the  specification  of 
the  orientation  of  the  platform  of  an  inertial  system  depends  in  this 
case  only  on  the  initial  error  in  its  orientation  and  on  instrument 
errors  deriving  from  the  measurement  of  angular  velocity. 


The  situation  remains  the  same  if  the  basic  functional  dia- 
qram  is  a non-maneuverable  gy rostablized  platform.  In  this  case 
it  is  necessary  only  to  set  <ox  = = 0 in  equations  (4.84)  ar.d 

(4.88).  Analogously,  the  situation  reduces  to  that  of  the  preceding 
when  the  diagram  .is  constructed  on  the  basis  of  a maneuverable 
gyrostabilized  platform  if  the  controlling  moments  are  developed 
only  as  functions  of  time.  The  situation  is  somewhat  more  complex  if 
the  controlling  moments  are  developed  as  functions  not  only  of  time  but 
also  of  the  coordinates  of  the  current  location  of  the  object,  these  also 
being  determined  by  the  inertial  system. 

In  this  case  equations  (4.84)  and  (4.88)  are  insufficient  for 
the  description  of  the  perturbed  position  of  the  trihedron  Otyz 
associated  witli  the  platform.  In  fact,  in  this  case,  the  quantities 
Amx,  Amy,  Amz  are  the  only  instrument  errors  in  the  development  of 

the  controlling  moments.  But  these  moments  are  developed  according  to 
coordinates  determined  by  the  inertial  system.  Errors  in  the  specifica- 
tion of  the  coordinates  give  rise  to  a certain  additional  deviation  in 
the  position  of  the  trihedron  Oxyz  from  the  position  defined  by  the 
ideal  equations.  This  additional  deviation  is  not  taken  into  account 
in  equations  (4.84)  and  (4.88),  although  it  is,  of  course,  explicit 
contained  in  equations  (4.83)  --  (4.85)  as  a whole.  In  the  instances 
examined  above,  in  which  the  orientation  of  trihedron  Oxyz  was  not  a 
function  of  the  coordinates,  the  error  in  the  orientation  of  this 
trihedron  in  turn  was  not  a function  of  the  solution  of  equations  (4.83) 
--  (4.85)  as  a whole.  Now  it  will  depend  on  them. 


Let  the  orientation  of  the  x,  y,  z axes  relative  to  the  £*,  £ , 


axes  be  qiven  bv  the  direction  cosines  [Table  (3.16)]  or  relative  to 
the  n1  , nJ , n1  axes  by  the  direction  cosines  0^  ^ [Table  (3.40)]. 

It  is  sufficient,  clearly,  to  examine  only  the  first  case.  The 
projections  on  the  x,  y,  z axes  of  the  absolute  angular  velocity  Z of 
the  rotation  of  the  trihedron  Oxyz,  corresponding  to  the  given  direction 
cosines  has  the  form: 


= a,/iu  +arfln  ,1,/tj,  = — al  ln„  — — ri^a,,. 

“»  “ °ijP„  + + UjiUji  = — — n„0}j  — 

",  “*aiian  + a i«,i  + "jiOjj  =»  — 


(4.221) 


These  formulas  follow  from  the  equalities 
•f*-.*--  If  X>)- * — —(•* X t)-y=u,. 

7T ' y “*  “ Itf  ' * = <«  X •*)  ■ y = - («*  X y)  ■ *=<*. 


(4.222) 


Equalities  (4.222)  derive  in  turn  from  the  fact  that  the  vectors 
x,  y,  z are  the  unit  vectors  of  the  axes  of  the  orthogonal  trihedron 
Oxyz  (or  O^xyz) , rotating  with  an  angular  velocity  to. 


The  deviation  of  the  position  of  the  platform  from  that  defined 
by  the  ideal  equations  is  caused  by  the  instrument  errors  Amx,  Am^,  Amz 

in  the  development  of  the  controlling  moments  and  by  the  following 
quantitites : 


Atil,  rTi 

Am,  = 


-*"•  A*'  1- 
<V  **■»  T 

%'W 

(4.223) 

..here  <$£3,  6^3,  6^3  are  the  total  errors  in  the  determination  of 

the  coordinates  f1,  f,J,  f;3  calculated  from  expressions  (4.16)  and 
(4.20)  in  the  following  manner: 
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*ij  =(*M  0,  X r) . i,.  A;;«=fV  -f-  0,  X r) . ir 
**^=(^  + 0,  Xr)'(j 


(4.224) 


[the  vector  is  determined  from  the  second  equations  (4.81)]. 

The  deviation  of  the  platform  is  characterized,  clearly,  by  the 
variations  of  the  direction  cosines  defining  its  orientation 

relative  to  the  £*,  £2,  £3  axes: 


*0/1  “*Si  • •*+  ti  ■ to,,  = tl,  .y  + . ty, 

*“,>■=*5/  • *4  S, 


(4.225) 


On  the  other  hand,  in  accordance  with  equalities  (4.224) 


Aa(/ = ^ 0 v + °,>C  <■).£,. 


(4.226) 


In  formulas  (4.226)  it  is  assumed,  of  course,  that  summing  is 
taken  over  s from  1 to  3. 


Comparing  equalities  (4.225)  to  equalities  (4.226),  we  arrive  at 
the  relations 


i, . tor  =,  _ Af, . x -p  tv  1(0,  X r)  ■ l,  to  ■ 


. 6 y^-^.y |(o,  X r) . { , 4 to  . t,|. 
. to  c - AJ, . , 4.  ■£/’  |(0,  X r)  • I,  + V • 


(4.227) 


which  enable  ur.  to  find  the  variations  5x,  6y,  6z  characterizing  the 
deviation  of  the  unit  vectors  of  the  x,  y,  z axes  of  the  platform  from 
their  non-perturbed  position. 

Formulas  (4.227)  are  equivalent  to  the  vector  equalities 


53  l<ni  X W • *1  It  + -‘if  U«1  X r) ■ l,  + to  ■ i.l 

*»  « l<«.  X 5,)  • jrl  *,+  ltd,  X r)  ■ J,  + V • ;,i  *„ 

k - l(",  X t,)  •*!?,-*  !<",  X r)  t,  4 to  . | f, 


(4.228) 
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In  making  the  transition  from  relations  (4.227)  to  relations 
(4.228)  we  used  the  first  equalities  (4.19),  which,  if  we  substitute 
$1#  n for  r,t,  n* , C*  respectively,  take  the  form: 


0,  x t, 


In  relations  (4.228)  summing  is  taken  over  s and  i from  1 to  3. 

Let  us  introduce  the  small  rotation  vector  t)  defining  the  position 
the  trihedron  x + 6x,  y + 6y,  z + <5z  relative  to  x,  y,  z.  Its 
projections  0x,  0^,  0Z  on  the  x,  y,  z axes  may  be  represented  by  analogy 

with  (4.222)  in  the  following  form: 


0,  • *■=>  — ft*  -y.  0,  . x — — tix  ■ i.  1 

o,  *= • y =*  — jt  . I 

Substituting  the  values  of  fix,  <$y,  6z  from  formulas 
using  the  table  (3.16)  of  the  direction  cosines  we  find: 


o,  - °o  [(»,  X l,)  •J'+  -^rf  (0|  Xr  + tir)- 1,], 
0y  n a(|  [(0|  X L)  • t + -jjr  (°i  X f + *r)  • {,]  • 
= an  [(ni  X 1 1)  ■ x q (d,  X r + tr)  • {,] . 


(4.229) 
(4.228)  and 


(4.230) 


But 


o(,(n,  x XD'jrn  - 0„. 

a„  <0,  X “ct0!  X *,)'  x—  - 

Substituting  those  expressions  into  equalities  (4.230)  and 
expanding  the  second  terms  in  square  brackets  on  the  right  side  of 
those  equalities,  we  obtain  the  following  formulas  for  0X,  0 , 0Z: 

I 
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o,--  0„  + a(J  [ (ftV  + 0,..»  - Ou  t1)  + 

+ ^(»is+o,lV-oll.;'>]. 

0,“-  0,,+  a„  [£*•■  (AV  + 

+ Ttr  <*:’  + ®i:*V  - ®iiV)  + (4.231) 

+ qSrr  (*l’+  0, 

o,  =*  - 0„  -t  (.n* + o,..»)  + 

+ g?r  (■'”  + — Oii'i*)]  • 

Formulas  (4.231)  define  the  deviation  of  the  xyz  trihedron 
rigidly  bound  to  the  platform  from  its  position  as  defined  by 
the  ideal  equation.  They  define,  consequently,  the  errors  in  the 
orientation  of  the  platform. 

In  the  general  case,  as  may  be  seen  from  formulas  (4.231), 

the  projections  0 , 0 , 0 are  a function  both  of  the  projections 
xyz 

s 

of  the  vector  and  on  the  errors  in  the  determination  of  the 

coordinates.  The  latter  are  projections  on  the  £*,  £* , £5  axes  of 
the  vector  6 r.  The  projections  Sx,  6y,  6z  of  this  vector  on  the 
x,  y,  z axes  appear  in  the  first  group  of  the  coordinate  error  equations 
(4.33).  The  projections  9lx,  ®iy'  ®iz  t^lc  vector  ^ arc  found 

from  equations  (4.84). 


It  is 

functions  of 
identically 
jane  for  i . . 


easy  to  see  that  if  the  direction  cosines  are  not 
the  coordinates  t,  then  the  angles  0^,  0^,  0z‘,  become 
equal  to  -0^x,  -0ly'  -0lz  resPectively > as  should  be  the 
as  functions  of  time  only. 


Formulas  (3.231)  arc  valid  for  the  derivatives  of  a^j  (£l,  , 

!.  , t)  . For  the  sake  of  illustration  we  will  consider  the  case  in  which 
the  Oz  axis  of  the  trihedron  Oxyz  in  the  non-perturbed  position  is 


M 


directed  along  the  radius  of  the  earth,  i.e.,  in  which  the  trihedron 
Oxyz  is  a moving  trihedron  on  a sphere  surrounding  the  earth. 

This  case  is  noteworthy  in  that  0^,  fall  out  of  the  right  side 

of  the  two  first  equations  (4.231),  as  we  will  show. 

Formulas  (4.231)  may  be  represented  in  a somewhat  different  form, 
if  the  projections  0^x,  ®iy'  ®iz  arc  substituted  into  their  right  sides. 

In  this  case  we  obtain: 

— 0|,  + (in  | Ad,,  4-  — xr  1(0, — o,,y)  “ii  4- 

4-  (0,,*  - 01,1)0,,  + (0„y  — 0,,*)  o,,|  ]• . 

0,™  — 0|,-f  a„  |*a„  4-^y- 1(0|,*  — 0„y)a,|  4- 
+ (0„*  - 0, ,/)«,,  f («„y  — a„|| . 

0,  - - 0„  + a„  ( Aa„  + 1(0,,/-  0„y) o„  + 

4-(0„*  - 0„/)a,,  4-  (8„y  — 0,,x)o,,|| . 

(4.232) 

where 

N (4.233) 

This  form  permits  an  easier  transition  to  the  accompanying  trihedron 
in  equations  for  0X*  Qy,  0,#.  In  fact,  if  the  Oz  axis  in  the  unperturbed 

position  coincides  with  r,  i.e., 

(4.234) 

then,  clearly, 

*~y  "■  (4.235) 

If  x and  y in  formulas  (4.232)  are  now  set  equal  to  0,  and  z 
equal  to  the  distance  r from  the  origin  of  trihedron  Oxyz  to  the  center 
of  the  earth,  these  formulas  simplify  significantly: 

°»=  * °i»  4 "ti  [Hi  t- ' ~!r  < V',i 
B.=  — "i,  4 », 4 -r  (0(>,i„ 


L 


0|,o,,)l , 


n,  ,n, 


,4j 


(4.236) 
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Further  simplifications  of  the  formulas  for  6,0,6  derive 

x y z 


from  the  relations 


which  are  a consequence  of  equality  (4.234). 


(4.237) 


Considering  relations  (4.237),  we  find  the  following  sums  enter 


into  (4.236) 


-jrr-u.i. 


(the  summation  is  taken  over  i and  s) . 


In  view  of  the  orthogonality  of  table  (3.16) 


(4.238) 


'Hi 

11  «i'  ".j  „ir  • 


(4.239) 


But  according  to  relations  (4.237) 


<•  O’1!  7>  ■ 

oir~  ~~f‘"  ('’">■ 


(4.240) 


From  equalities  (4.235),  (4.238),  (4.239),  (4.240)  and  table 
(3.16),  we  now  find: 


■ «« t'  - = o. 


— i+i5 


*»»»  _ , 2*1  . 
...  ‘Hi  „ 2*y  . 

,un  "5? r “,j  =» rf* " 0. 


(4.241) 


The  values  (4.241)  obtained  for  sums  (4.238)  entering  into 
formulas  (4.236)  immediately  significantly  simplify  the  latter. 

We  obtains 


= a (/o„, 


“ - »i,  + + ra„  <0,,^,  - 0, j0jJ). 


(4.242) 


Here  the  variations  6a. . of  the  direction  cosines  are  expressed 
3aii  s 

by  the  derivatives  f and  the  variations  fi£  by  formulas  (4.233). 

3?S 

Since  according  to  the  table  of  direction  cosines  (3.16) 


4li“a,|4jr  + all6y  + a1jA/. 


(4.243) 


the  angles  O , 0 of  the  deviation  of  the  z axis  of  the  platform  from 
x y 

r significantly  depend  in  this  case  only  on  the  errors  in  determination 
of  coordinates  which  derive  from  equations  (4.83). 

Let  us  obtain  explicit  expressions  for  0 and  0 through  the 

x y 

solutions  fix,  fiy , fiz  of  equations  (4.83)  . From  eaualities  (4.239) 
(4.240)  and  the  first  equality  (4.242),  we  have: 


(4.244) 


Here  the  summation  is  taken  over  s from  1 to  3 and  over  all 
n different  from  s. 


From  (4.237)  we  obtain: 


0,  « - + 
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Dut  since  n ^ s,  the  orthogonality  of  table  (3.16)  causes  the 
expression  in  brackets  on  the  right  side  of  formula  (4.245)  to  be 
equal  to  0.  The  first  term  on  the  right  side  of  the  formula,  if  the 
6£s  from  equality  (4.243)  is  substituted  into  it,  becomes  6y/r. 


Consequently, 


o.  = — — t . 


(4.246) 


Analogously  from  the  second  equality  (4.242)  and  expressions 
(4.237),  (4.239),  (4.240)  and  (4.243),  we  finds 


0,  •=*! 
* r 


Thus,  formulas  (4.242)  take  the  form: 


(4.247) 


0,  «=  — . 0,=  *i. 

* r * r ' 

°«  " - °I/  +«</“<!  + (01>Oll  - Oijtijj) 


The  following  sums  enter  into  the  third  equality  (4.248): 


(4.248) 


•^•'r  «,j. 


(4.249) 


In  order  expand  these  sums,  it  is  necessary  to  specify  the 
orientation  of  the  x and  y axes  relative  to  the  £ 1 , £J,  £3  axes.  As 
yet  only  the  direction  of  the  z axis  is  fully  determined,  and  the  x 
and  y axes  are  known  only  to  be  located  in  a plane  perpendicular  to 
the  vector  r.  This  is,  clearly,  insufficient. 

The  simplest  way  to  supplement  the  definition  of  the  position  of 
the  x yz  trihedron  i s to  take  as  the  unperturbed  position 

«,  = «■',  — n.  (4.250) 
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In  this  case,  from  the  third  equality  of  (4.221)  it  follows  that 


r*  0, 


«n  Jjr 


-0. 


(4.251) 


Then,  in  the  right  side  of  the  third  formula  (4.248)  all  terms 
with  the  exception  of  the  third  vanish,  and  the  expressions  for 

°x'  °z  ta*ce  t*ie  f°rm! 


(4.252) 


As  a second  example  of  the  determination  of  the  directions  of  the 
x and  y axes  of  the  moving  trihedron,  we  will  consider  the  case 
in  which  the  y axis  lies  in  the  plane  containing  the  axis  of  rotation 
of  the  earth,  i.e.,  the  £3.  In  this  case,  of  course,  the  x axis  is 
parallel  to  the  plane  of  the  equator.  For  the  sake  of  precision  we 
will  assume  further  that  the  point  0 is  located  in  the  first  octant 
of  the  1 £ 3 coordinate  system,  and  that  the  y axis  forms  acute 

angles  with  the  C*and  flaxes.  It  is  evident  that  under  these  cone..  >ns 
the  trihedron  Oxyz  becomes  the  moving  trihedron  of  a geocentric 
coordinate  system,  and  its  y axis  points  to  the  north. 

In  this  case  we  may  write  the  following  expressions  for  the 

direction  cosines  ct  . and  a _ of  the  x and  y axes  in  term:-  of  the 

si  s2 

coordinates  £s: 


*! 

a„« 


. 


a«  =>0.  a 


n„  = - 


VV 


V'  - avr4 

V. 


(4.253) 


i 


Differentiating  these  direction  cosines .with  respect  to  £s 
and  forming  the  sums  (4.249),  we  obtain: 


IL  _ 

<’  ‘ \r>  - (’•)>!%  ‘ 


(4.254) 
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whi  >'« 


U|l  l'V  i «:i  *t'  = ft  V. 


■ — 1 ‘1  =!»«'! 


is  the  geocentric  latitude) . 


(4.255) 


Considering  relations  (4.254)  and  (4.255),  the  third  equality 
1.248)  takes  the  form: 


#. 


— 0„  -fUnT 


(4.256) 


Noting  that 

4jr  /II, , — ft*,. 

and  combining  the  first  two  equalities  (4.248)  with  (4.256),  we  obtain 
the  following  formulas  for  the  case  under  consideration: 


o, - - . o,-£. 

ia*  - ni<  f- 


(4.257) 


Finally,  if  the  x and  y axes  are  oriented  tangentially  to  the 
coordinate  lines  z = constant  and  S = constant  of  the  geodetic 
reference  grid*  then,  proceeding  in  the  same  way  as  in  the  derivation 
l formulas  (4.257),  we  arrive  at  the  equalities 


®.-T* 

",  = - 4 


(4.258) 


Let  us  continue  to  consider  questions  associated  with  errors  in 
orientation  of  the  sensing  elements  of  on  inertial  system  and  turn 
he  specification  of  arbitrary  curvilinear  coordinates. 
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Let  the  unit  vector  cg  of  the  axes  of  sensitivity  of  the  newton- 
ometers  coincide  with  the  unit  vectors  of  the  co  imon  basis 


* »V,r  ‘ 


(4.259) 


The  position  of  these  directions  relative  to  the  stablized  plat- 
form, i.o.,  relative  to  the  £’».  £2,  £ 3 axes  is  given  by  the  table  of 
direction  cosines  (3.173).  Let  us  denote  the  elements  of  this  table 

by  *sk*  '1,hen' 


(4.260) 


Varying  these  relations,  we  obtain: 


= + *,•**»• 


(4.261) 


On  the  other  hand. 


4,,*a  *:•  **'■ 


(4.262) 


Comparing  equalities  (4.261)  and  (4.262),  we  find 


• h — -*«  •*$*  5'J- 


(4.263) 


' ' (4.264) 

where  on  the  right  side  the  summation  is  taken  over  o and  k from 
1 to  3 . 


The  three  formulas  (4.264)  are  analogous  to  equalities  (4.228), 
but  in  the  former  the  quantities  eg  and  are  functions  not  of  the 

coordinates  but  of  curvilinear  coordinates  x s.  Formulas  (4.264) 
define  the  vectors  cg  characterizing  the  deviations  of  the  axes  of 

sensitivity  of  the  newtonometers  from  their  position  defined  by  the 
ideal  equation. 
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, ->  V 

Since  the  unit  vectors  5^  of  the  £ axes  do  not  change  their 

directions  in  space,  i.c.,  do  not  depend  on  the  coordinates  x °,  in 
equalities  (4.264) 


if  if  \ l 'a"  ) ' 


(4.265) 


According  to  the  definition  of  the  vector  0^  and  the  errors  fix 

(4.266) 


where 


Ox"  «=  (0|  x r)  ■ r”. 


(4.267) 


In  formulas  (4.266)  and  (4.267)  the  small  rotation  vector  0^  is 

defined  by  the  second  group  of  equations  (4.188),  and  the  magnitudes 
of  6 na  are  defined  by  the  first  group  of  these  same  equations. 


Let  us  find  the  error  in  the  specification  of  the  directions  of 

e caused  by  the  deviations  fie  . We  introduce  a small  rotation  vector 
►s  s 
0 such  that 

«<•,“=  0 x t„ 

(4.268) 

and  obtain  the  equations  for  this  vector. 


Substituting  expressions  (4.264)  into  formulas  (4.268)  and  taking 
into  account  eaualities  (4.265)  — (4.7.67),  we  arrive  at  the  following 
eauation : 

0 X r,  (U,  x + -MO,  xr).  r"|  j 


or  after  obvious  transformations,  at  the  equations 


(0  1-  It,)  :<  f,  ~ I'V  -f  (0,  x r)  • r"). 


(4.269) 


(4.270) 
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[ 


-► 

If  the  unit  vectors  e_,  as  before,  are  not  a function  of  the 

s 

coordinates  y.a , it  follows  from  equations  (4.270)  that 

(4.271) 

It  is  also  easily  shown  that  if  the  coordinates  x 0 are  Cartesian, 
equalities  (4.231)  and  (4.232)  are  obtained  from  equations  (4.270)  as 
a special  case. 

In  conclusion  let  us  consider  one  more  question. 

In  considering  in  §4.4  the  error  equations  for  arbitrary  curvi- 
linear coordinates,  we  reduced  equations  (4.118)  derived  for  this 
case  to  the  error  equations  of  a system  determining  Cartesian  coordi- 
nates, i.e.,  equations  (4.83)  — (4.85).  The  procedure  which  was  used 
to  accomplish  this  permits  the  conclusion  that  an  analogous  reduction 
may  be  carried  out  with  regard  to  equations  (4.270),  i.e., 
that  equations  (4.270)  may  be  reduced  to  equations  (4.231)  or  (4.232). 

We  will  show  that  this  is  the  case  using  orthogonal  curvilinear 
coordinates  as  an  example. 

Equalities  (4.231)  may  be  replaced  with  the  single  vector  equality 


0 -f  - 0j  = j(j  • 6y)  ■+  y(x  + 

+ «,-(0iXr)[*(*.^)+jr(*.^)+»(jr.^)] 

Multiplying  this  equality  by  x,  we  find: 

(0  + 0,)X  x = f>x  H(0,Xf).  1,1-^  . 


(4.272) 


(4.273) 


For  the  sake  of  simplicity  let  the  trihedron  xyz  coincide  with 
the  trihedron  rir2r3’  t^lcn  evident  that 


* = <•,.  y= tet,  t=et. 


(4.274) 


and  from  equations  (4.270)  we  obtain  for  s = 1 

(0+0,)X*  = 6*  + -^l(0,Xr).r«l. 

But 


* JV_  -a  i*  „ d-t  dx" 

**  dxu  ' f>i‘  dxs  01‘ 


(4.275) 


(4.276) 


Substituting  these  values  into  equation  (4.273)  , we  arrive  at 
tb  uality 

l(0i  X r)  • {,|  — j-  = |(0,  x r)  • r®], 

(4.277) 

which  shows  the  equivalence  of  formulas  (4.232)  and  (4.270)  for  the 
case  of  orthogonal  curvilinear  coordinates. 


For  oblique-angled  curvilinear  coordinates  the  equivalents  of 
formulas  (4.232)  and  (4.270)  is  also  easily  demonstrated,  by  taking 
the  unit  vectors  r^,  r2  and  r3  x r2  as  the  x,  y,  z unit  vectors. 

4.5.2.  Errors  in  the  specification  of  the  orientation  of  the  object.  ' 
Errors  in  the  specification  of  given  directions  in  space.  The  orientation 
of  the  object  relative  to  the  trihedron  Oxyz  associated  with  the  platform 
of  the  gauge  of  absolute  angular  velocity  for  the  gyrostabilized 
platform  is  characterized  by  the  angles  a,  B,  y of  the  rotations  of  . 

the  rings  of  the  ginibal  mount  of  the  platform.  Errors  in  the  specifi- 
cation of  the  orientation  of  the  object  relative  to  the  axes  of  the 
platform  will  be  characterized  by  instrument  errors  An,  AB,  Ay  in  the 
measurement  of  the  angles  a,  3,  y.  For  small  values  of  these  errors 
the  error  in  the  specification  of  orientation  may  be  given  by  a small 
rotation  vector  5 ^ , the  components  of  which  will  be  functions  of  the 

instrument  erronVx,  AB,  Ay. 


Let  us  find  the  projections  of  vector  (J3  on  the  x,  y,  z axes  of 

of  a platform.  We  will  introduce  to  designate  the  direction  cosines 

between  the  angles  X,  Y,  Z of  the  object  and  the  x,  y,  z angles  of  the 
platform.  The  table  direction  cosines  will  have  the  form: 
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(4.278) 


A t„  t‘|;  £|3 

>'  f.M  <V:  fji 

/ *.ii  rM  r.iv 

The  quantities  e^j  as  functions  of  the  angles  a,  8 and  y are 

obtained  from  the  comparison  of  tables  (4.278)  and  (3.66).  The  errors 
Aa,  A8,Ay  reduce  to  the  errors  6 e ^ j in  the  specification  of  the  direction 

cosines  e „ . The  orientation  found  of  the  X,  Y,  Z axes  will  therefore 

correspond  not  to  their  actual  position  relative  to  the  x,  y,  z axes, 

but  rather  to  their  perturbed  position  X',  Y',  Z'  relative  to  the 

x,  y,  z axes,  characterized  by  the  following  table  of  direction  cosines: 


x y *• 

A'  f „ | .V„  fn-fAr,, 

y *ji  + hrn  CM  f fr„  fj,  f ,V  , 
i'  *j|  4-  i|  Tj,  -f-  Acu  rM  -p  Ar 

(4.279) 

From  (4.278)  and  (4.279)  we  find  that  the  deviation  of  the 
calculated  (perturbed)  orientation  from  the  actual  orientation  is 
characterized  by  the  following  table  of  direction  cosines: 


X 

Jr*  i 

r e„  4*„  * r„ 


r 

4 *,»**,»  4 rn(rrt 
I 

'll  V,  ♦ «r 4 r,.  V* 


X 

»»  I *n  #*,|  4 *m 

I . 


(4.280) 


As  a result  of  the  orthogonality  of  trihedra  XYZ  and  X’ Y' Z' , 
the  following  equalities  obtain: 


'itAfji +t|,Vn  I rpArflcs 

” rnV,j. 

***11 

“ ~,nArii  ~ rufir«  — 

f31  A**, l 4 ■ Fll  +l||flfj,  rs 

“ _rn*rJi  — r„Af„  — f„V„. 


(4.281) 
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indicating  that  the  table  of  direction  cosines  (4.280)  is  skew- 
symmetric. 


This  fact  permits  determination  of  the  mutual  position  of  the 
trihedra  XYZ  and  X'Y'Z'  by  the  small  rotation  vector  the  projections 

of  which  are: 

Ojk  —r^hr^,  (- f|,Af„4-f,,Aru.  j 

“rn*rn  + + rjifru.  I 282) 

Equalities  (4.282)  are  analogous  to  equalities  (4.52),  (4.54), 
and  (4.65)  introduced  earlier  in  order  to  define  the  small  rotation 
vectors  and  ?2*  In  accordance  with  equalities  (4.282)  the  errors 

in  the  specification  of  the  orientation  of  the  XYZ  axes,  the  variations 
in  the  unit  vectors  of  these  axes,  are  equal  to: 

tx-»,xx.  6Y*>0,XY.  (4.283) 

Lot  us  find  explicit  expressions  for  the  projections  03x»  03y' 

03z  in  terns  of  a,  S,  y and  Act,  AS,  Ay.  From  tables  (3.66)  and 

(4.278)  we  have: 


Ac,,  e*  — Apsinpcosy  — Ay  sin  y cos  (l, 

Apslnpsln  y — Ay  cusp  cosy, 
ten  — Apcos  p, 

te„  =■  An  (cos  u sin  p cos  y — sin  u sin  y)  + 

+ Ay(  — sfiiaslnpslny  |- cosu  cos  y)  4. 

•+  Ap  slnn  cospensy. 

ten  Aa (— cos u slop  sin y — slnucus  y)  — 

— Ay  (slit  nslnp  cosy  — cos  a sin  y)  — 

— Ap  sin  n (usp  sin  y. 
te„«=  —An cmiicosp  -i  Apsinii  si»p. 


(4.284) 


Substituting  the  derived  values  6c^j  and  the  values  of  e^j 

[from  table  (2.66)1  into  formulas  (4.282)  and  making  use  of  the  second 
equality  (4.281),  we  obtain  the  following  equations: 
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(4.285) 


! 


f 


0JX  a — A<i  — Ay  sin  p . 

nJK  *=  — Apio; a -f-  Ay  sin  a cos  p. 

0J7  c=  — Ap  sin  « — Ay  cos  a cos  p. 


Now,  projecting  the  vector  t)^  on  the  x,  y,  z axes,  from  the 
derived  values  of  63^,  Sjy*  632  and  the  table  of  direction  cosines 
(3.66)  we  obtain: 


03t  m — Allies  fUos  Y — A(\  sin  y. 

03r  =>  Au  :osf.  sin  y — Aftosv. 
fl1(  t=  — An  sin  p — Ay. 


(4.286) 


The  total  error  in  the  specification  of  the  orientation  of  the 
object  in  space  is  composed  of  errors  in  the  orientation  of  the  platform 
and  errors  in  the  specification  of  the  orientation  of  the  object  relative 
to  the  platform.  Thus,  if  we  designate  the  total  error  by  , 


o,  = 0 -f  0,. 

(4.287) 

where  vector  $3  is  defined  by  its  projections  (4.286),  and  the  vector 
0,  by  projections  (4.231)  or  (4.232). 


Let  us  consider  the  following  circumstance. 

•>  1 f t 
The  vector  0 characterizes  the  deviation  of  the  trihedron  xyz 

bound  to  the  platform  of  the  inertial  system  fron  its  unperturbed 

position.  As  was  shown  above,  the  expressions  for  the  vector  $ vary  as 

a function  of  the  means  of  specifying  the  unperturbed  orientation  of 

the  inertial  system  platform  relative  to  the  fj1,  £* , C3  axes.  Thus, 

m superposing  the  x,  y,  z axes  on  the  f, 1 , F,7 , axes  for  0 , 0 , 

x y 

0 x , the  following  formulas  obtain: 
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0F=i*--0|F.  « - 0,,; 

(4.288) 

if  the  z axis  of  trihedron  xyz  coincides  with  the  vector  r,  formulas 
(4.248)  apply;  if  the  z axis  is  superposed  on  the  vector  r,  and  the 
x axis  lies  in  the  plane  of  the  meridian,  formulas  (4.257)  etc.  are 
valid.  Expressions  for  vector  3^  will  vary  depending  on  how  the 
vector  tf  is  expressed. 

Formula  (4.287)  characterizes  the  error  in  the  specification  of 
the  orientation  of  the  object  relative  to  the  unperturbed  position  of 
the  platform.  At  the  same  time  it  may  be  necessary  to  define  the 
orientation  of  the  object  relative  to  axes  not  bound  to  the 
platform. 

Thus,  if  the  basic  system  is  a non-maneuverable  gyrostablized 
platform,  the  unperturbed  orientation  of  the  x,  y,  z,  axes  will  be 
invariant  in  inertial  space,  the  x,  y,  z axes,  for  example,  being 
superposed  on  the  £*,  £2,  f, 3 axes.  In  this  case  formula  (4.287)  is 
the  error  in  the  orientation  of  the  object  relative  to  these  axes. 

At  the  same  time  the  conditions  under  which  an  inertial  system  is  used 
may  make  it  necessary  to  define  the  orientation  of  the  object  not 
relative  to  the  £l,  £2 , C3  axes,  but  relative  to  other  axes,  for 
example,  relative  to  countries  of  the  world,  i.e.,  relative  to  a 
geocentric  moving  trihedron.  In  this  case,  there  arises  the 
problem  of  finding  the  orientation  errors.  Formula  (4.287)  docs  not 
as  yet  supply  a solution  to  this  problem. 

It  can  be  shown,  however,  that  formula  (4.287)  can  be  extended 
to  this  case  as  well.  If  wo  follow  once  again  the  derivation  of 
formulas  (4.231)  and  (4.232),  we  will  see  that  they  are  also  valid  for 
cases  other  than  the  xyz  trihedron  bound  to  the  platform. 

In  fact,  let  a trihedron  x5,  y°,  z°  be  defined  relative  to  the 
f. ’,  £ ? , £ 3 axes  of  the  baric  Cartesian  coordinate  system,  and  let  its 
position  be  defined  by  the  direction  cosines  a0^  forming  a table 
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analogous  to  table  (3.16),  and  let  a0.  . be  functions  of  time  and  the 


13 


coordinates  of  the  object. 


We  substitute  in  formulas  (4.231)  and  (4.232)  a0^  for  the  direction 


cosines  a^,  and  Qlxo»  0iyO'°iz°  for  thc  projections  f>lx,  0lv,  0lz< 
The  quantities  ®xo,  Gyo,  9zo  will  clearly  characterize  the  errors  i 
the  specification  of  thc  orientation  of  trihedron  x°,  y°,  z°. 


Therefore  the  vector  equality 

o,  — (i  (- n,  (I)  ~ (w  + o,./  f n,  f«). 

(4.289) 

which  is  fully  analogous  to  equality  (4.287),  will  define  the  errors  in 
the  specification  of  the  orientation  of  the  object  relative  to  the 
x°,  y°,  z°  trihedron  not  bound  to  the  platform  of  the  inertial 

system. 


We  note  that  the  extension  of  formulas  (4.231)  and  (4.232)  to 
thc  case  of  an  arbitrary  trihedron  xyz  not  rigidly  bound  to  the 
platform  permits  us  to  find  the  errors  in  the  specification  of  any 
qivcn  directions  in  space.  These  directions  may  be,  for  example  those 
by  which  a projectile  fired  from  a moving  object  is  oriented.  They 
may  be  directions  to  terrestrial  orienting  points  and  celestial  bodies 
being  used  for  correction  of  an  inertial  system.  In  particular,  it 
follows  from  formulas  (4.231)  that,  if  a bearing  on  a distant  star  is 
defined,  i.o.,  a bearing  invariantly  oriented  in  the  Z'r,2^3  coordinate 
system  and  characterized  by  the  unit  vector  p,  then  the  error  6p  in 
the  specification  of  this  bearing  is  a function  only  of  the  instrument 
errors  of  the  gyroscopic  elements 

f.i  x r> 

(4.290) 

and  is  not  a function  of  the  instrument  errors  of  the  newtonometors. 
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§4.6.  The  Reduction  of  Instrument  Errors  to  Equivalent  Sensinq  Element 
Errors. 


4.6.1.  Reduction  formulas.  In  the  preceding  sections  in  deriving 
the  error  equations  of  an  inertial  system  it  was  assumed  that  the  only 
instrument  errors  occurring  in  the  system  occurred  in  the  sensing 
elements:  the  newtonometcr  error  An  and  the  gyroscope  sensing  element 

Am. 


Equations  (4.283)  — (4.85),  to  which,  as  was  shown,  the  coordinate 

error  equations  for  any  fully  independent  inertial  navigation  system 

reduce,  contain  the  components  An  , An  , An  , and  Am  , Am  , Am  of  the 

x y z x y z 

vectors  An  and  Am  along  the  x,  y,  z,  axes,  in  terms  of  the  projections 
on  which  equations  (4.83)  — (4.85)  were  compiled.  In  the  solution  of 
the  problem  of  reducing  error  equations  (4.118)  of  an  arbitrary  interial 
system  determining  the  curvilinear  coordinates  of  an  object,  formulas 
(4.192)  and  (4.193)  were  obtained  for  equations  (4.83)  — (4.85)  in 
order  to  find  the  corresponding  values  of  Anx,  Any,  Anz  and  Amx,  Amy, 
and  Am  . 

As  was  noted  in  §4.1,  the  retention  of  only  the  instrument  errors 
of  the  sensing  elements  in  the  error  equations  is  justified  by  the  fact 
that  under  certain  conditions  other  errors  may  be  reduced  to  equivalent 
sensing  element  errors. 

The  conditions  permitting  this  possibility  ultimately  reduce  to 
the  absence  in  the  system  of  bugs  giving  rise  to  distortions  of  its 
operational  algorithm,  i.e.,  functional  disturbances  in  the  operation 
of  the  system.  An  example  of  such  a bug  is  the  non-correspondence 
of  the  functional  arrangement  of  the  system  to  the  selected  algorithm 
describing  the  system's  ideal  functioning,  i.e.,  incorrect  connections 
in  the  system.  Bugs  of  this  sort  usually  cause  breakdowns. 
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If  defects  in  the  elements  and  devices  of  the  system  do  not 
disturb  its  operational  algorithm,  the  homogeneous  error  equations 
retain  the  form  which  they  have  in  the  absence  of  instrument  errors, 
when  the  cause  of  the  perturbed  motion  of  the  inertial  system  is  only 
incorrectly  specified  initial  conditions.  The  presence  of  instrument 
errors  changes  only  the  right  sides  of  the  error  equations.  This  makes 
possible  the  reduction  of  the  instrument  errors  to  equivalent  sensing 
element  errors. 

In  order  to  demonstrate  this,  we  turn  to  the  first  two  groups  of 

the  error  equations,  i.e.,  to  equations  (4.83)  and  (4.84).  Their  right 

sides  are  functions  of  An  , An  , An  , Am  , Am  , and  Am„  characterizing 

x y z x y «« 

the  sensing  element  errors. 

Introducing  F , F , F for  the  right  sides  of  equations  (4.83), 
x y z 

we  will  have: 

F,  — A/i,  — 2<Am,*  — Am,)')  - Am,;  -f-A//i,y  — 

- <■>,  ( '«,)  + Am,*)  - Am,  (..»,)•  -f  ..,,*)  + 

-f  2x(ii>,  \w,  b (.»,  Am,), 

F, — 5(Am,x  — Am,*)— Am,*  ( Am,*  — (4.291) 

- o,  (Am,*  + Am  ,*)  - Am,(i.i,* 

-4  !)■(<•>, Am,  + Am,). 

F,  «=  A/i,  — 2(A m,y  - Am,*)—  \m,y  4-  Am,*  - 

- u,(\m,*  + Am,y)  — Am,  (w,.r  -+  «,y)  + 

4 2*  (w.  Am,  + H,  Am,)  I 

Analogously,  for  the  right  sides  of  equations  (4.84)  we  introduce 
the  designations 

/,=»  Am,,  Am,.  /,  » Am,,  (4.292) 

Let  us  assume  that  some  group  of  errors  other  than  sensing  element 
instrument  errors  are  to  be  taken  into  account.  Then,  in  place  of  the 
functions  Fx,  F , F z,  fx,  f^,  fz  in  the  right  sides  of  error  equations 

(4.83)  and  (4.84)  other  functions  F'x,  F'y,  F'z,  f'x,  f'y,  f'z  depending 

on  the  group  of  instrument  errors  under  consideration  will  appear. 
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If  wc  now  transform  the  equalities 


/•■j,r=/'’,  r,  = r\.  r‘,  = / I 

/.“/:•  /,-/;•  /.=/;  I 

(4.293) 

and,  using  expressions  (4.291)  and  (4.292),  we  solve  them  for  An  , An  , 

x y 

An  , Am  , Am  , and  Am  , we  will  obtain  An*  , An’  , An'  , Am',  Am'  , 

« •»  y “ X y z x y 

and  Am' z,  the  substitution  of  which  into  the  right  sides  of  relations 

(4.291)  and  (4.292)  in  place  of  An  , An  , An  , Am  , Am  , Am  transforms 

x y z x y z 

these  right  sides  into  the  functions  F'  , F'  , F'  , f'  , f'  , and  f'  . 

x y z x y z 

The  quantities  An',  An'  , An',  Am',  Am'  , Am'  will  be  the 
x y z x y z 

equivalent  scnsinq  element  errors  for  the  group  of  instrument  errors 
under  consideration. 


Since  it  follows  from  equalities  (4.292)  and  (4.293)  that 


Am;**/;.  = **;■=»/;. 

we  obtain  from  (4.291),  (4.293)  and  (4.294): 


(4.294) 


An;  « F;  4-  2 (/;i  - />)  4-  j\t  - />  4- 

+ *>,  (/;>’ + /;*) + /;  (v +• <v)  - 2t  (“/,+*’./!)• 

An; » F;  4 2 (/;i  - /;i)  4-  />  - /;*  4- 

4 *>,(/;*  4-/;.g  f-  / ; (v  4-  <v)  - 2>'  (■■’./; + 

An;  = f;+ 2(/;y  - /;.i)  4-  />  - /> + 

4-  «.(/>  4 /;y)  4-  /; (»,*  4-  V)  -2*  (Vi  + V3-  (4.295) 

Formulas  (4.294)  and  (4.295)  define  the  equivalent  sensing  element 

errors  for  some  i-th  group  of  instrument  errors  in  the  elements  and 

devices  of  the  system.  The  functions  F , F , F , f , f , f as  is 

x y z x y z 

evident  from  equalities  (4,291)  and  (4.292),  are  linear  with  regard  to 

r 

the  instrument  errors.  Therefore  the  total  equivalent  errors  Am' x , 

Am*  , Am' z , An'x  , An' ^ , and  An'z  may  be  represented  in  the  form 

of  sums  of  the  equivalent  errors  of  all  of  the  groups  and  of  the  actual 
instrument  errors  in  the  sensing  elements: 
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Am^-Am,*  ^Am;'. 
hut'*  ™ Am,  ■+■  An''; 

"A\  + 2 A«;'.  An'1  — An,  + ^ AnJ‘, 
A»/“Anl-f-^A«;'. 


(4.296) 


4.6.2.  Examples  of  use  of  the  reduction  formulas.  We  will  give 
several  examples  of  the  reduction  of  instrument  errors  to  equivalent 
sensing  element  errors  (basic  errors).  For  this  purpose  we  will  con- 
sider errors  in  the  specification  of  the  intensity  of  the  gravitational 
field  and  the  earth  rate,  integration  errors,  and  errors  in  the  posi- 
tioning of  newtonometers  and  gyroscopes  on  the  platform. 


In  §4.2,  in  the  derivation  of  the  error  equations,  in  addition  to 

the  sensing  element  instrument  errors,  the  errors  Ag  , Ag  , Ag  in 

a y z 

the  specification  (or  formation)  of  the  characteristics  of  the  gravi- 
tational field  and  also  the  errors  Au.  Au  , Au  in  the  specification 

a y z 

of  the  earth  rate,  were  retained.  These  errors  were  retained  in  order 
to  demonstrate  how  they  reduce  to  the  basic  errors.  At  the  end  of 
§4.2,  certain  preliminary  considerations  in  this  regard  were  expressed 
which  may  now  be  elaborated  upon. 

For  the  errors  Ag^,  Ag^,  Agz  we  have: 

0.  r,~ \cm.  F;  = \e>.  r;=Af/.  (4.297) 


Therefore 


Am'  = Am'  Am'  = 0. 

A/i'  = A nl , An'  ^ Ant.  An'  » \ 


(4.298) 


380 


If  wc  retain  only  the  errors  Aux,  Auy,  Auz,  then 

/;■=*  /;  = f.-~  Av  I 

F,  -=  i , — r,  -0  j 

and  in  accordance  with  equalties  (4.294)  we  obtain: 

A m't  ■=»  - An,.  Am*  ~ - Auf,  Am'  = — L U, . 

From  formulas  (4.295)  in  turn,  we  find: 


A«;  «=>  — 2 (A«,i  — Au,y)  — Au,»  4-  Au.y  — 

— u,  (Au,y4-Au,/)  — A»,(M,y4  u,t)  4- 

4-  2*  («,  An,  4-  u,  Au,), 
An'  a — 2(Au,i  — Au,i) — Aii,x  4 A u,x  — 

— gi,(Au,/4*Au,*)  — Aii,(i>>,»4-<',,*)4- 

4-2y(M,Au,  4-u,  A«,). 
An'  «=  — 2(A»,y  — Au,i)  — Au,y  4-Au,x  — 

— u,  (Ail , x 4-  Aii.y)  — Au,  (»,  x «.»,)•)  + 

4- 2»  (w,  Au,  4- (ii.  An,). 


(4.299) 


(4.300) 


(4.301) 


In  taking  account  of  errors  g , g , g and  u , u , u 

••  y z x y z 

simultaneously,  it  is  necessary,  obviously,  to  sum  the  corresponding 
equalities  (4.298)  and  (4.300),  (4.301). 

Let  us  see  hew  several  characteristic  errors  are  reduced  to  basic 
errors . 

We  will  first  derive  the  error  due  to  the  counter  of  the  inertial 
system  to  equivalent  sensing  element  errors.  We  will  do  this  using 
as  a example  a system  which  determines  the  Cartesian  coordinates  of 
the  object. 

Turning  to  equations  (3.59)  — (3.65)  defining  the  ideal  operation 
of  this  system,  we  note  that  the  error  in  the  specification  of  time, 
l.o. , the  discrepancy  between  timer  signals  and  Newtonian  time,  reduces 
to  errors  in  the  computation  of  the  integrals  in  equations  (3.59) — (3.65) 
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Here  it  must  bo  noted  that  the  character  of  those  errors  depends 
on  the  way  the  integrals  are  computed  in  the  system.  However,  this 
remark  has  a wider  significance.  It  is  evident  that  errors  in  a 
• oncrete  system  realized  by  eonoroto  elements  are  always  to  a great 
<tcnt  determined  by  these  elements.  In  other  words,  the  reduced  errors 
f various  units  of  an  inertial  system  may  be  different  for  various 
Dncrete  system  elements  which  differ  in  the  principle  of  their 
auctioning,  oven  if  the  functions  of  the  latter  in  the  system  are 
dentical. 

Lot  us  assume,  for  example,  that  integration  in  the  system  is 
performed  numerically , i.c.,  by  the  method  of  constructing  integral 
sums.  This  is  possible  when  the  system's  computational  device  operates 
on  the  principle  of  a digital  computer.  Let  us  assume,  further,  that, 
the  timer,  instead  of  the  true  time  t,  emits  the  quantity 

*'*=/  + !{/), 

where  x(t)  is  the  error  in  the  speeificaion  of  time  [ t ( 0 ) 

Let  us  assume  that  the  integral 


(4.302) 
= 0], 


y«  /*<')<«• 

V 

is  computed. 


(4.303) 


Then,  taking  equality  (4.302)  into  account,  we  obtain: 


v'«=  f MM  T(oi«f|/-f-i(oi 

• (4.304) 

This  means,  therefore,  that  in  the  formation  of  the  integral  sum 
t ? value  of  the  integrand  at  the  moment  of  time  t’  is  taken  in  place 
o t and  is  multiplied  by  the  time  interval  At'  instead  of  by  At.  The 
up  icr  limit  of  integration  remains  the  same  (t)  , since  in  an  inertial 
sy  item  integration  is  performed,  as  a rule,  not  up  to  some  moment  of 
tine  specified  by  the  timer,  but  up  to  a moment  of  time  at  which  the 


m 


coordinates  determined  by  the  system  attain  specified  values.  This 
permits,  incidentally,  derivation  of  the  error  equations  of  an  inertial 
system  by  isochronic  variation  of  the  ideal  equations. 

From  equalities  (4.302),  (4.303)  and  (4.304),  performing  a change 
of  variables  in  equality  (4.304)  and  using  the  mean-value  theorem, 
we  obtains 

= / — y — i (/)  x (t) ^ t (/; (/). 

(4.305) 


Applying  formula 

(4.305) 

to 

equations 

(3.59)  , 

we  arrive  at  the 

following  expressions 

for  F'x, 

F' 

y'  F 

* 

• 

2* 

,*> 

dt 

+ 4'(1 

■£)]• 

, * r 

dvf 

, * 1 

(4.306) 

'-jT 

- + -ST 

'TTjl 

t^2l 

1 dt 

+-irV 

*)]■  , 

Analogous,  from  equations  (3.60),  we  find: 


/,  TuljM,  4-  /',  rra  ^ (tU,), 

f',™ 


(4.307) 


Formulas  (4.294)  and  (4.295)  may  now  be  used  to  find  the  equivalent 
errors. 

We  have  considered  the  case  in  which  integration  is  carried  out 
numerically,  i.e.,  by  the  method  of  constructing  integral  sums.  But 
the  operations  of  integration  may  also  be  performed  by  special  continuous 
integrating  devices.  These  devices  are  based  on  the  use  of  some  physical 
process,  two  parameters  of  which  are  interrelated  in  such  a way  that  one 
of  them  is  proportioned  to  the  time  integral  of  the  other.  An  example 
of  such  a device  is  the  gyroscopic  integrator,  which  makes  use  of  the 
fact  that  the  angle  of  procession  of  the  gyroscope  is  proportional  to 
the  integral  of  the  applied  moment.  In  this  case,  integration  is 


383 


performed  in  natural  newtonian  time,  and  the  integrator  error  may  be 
reduced  to  an  error  in  the  coefficient  of  proportionality  which  may, 
in  the  general  case,  be  a function  of  time  or  even  a function  of  the 
quantity  being  integrated  (for  example,  range  of  sensitivity). 


Denoting  the  normalized  errors  in  the  scale  of  integration  by 

k*,  k*,  k*,  k . k? , k i,  we  find  from  equations  (3.59): 
a y z x y z 


F,T=‘  + 4 (*! / irf/j  j. 

r’  = £ [ k’  j d'  + t,  ["''j ) ] ■ 


(4.308) 


Analogously,  we  can  use  equations  (3.60)  to  find  f'x,  f'y , f'z, 

after  which  formulas  (4.294)  and  (4.295)  may  be  used  to  determine  the 
corresponding  values  of  the  equivalent  newtonometer  and-  gyroscopic 
sensing  element  errors. 


Lot  us  now  turn  to  a characteristic  group  of  errors  in  inertial 
navigation  systems,  namely  errors  arising  as  a result  of  the  non- 
coincidence  of  the  axes  of  corresponding  newtonometers  and  gyroscopic 
elements,  and  also  as  a result  of  the  axes  of  sensitivity  of  the  newtono- 
metors  and  gyroscopes  not  forming  orthogonal  trihedra.  Errors  of  this 
sort  arise  both  as  a result  of  engineering  errors  in  the  installation 
of  the  newtonometers  and  gyroscopes  on  the  platform  and  as  a result  of 
deformations  in  the  structural  elements  of  the  platform,  the  newtonometer 
and  the  gyroscopes. 

As  before,  let  xyz  be  an  orthogonal  trihedron  along  the  axes  of 
which  the  axes  of  sensitivity  of  the  newtonometers  and  gyroscopic 
elements  are  aligned  in  the  absence  of  the  above-mentioned  errors. 


The  directions  along  which  the  axes  of  sensitivity  of  the  newtono- 
innters  are  in  fact  aligned  will  be  designated  by  x',  y' , z'  (the  trihedron 
Ox'y'z'  non-orthogonal) . Let  us  introduce  the  direction  cosines 
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characterizing  the  directions  of  the  x'y'z*  axes  relative  to  the 
x,  y,  z axes: 


X I *l>  *11 

y *n  • *» 

* *»  *n 


(4.309) 


where  c ^ ^ are  small,  with  ^ Eji* 

Analogously,  the  directions  alone  which  the  axes  of  sensitivity 
of  the  gyroscopic  elements  are  aligned  will  be  designated  by  x", 
y",  z"  and  specified  relative  to  the  x,  y,  z axes  by  the  direction 
cosines 

X*  y ” t’ 

x I *„ 

y 1 '»  (4.310) 

* *n  *„  I. 


where  are  small,  with  ? e^, 


o f the 

x ’ , y ’ , and 

by  the 

following  i 

x" 

/ x* 

x'  1 

*i»  4 *n  *u  4 t„ 

/ *n4*„ 

1 *11  4 *M 

*'  *ii4*ji 

*u  4 *u  1 

(4.311) 


Table  (4.311)  is  obtained  from  tables  (4.309)  and  (4.310)  under 
the  assumption  that  e^j  and  are  small,  such  that  their  squares 

and  products  may  be  ignored. 

According  to  table  (4.309)  the  cjuantities  measuring  by  the  newtono- 
meters  aligned  along  the  x',  y',  z'  axes  are: 


*i,».  + *„«,, 

nt'  ==  ni  4 fn',j  4 *«'’,• 


(4.312) 
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In  accordance  with  table  (4.310)  we  have  by  analogy  with  (4.312) 


r.,nt  ( 

«,•  — m,  t f i ..'t . 1 f 
m/  m,  -l  -4 


(4.313) 


Referring  now  to  the  ideal  equations  (3  59),  we  find  that  in  the 
right  sides  of  the  coordinate  error  equations  corresponding  to  them 
the  following  additional  quantities  appear: 


F‘.  “ 4 f J,»,  - 4-  4 4 '„•",)  - 

— ^ I*  (a  4-  >,) — y (<i 4 

^“f.i*,4',A-",(V.  1 <V’,)4  ('««,  + 

— -*<  4- * <f2i«, 4 'v'dl. 

4 f 4 <•„<>,)  f «•,  ('„<•>,  4-  t,r\)  - 

— 4.-\y  (<-r,or  4 r„»,)  - x 4 


(4.314) 


where  according  to  relations  (3.59) 


",  **  4 — *»,*,  — A’,. 

",“*,4  <■>,«’,  — r,. 

",  =■  4-  — M,v,  - K, 


(4.315) 


— o,y.  t, ■=  y 4 «V‘— 
v.  «=  i f w.y  — «,*. 


(4.31G) 


Analogously,  from  equations  (3.60)  it  follows  that  the  following 
quantities  are  added  to  the  right  sides  of  equations  (4.51): 
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°n<fnwx  4 'n'V ' 

"ll  ('V'h  4 - 

»«(<* i/'»,  4 
a»(,'aM,  4 f ji1’1,)  - 

Oilin'", 

M'lV,  4<V'»,)- 
o»(‘V'V  + ‘V\)- 
un  ("r/1’,  4-  ' 


«i  i 4 

"n(qi'",  •(-  <■.4 
4 *:ti* 

!,.'l 4 413" 
";l  * ri  i'"’,  4 ^ 
n»(<V'V  4 t n'1 
«u4ijw,  4 *i/' 
«3I  ('nM,  4 fa" 


(4.317) 
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Therefore,  the  expressions  added  to  the  right  sides  of  the  error 
equations  (4.84),  in  accordance  with  the  procedure  for  deriving 
equations  (4.84)  from  equalities  (4.51),  take  the  form: 

f,  = f:iwr *f  e W ” 'u'",  + V0,-  I (4.318) 

= V".  -•  'm'V  I 

Comparing  expressions  (4.318)  and  (4.313),  it  will  bo  noticed 

that  expressions  (4.318)  are  a direct  consequence  of  relations  (4.313). 

In  the  right  sides  of  equalities  (4.318)  there  appear  the  differences 

m „ - m m „ - m m - - m deriving  from  relations  (4.313). 

x x y y z z 

Formulas  (4.294)  and  (4.295)  now  give  the  possibility  of  deter- 

ming  An'  in'  in'  Am'  Am  • Am'  for  the  case  in  question, 
x y z x y z 

We  have  considered  examples  of  the  reduction  of  errors  in  an 
inertial  navigation  system  to  equivalent  sensing  element  errors  for 
a system  determining  Cartesian  coordinates.  The  derivation  of  errors 
for  systems  determining  curvilinear  coordinates  does  not  differ  in 
principle  from  the  procedure  used  in  these  examples. 


FTD-MC-23-893-74 
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Chapter  5 


THE  ANALYSIS  OK  ERROR  KOUATIONS.  THE  RELATION  BETWEEN  ERRORS 
IN  THE  SPECIFICATION  OF  COORDINATES  AND  ORIENTATION  AND 
INSTRUMENT  ERRORS  AND  ERRORS  IN  INITIAL  CONDITIONS. 

§5.1.  General  Properties  of  Error  Equations.  Possible  Means  of 
Investigating  Them. 

5.1.1.  The  general  properties  of  error  equations.  The  error 
equations  for  an  inertial  navigation  system  derived  in  the  preceding 
chapter  include  equations  (4.83)  — (4.85)  which  define  errors  in  the 
determination  of  the  coordinates  of  the  object  and  equations  (4.232), 
(4.286)  and  (4.287),  defining  errors  in  the  specification  of  the 
parameters  of  its  orientation  in  space. 

The  coordinate  error  equations  reduce  to  two  groups  of  differential 
equations  (4.83)  and  (4.84)  and  to  the  algebraic  relations  (4.85). 

The  first  group  differential  coordinate  error  equations  has  the 
^or‘n‘  ij+lflrM  i1-  +• 
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The  first  system  consists  of  three  equalities  of  the  form: 


Oj  “ -#i.  + «.s{*"ii  + — ni,>'Ki  + 

-f  (0„ * — 0, ,.•)«,»  -f  (0, ,y  — 0„A ) «,,|  J . 

8,*“  ~ ®l,  + "it  {*“ll+  |(0,  tt  — 0|,)')O,|  (■ 

+ (0|,A  - 0„  J )« ,,  + (0, , y - 0„X) n,,| } . 
— -•i.  + »c{ *<,.  + 1(0, - 0„y)a„  + 

+ (0||*  - + (0,,y  - 0„A)aj|  | , 


where 


(5.6) 


(5.7) 


and  the  summation  over  s and  i is  performed  .from  1 to  3. 


The  second  system  of  equalities  defining  orientation  errors 
includes  the  relations 


0^  0 — A.itnsfWosY—  Aflslnv. 
0,^ A i cos  p sin  y — Afl  cos  Y> 

0,,  a • Anslnp~-Ay. 


(5.8) 


‘Finally,  the  orientation  error  equations  include  the  following 
relations  deriving  from  formula  (4.287): 


(5.9) 


Equations  (5.1)  define  the  errors  6x,  6y,  5z  in  the  Cartesian 
coordinates  x,  y,  z in  the  trihedron  O^xyz  with  its  origin  at  the 

center  of  the  earth  and  which  rotates  relative  to  the  basic  Cartesian 
coordinate  system  0^5*n*C*  (Ojf,1^2*;3)  with  an  angular  velocity  ui. 

In  the  left  sides  of  these  equations  the  quantities  u>x,  u , wz  are 

the  projections  of  the  vector  w on  the  x,  y,  z axes,  and  u is  the 
product  of  the  gravitational  constant  and  the  mass  of  the  earth. 
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1 ! e right  sides  of  equations  (5.1)  contain  Anx,  An^,  Anz,  the  newtonometer 

instrument  errors,  and  Amx,  Am^,  Amz»  the  instrument  errors  deriving  from 

the  gyroscopic  elements.  The  latter  are  errors  in  the  measurement  or 
formation  of  the  projections  ux,  u>z  of  the  absolute  rate 

>f  rotation  of  the  xyz  trihedron  about  its  axis. 


Equations  (5.3)  characterize  the  error,  caused  by  the  instrument 
rrors  Am..,  Am^,  Amz,  in  the  specification  in  the  orientation  of  trihedron 

}^xyz  relative  to  trihedron  OiC1^2^3*  fixed  invariantly  to  the  bearings 

he  center  of  the  earth  to  distant  stars.  The  quantities  0^x,  0ly, 

*> 

).  are  projections  on  the  x,  y,  z axes  of  the  small  rotation  vector 
lesignating  this  error.  The  initial  conditions  0°x,  G°z  of 

ingles  0^x,  °iy»  °iz  refer,  as  do  the  initial  values  (5.2),  to  the 
moment  at  which  the  inertial  system  begins  to  operate. 


The  first  three  equalities  (5.5)  are  expressions  for  the  errors 
Ax^,  Ay^,  Az^  in  the  specification  of  the  coordinates  of  the  object 

relative  to  trihedron  01C1C2C3.  The  errors  Ox.^,  Oy^  Oz.^  result  from 

the  orientation  errors  ‘lx'  "ly'  °lz  and  characterize  the  errors  in  the 

specification  of  the  coordinates  of  the  object  in  the  coordinate  system 
OiC1*;  C3  given  in  terms  of  projections  on  the  x,  y,  z axes. 


The  final  throe  equalities  (5.5)  are  expressions  for  the  total 
errors  Ay-j,  Az^  in  the  specification  of  the  coordinates  of  the 

object.  The  total  errors,  as  is  evident  from  these  equalities,  are 
the  sum  of  the  errors  deriving  from  equations  (5.1)  of  the  group,  and 
the  errors  Ax^,  Ay^,  Az^,  deriving  from  equations  (5.3)  of  the  second 
group. 

Equations  (5.6)  --  (5.9)  give  the  possibility  of  finding  the 
errors  in  the  orientation  of  the  object. 
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According  to  equations  (5.9),  angle  0^  is  composed  of  angles 

0 and  0^.  Angle  0 characterizes  the  total  error  in  the  specification 

of  the  position  of  the  x,  y,  z axes  relative  to  which  the  orientation 
of  the  object  is  determined.  The  projections  0x,  0^,  0z  of  the  vector 

0 on  the  x,  y,  z axes  are  computed  according  to  formula  (5.6).  These 
same  formulas  serve  to  determine  the  errors  in  the  orientation  of  the 
inertial  system  platform,  if  its  unperturbed  position  is  a function  of 
the  coordinates.  In  this  case  the  trihedron  O^xyz  is  considered  as 
rigidly  bound  to  the  platform. 

The  first  terms  0lx,  O^y,  e^2  of  the  right  sides  cf  formula  (5.6) 

are  the  solutions  to  equations  (5.3)  and  characterize  that  portion  of 
the  error  in  the  orientation  of  trihedron  OjXyz  which  would  occur  if 

the  operational  algorithm  of  the  inertial  system  did  not  presuppose  that 
the  orientation  of  this  trihedron  was  a function  of  the  coordinates 
determined  by  the  system.  The  second  terms  of  the  right  sides  of 
formulas  (5.6)  define  the  orientation  error  caused  by  errors  in  the 
specification  of  the  coordinates  of  the  object  for  the  general  case 
in  which  the  operation  algorithm  of  the  inertial  system  defines  the 
orientation  of  trihedron  O^xyz  as  a function  of  the  coordinates  being 

determined.  The  quantities  (f,1,  f2,  £3)  which  enter  into  the  right 

sides  of  formulas  (5.6)  are  the  direction  cosines  of  the  x,  y,  z axes 
relative  to  the  f1,  f2 , (3  axes. 


It  is  evident  that  the  second  terms  of  the  right  sides  of  formulas 
(5.0)  are  functions  both  of  fix,  6y,  6z  and  6x^,  fiy^,  6z^.  In  fact, 

fiu^j  in  the  brackets  are,  according  to  equalities  (5.7),  functions  of 

s 

6f,  , i.c.,  of  fix,  fiy,  fiz.  The  expressions  in  parentheses  are  equal 
to  fix^,  fiy^,  67.J,  respectively  [sec  relations  (5.5)]. 


The  projections  0.jx,  °3y»  °3Z  of  the  angle  0^  appear  in  formulas 
(5.8).  The  angle  0^  characterizes  the  error  in  the  specification  of  the 
orientation  of  the  object  relative  to  the  x,  y,  z axes  of  the  inertial 


l 
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system  platform,  caused  by  the  instrument  errors  A a,  AS,  Ay  in  sampling 
angles  a,  6,  y of  rotation  of  the  wheels  of  the  platform  gimbal  rings 
on  the  object. 

We  will  now  consider  several  general  properties  of  the  error 
equations  (5.1)  — (5.9). 

Let  us  first  recall  those  of  their  properties  which  were  examined 
in  the  preceding  chapter  in  the  process  of  deriving  and  transforming 
the  error  equations. 

The  error  equations  of  any  inertial  navigation  system  determining 
the  position  of  an  object  in  arbitrary  curvilinear  coordinates,  in 
general  non-orthogonal  and  non-stationary , reduce  to  equations  (5.1)  — 
(5.9) . 

Equations  (5.1)  — (5.9)  permit  us  to  take  into  account  the 

instrument  errors  of  any  element  or  device  in  the  system,  since  these 

errors  may  be  reduced  to  equivalent  basic  instrument  errors,  i.c.,  to 

newtonometer  errors  An  , An  , An  and  the  errors  Am  , Am  , Am  deriving 

•>  y z x y z 

from  tlie  gyroscopic  measuring  elements. 

The  homogeneous  equations  (5.1)  are  exact  equations  for  the 
perturbations  Sx,  6y,  6z  (with  the  exception  of  the  terms  of  these 
equations  resultinq  from  variation  in  the  strength  of  the  gravitational 
field,  which  contain  only  the  linear  portion  of  the  corresponding 
increments).  The  homogeneous  equations  (5.3)  are  first  order  approxi- 
mations. When  it  is  necessary  to  consider  exact  homogeneous  equations 
of  the  second  group,  the  homogeneous  equations  (4.51),  to  which  equations 
(5.3)  correspond  to  within  the  second  order  of  smallness  are  taken. 

Continuing  the  discussion  of  equations  (5.1)  — (5.9),  let  us 
now  consider  the  following  properties  of  then. 

The  first  group  of  equations  (5.1)  permit  an  interesting 
analogy:  they  arc,  essentially,  perturbation  equations  for  the  mo- 
t jnn  of  a mass  noint.  in  ttic  earth's  uravitational  field  under  the 
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iuT  uence  of  external  forces,  i.e.,  these  equations  are  perturbation 
equations  (to  a first  approximation  — equations  in  variations)  for 
Newton's  general  equations  of  motion  written  in  terms  of  projections 
on  the  movable  x,  y,  z axes. 

This  analogy  is  entirely  valid  and  easily  predictable.  It  derives 
rom  the  fact  that  the  ideal  equations  of  an  inertial  system,  by  variation 
f which  the  error  equations  (5.1)  were  obtained,  are,  essentially, 
he  equations  of  motion  of  b mass  point  (the  sensitive  mass  of  the 
ewtonometer)  under  the  influence  of  gravitational  forces  and  some 
ystem  of  surface  forces.  This  statement  derives  from  the  form  of  the 
asic  inertial  navigation  equation  (1.88).  Therefore,  as  has  already 
een  noted,  the  ideal  operational  equations  for  an  inertial  system  in 
in  arbitrary  (curvilinear)  reference  grid,  which  were  obtained  in 
Chapter  3,  may  simultaneously  be  treated  as  the  Newtonian  equations  of 
motion  of  a mass  point  in  this  reference  grid. 

Equations  (5.3)  are  analogous  in  form  to  the  well  known  Poisson 
equations,  to  which  reduces  the  problem  of  determining  the  orientation 
of  a moving  (rotating)  trihedron  relative  to  an  immobile  (invariantly 
oriented)  trihedron  using  the  well-known  projections  of  the 
absolute  rate  of  rotation  of  a moving  trihedron  on  its  axes.  This 
results  from  the  fact  that  equations  (5.3)  were  obtained  by  varying  the 
Inisson  equations  (3.60). 

The  coordinate  and  orientation  error  equations  (5.1)  — (5.9)  were 
tained  in  terms  of  projections  on  the  x,  y,  z axes,  which  in  the 
m of  a system  determining  Cartesian  coordinates  were  rigidly  bound 
the  gyroscopic  platform  or,  equivalently,  to  the  directions  of  the 
-s  of  sensitivity  of  the  newtonomcters.  Equations  (5.1)  — (5.9) 

, however,  essentially  vector  (invariant)  equations  and  therefore 
also,  if  necessary,  be  written  in  terms  of  projections  on  the  axes 
any  other  .coordinate  system. 
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Equations  (5.1)  — (5.5)  retain  their  form  if  the  transition  is 
made  to  their  projections  on  the  axes  of  any  other  orthogonal  trihedron 
having  a common  origin  with  trihedron  O^xyz  and  freely  rotating  relative 

to  it.  Equations  (5.1)  — (5.5)  allow,  consequently,  a group  of 
rotations.  The  existence  of  a group  of  rotations  follows  from  the 
arbitrary  specification  of  the  vector  w.  It  may  also  be  demonstrated 
withthe  aid  of  the  corresponding  change  of  variables. 

In  passing  from  trihedron  O^xyz  to  another  which  may  bo  designated 
as  O^x'y'z',  fix',  5y ' , fiz'  in  equations  (5.1)  — (5.5)  should  be 
substituted  for  fix,  5y,  fiz,  and  0 lx , , 0lyt,  0^,  for  0lx,  0ly,  0lz, 

and  projections  wx,  wy , wz  should  bo  replaced  by  the  projections 

u>x  , , wy ,,  u>z , of  the  absolute  angular  velocity  of  trihedron  O^x'y'z' 

on  its  axes.  Moreover,  it  is  necessary  to  replace  Anx»  Any,  Anz,  Amx, 

Am  , Am  by  the  projection  An  , , An  , , An  , , Am  , , Am  , , Am  , of  the 
y z Xj'ZXj'Z 

vectors  An  and  Am  on  the  x',  y',  z1  axes.  Analogously,  x,  y,  z should 

be  replaced  by  the  projections  x',  y',  z'  of  the  vector  r on  the 

x ' , y ',  z ' axes. 


The  relation  between  fix,  5y,  fiz,  x,  y,  z,  °^x» 

Anz,  Amx,  Amy,  Amz  with  fix',  5y',  fiz',  x',  y',  z', 

An  ',  An  ',  An  ',  Am  ',  Am  ',  Am  'is  determined  by 
x j z x y z 

direction  cosines  between  the  x,  y,  z axes  and  the 

x'  y'  z' 

* Pm  Fij  Fu 

y f;,  f;,  f;, 

* Fji  Fj?  Fj). 


°ly ' 0lz'  Anx'  Any ' 

0,  0,  0, 
lx  ' ly  ' lz  ' 

the  table  of  the 
x ',  y ',  z ' axes: 


(5.10) 


In  order  to  obtain  w 'x,  u 'y,  u 'z  this  table  and  relations  of  the 
form  (4.221)  may  be  used.  Thus,  for  example, 


I 


In  accordance  with  what  was  said  above,  we  will  henceforth 
consider  that  equations  (5.1)  — (5.5)  are  written  in  terms  of 
orojections  on  the  axes  of  the  arbitrary  trihedron  xyz,  rotating 
relative  to  the  trihedron  C 1 C 2 C 3 with  an  angular  velocity  3. 

Lot  us  consider  equations  (5.6).  They  were  derived  in  terms 
>f  projections  on  the  x,  y,  z axes,  which  are  either  rigidly  bound 
to  the  platform  of  the  inertial  system  (when  errors  in  the  orienta- 
tion of  the  platform  arc  being  considered) , or  are  axes  relative  to 
/hich  the  orientation  of  the  object  is  determined  (when  errors  in 
.his  orientation  are  being  considered) . 

The  relative  position  of  the  xyz  and  C 1 C 2 C 3 trihedra  is  char- 

icterizcd  by  the  direction  cosines  a.-fC1*  C2»  C3). 

1 J 

The  orojections  of  equations  (5.6)  on  the  axes  of  the  freely  rotating 

trihedron  x',  y',  z'  are  obtained  using  table  (5.10).  After  obvious 

transformations  the  expressions  for  6 6 0 ' take  the  form: 

xyz 

6,'  <=»  -0,,  -4  (an  —r'r  f <*,,  fti  + 

+ IP,.  *’  - °i.  + (°i,  / - °i,  x'Kj| 

I 

+**«  iA-*  HV*- + 

+c>i  - «,  .•*>:>  -t  («„.)•' 

+"«$•  <1'.)  IA‘-*  t »- 

-*  («.,  *')«'  * (".,/- o„  v')n..|- 1 

(5.11a) 

Herr,  as  in  equations  (5.G),  summation  over  the  indices  i and 
s i.\.  taken  from  1 to  3. 

In  th<  right  sides  of  these  formulas  u' . designates  the  direction 

S J 

cosines  of  the  x',  y',  z'  axes  relative  to  the  f. 1 , C?,  C3  axes.  The 
meaning  of  the  indicies  s and  j is  the  same  as  that  of  i and  j in 
table  (3.16)  for  u^j. 
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As  may  be  soon  from  relations  (5.11a),  equations  (5.6)  do  not 


retain  their  form  in  the  conversion  to  the  arbitrary  trihedron  x'  , y'  , 
z<  . This  is  easily  foreseen,  since  equations  (5.6)  clearly  contain 
the  direction  cosines  (r,1,  f,2 , £3)  characterizing  the  position  of 

the  axes  of  the  platform  (or  the  directions  of  the  axes  of  sensitivty 

g 

yf  the  newtonometers)  as  a function  of  coordinates  ? . 


Substituting  f°r  a^j  in  equalities  (5.11a),  we  may  rewrite 


hem  as  follows: 


®J  “ ~ ®i«  + (Q/3  TiF  4 “<|  f'Ji  + 

4 (0„*  — 0, | (0|,y  — 0„x)al1|I 
®» “ “ ®t»  4 (a!i  f‘i!  + °,'|  "jrr  t'n  + 

■i  V>»*  - «.,')<*„  f («„y  - (I,, *>.<4 

u*  “ — ®i«  + (U<J  ~srr  l»I,  t oJi  •jjr  P^  + 

+ Pi.)|®i'  + (V-  M".i  + 

t (0„  t - H'J„y  - 0„.v)u„| 


(5.11b) 


Equations  (5.11b)  may  be  considered  as  projected  on  the  axes 
of  some  arbitrarily  oriented  trihedron  xyz.  We  will  henceforth  consider 
this  trihedron  as  coinciding  with  the  one  on  which  equations  (5.1)  — 
(5.5)  are  projected.  In  equations  (5.11b)  the  direction  cosines  B^. 
characterize  the  relative  position  of  this  trihedron  and  the 
trihedron  in  terms  of  projections  on  the  axes  of  which  equations  (5.6) 
are  written.  The  position  of  the  latter  trihedron  relative  to  the 
Cl,  C 7 > 6 3 axes  is  characterized  by  the  direction  cosine  B|j»  and  the 

position  of  the  xyz  trihedron  relative  to  the  C1,  C2,  C3  axes  is 
characterized  by  the  direction  cosines  u^j. 

Let  us  consider  equations  (5.8).  They  are  written  in  terms  of 
projections  on  the  axes  of  the  trihedron  bound  to  the  platform 
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of  the  inertial  system,  but  they  may  also  be  projected  on  the  axes  of 
an  arbitrary  trihedron  xyz.  As  in  equations  (5.6),  they  do  not  retain 
their  form  in  projection.  Using  table  (5.10),  we  obtain  from  relaticns 
(5.8)  : 


0^  =s  — (A«  coj p cos  Y +-  Ap  *tn \) pj,  -f- 

+ (A«  cos  p slit  y— Ap  cos  v)pj,— (Am  ship  -+*  Ay)  Pj3. 
0Jy  t=  — (An  cos  p cos  y -f-  Ap  slit  Y)p),  + 

-f  (An  cusp  slny— Ap  cos  y)pJ.j— (Attslnp-f-  Ay) p',,. 
0Jf  *=  — (Aa  cos  p cos  y b Ap  slii  y) P3,  + 

-f-  (An cos p sin  Y— Ap  cos  Y)p';— (Aa  ship  + Ay)P'u. 


Now  equations  (5.9)  may  also  be  written  in  terms  of  projections 
on  the  axes  of  an  arbitrarily  oriented  trihedron. 

Thus,  equations  (5.1)  — (5.5),  (5.11b),  (5.7),  (5.12)  and  (5.9) 
are  error  equations  projected  on  the  axes  of  the  same  trihedron  xyz. 
Since  the  orientation  of  trihedron  xyz  relative  to  the  basic  Cartesian 
coordinate  system  is  arbitrary,  in  the  analysis  of  the  equations  in 
question  it  may  be  selected  in  various  ways.  Careful  selection  of  this 
trihedron  can  in  many  ways  facilitate  analysis  of  the  error  equations. 


5.1.2.  Various  representations  of  the  error  equations.  Henceforth 
it  will  be  convenient  to  use,  in  addition  to  the  arbitrary  position  of 
the  xyz  trihedron,  the  following  alternatives  for  selection  of  its 
orientation. 


In  one  of  these  alternatives  the  trihedron  on  whose  axes  the 
error  equations  are  projected  is  taken  to  be  fixed  in  space,  as,  for 
example,  trihedron  r 1 might  be  In  this  case 


III,  =*  01,  r=  (,!,  — o, 

should  be  substituted  into  equations  (5.1), 
form: 


(5.13) 

causing  them  to  take  the 
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Ax  + ~ |(y3 4 — 2a’)  fix  — 3 Ay  Ay  — 3x.*  A.-)  = 

« A/l,  — 2(A niyt  — A»i,y)  — Amyf  4 Am,)', 

Ay  4 71-  K*’  4 a5  - 2>0  Ay  _ ay.-  A.-  - Ay  r Ax|  = 
t=Anf  — 2 (Am, a — Am,})  — Am,.*  4 Am,r. 

6*  4 “V  l(**  4 y’  — 2r7)  Ar  — 3 r.v  A a — 3;  y Ay| 

•a  An,  — 2(Am,y  — i\m¥x)  Am.y-jAm,.*  (5.14) 

f^A'1  | yM  :J 

i 

For  equations  (5.3)  under  conditions  (5.13)  we  obtain: 

0,,  k Am,,  0,y  = Amy,  = Am..  (5.15) 

The  projections  of  the  absolute  angular  velocity  ui  do  not  enter 
into  equations  (5.5),  and  so  the  form  of  these  equations  remains 
unchanged.  In  equations  (5.11b)  asj  should  be  equal  to  0,  if  s / j, 

and,  in  addition,  should  be  set  equal  to  The  other  equations 

do  not  change. 

We  note  that  if  the  vector  equations  (4.81),  i.c.,  the  equations 

• 6r  4 2o  X Ar  4-  ">  X Ar  4 «i)  x («"  X Ar)  4 

4-li-Ar 

i ,8  r‘  r» 

e=  An  — 2A/«  Xr- Am  xr- 

— Am  x (w  X r)  — u X (Am  X r), 
ti,  4 o X 0,  = Am. 

Ar,  = 0,  X r.  A ra  = Ar  4 Ar,. 

correspond  to  equations  (5.1),  (5.3),  and  (5.5),  then,  clearly,  the 

vector  equations 


Ar  4 7 


■ Ar  - £f. 


3 Ir^Arl 
r‘  r* 

= All 


2 \m  X r - Am  X r. 


("l,  Am, 

Ar,  - 0,  X r.  Ar,  .-=  Ar  4 Ar, 


(5.17) 
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correspond  to  equations  (5.14)  and  (5.15). 


Another  trihedron  which  is  convenient  in  the  analysis  of  the 
error  equations  is  often  one  having  one  of  its  axes  directed  along 
the  radius  vector  r.  In  this  case  the  xyz  trihedron  becomes  a Dar- 
boux  trihedron  on  a sphere  of  radius  i surrounding  the  earth. 

Let  the  z axis  of  trihedron  xyz  be  directed  along  the  radius  vector 
?.  Then, 


2 — r.  ,*  = y = o. 


(5.18) 


Taking  this  into  account,  we  obtain  from  equations  (5.1): 


bx  + (‘F  “ “J  - <J] ) 6x  + - <j,)  - 

— 2o),  Ay  -f  q-  Mt)  (i2  4-  2c>r  fti  = 

«=  A nt  - 2A mfr  — A mfr  — A m^r  ~ w4  A m^r, 

Ay  + (yj  - - <"’)  'V  f (••yi,  «,)  A.*  — 

— 2i.»c  A i -\-  ('•>,<>,  4- «.«,)  fix  • )-  ?<.>,  A.v  =-= 

= A/iy  |-  2.\mJr4"  Am.r  — w( \mlr  — m,A mtr, 

6*  - (7!  I-  <•»!  <»}  j ■ I ('•»/•>,  — <■»,)  A a*  ■■ 

— 2<iiy  A v 4 (i.»,My  4 ) Ay  | Ay  -= 

=-A»,4-  ^(w,  A/n,  | ). 


(5.19) 


Since  xyz  is 


where  vy,  v , vz  are 
of  the  point  0 (i.e. 


r<>, 

the 

of 


moving  t.r 

project ioj 
the  object) 


ihedron,  in  equations  (5.19) 


(5.20) 


' ‘V 

of  the  absolute  angular  velocity 
on  the  x,  y,  z axes. 


Equations  (5.3)  do  not  change,  and  so  x and  y do  not  occur  in 
them.  Equations  (5.5)  take  the  form: 

A.v,  — elyr.  Ay,  m A.*,  0.  | 

Aa.i - A.v  4 A.v,,  Ay,-  Ay  | Ay.,  A.*,--  Az,  j 

* * J •/  /r  m X 


400 


■ 


Equations  (5.11b)  also  simplify  significantly  in  this  case.  They 
nay  now  be  written  in  the  following  form: 


"I I i'll  * ttil  ':i;r  Pn 

+ ««  1^’  * ' ~ °< ."••'I* 

* - °i,  + (“n  T?  P'u  I “ii  -ov'  & + 

+ a;} ^ ' (V'.i  “ °u< M. 


(5.22) 


As  a result  of  the  fact  that  z = r/r,  in  equations  (5.22) 


(5.23) 


Of  special  interest  below  will  be  the  case  in  which  a^j  = 3|j» 

i.e.,  in  which  the  trihedron  bound  to  the  platform  of  the  inertial 
system  will  also  be  a moving  trihedron.  In  this  case  = 1, 

and  n]j  = 0 (with  i ^ j)  and  equations  (5.22)  reduce,  as  expected,  to 

equations  (5.6).  The  further  simplification  of  these  equations  is  based 
on  relations  (5.23).  The  corresponding  transformation  was  carried  out 
in  5 and  the  final  result  expressed  in  formulas  (4.248),  which  we 
cite  lie  re: 


0,  ts  <I(IA<1„  fra,,  .,n,,  -0, ,<!,.) 


(5.24) 


As  wa ; shown  above,  if  are  not  functions  of  the  coordinates 

*»  . ^ 
f.  , but  only  functions  of  time,  i.e.,  if 


(5.25) 


then  we  obtain  from  equation:;  (5.22)  in  terms  of  projections  on  the 
nx<  s of  the  moving  trihedron 
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whore  0lx, 


iy' 


0^z  are  the  solutions  to  equations  (5.3). 


In  equalities  (5.12)  the  x,  y,  z,  coordinates  do  not  appear,  and 
condition  (5.18)  does  not  effect  them. 


The  Darboux  trihedron  on  a sphere  surro  nding  the  earth,  in  terms 
of  projections  on  whoso  axes  equations  (5.19),  (5.21),  (5.22)  and  (5.24) 
were  written,  is  not  yet  fully  defined  relative  to  the  basic  Cartesian 
coordinate  system.  Only  the  direction  of  its  z axis  is  determined. 

The  moving  trihedron  may  be  fully  determined  in  the  same  way  as 
in  §3.5.  We  may,  for  example,  set 


o,  =•  — o,„  o,  *=  — o,,.  o,  = — ou. 


(5.27) 


and  then  we  will  obtain  a so-called  f roe-azimuth  trihedron,  or  place 
the  y axis  in  a plane  containing  the  £3  axis,  i.e.,  the  axis  of 
rotation  of  the  earth.  In  the  latter  case  the  xyz  trihedron  be - 
cores  a geocentric  moving  trihedron  oriented  to  the  points  of  the 
compass  (the  y axis  pointing  to  the  north). 


If  u>z  = 0,  then  from  equations  (5.3),  (5.19)  and  (5.21)  we 
obtain  the  following  error  equations: 


bx  t | — (*»’ j bx  -t-  i>V‘%  ft/1  </,  ft/  f >,A/  « 

An,  — ?A  mtr  — A mfr  — w,  A mtr, 
ft)'  f (jl  — oi]  j Ay  — 1.»,  f>:  — 2ii»,  fiz  f-  i.y.^  A r =» 
aArt,  f — « Am/, 

+ <>“,  by  •+•  2"',  by  — A n,  | tr  (w,  An,  -4  wj  An,); 

*'l.  t Awl,, 

"i,  H — w,ni , *»  'n,: 

4jt,  Kfllrf,  Ay,  -Oj/, 

ftjr,  -I  hx  f h.X,,  fty,  f ft/.  ) Ay,,  hi  , r-3  hi.  , 


(5.28) 

(5.29) 

(5.30) 
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Equation  (5.24)  converts  to  equations  (4.252): 


(5.31) 


Equations  (5.12)  do  not  change. 


Finally,  if  the  moving  trihedron  xyz  is  oriented  by 
the  cardinal  points,  the  direction  cosines  of  its  axes  relative  to 
the  f, 1 , C2 , £3  axes  are  expressed  in  terms  of  the  coordinates  C1,  C2» 
£3  by  formulas  (4.253)  and  (5.23). 


In  this  case  the  coordinate  error  equations  will  be  equations 
(5.3),  (5.19)  and  (5.21),  and  the  orientation  error  equations  will  be 
relations  (5.12),  (5.9)  and  the  equalities 


®«  “ “ ®l«  + 


to  which  relations  (5.24)  reduce. 


(5.32) 


If  trihedron  xyz  is  a moving  trihedron  of  a geodetic 
reference  grid,  then  equations  (5.3),  (5.19)  and  (5.21)  remain  valid, 
as  do  the  first  two  equations  (5.32).  In  the  last  equation  (5.32), 
in  accordance  with  the  last  equality  (4.258),  9 should  be  replaced  by  z 

We  have  considered  several  possible  alternatives  for  selecting 
the  xyz  trihedron.  In  a number  of  instances  a trihedron,  one  of  whose 
axes  coincides  with  the  direction  of  the  absolute  velocity  vector  of 
the  object,  and  another  coinciding  with  the  direction  of  the  principal 
normal  to  its  trajectory  (a  so-called  moving  trihedron  of  tra- 
jectory), may  prove  to  be  more  convenient.  A moving  trihedron 
of  trajectory  in  an  earth  body-axis  coordinate  system,  i.e., 
a moving  trihedron  not  of  the  absolute,  but  of  the  relative 
(to  the  earth)  trajectory  of  the  object,  may  also  be  used. 
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Analogously,  the  orientation  of  the  x and  y axes  of  the  mov- 
ing trihedron  on  the  sphere  may  be  selected  such  that  one  of  the  axes, 
for  example  the  x axis,  lies  in  a plane  containing  the  vector  of  the 
absolute  or  relative  velocity  of  the  object. 

5.1.3.  Possible  ways  of  analyzing  the  error  equations.  Let  us 
irn  to  equations  (5.1)  — (5.9)  and  the  relations  deriving  from  them. 
ie  basic  problem  in  the  analysis  of  these  equations  is,  clearly, 
inlysis  of  the  systems  of  differential  equations  (5.1)  and  (5.3). 
ie  remaining  relations  are  of  finite  algebriac  equalities,  and  their 
lalysis  causes  no  difficulty. 

The  systems  of  equations  (5.1)  and  (5.3)  are  independent  of  one 
nother  and  may  therefore  be  considered  separately.  They  are  systems 
»f  linear  differential  equations  with  variable  coefficients.  The 
right  sides  of  these  equations  may  be  either  determined  or  random 
functions  of  time. 

I 

The  systems  of  differential  equations  (5.1)  and  (5.3)  determine 
the  operational  stability  of  the  inertial  system  as  a whole.  Their 
solutions,  moreover,  relate  errors  in  the  specification  of  coordinates 
to  the  instrument  errors  of  the  elements  and  devices  of  the  system. 

It  is  impossible  to  determine  the  functional  accuracy  of  an  inertial 
system  and  to  formulate  requirements  on  the  precision  of  its  elements 
without  analyzing  these  equations.  Analysis  of  these  equations  is  also 
necessary  for  the  selection  of  means  of  correcting  the  operation  of  an 
inertial  system. 

It  must,  however,  be  said  that  analysis  of  differential  equations 
(5.1)  and  (5.3),  that  is,  their  analytical  analysis  in  a sufficiently 
genera]  form,  gives  rise  to  insuperable  mathematical  difficulties. 
Especially  difficult  in  this  regard  is  system  (5.1). 

Equations  (5.3),  as  was  noted  above,  are  variations  of  the  well- 
known  Poisson  oqucitions,  which  reduce  to  the  Riccati  equation  and 
which  are  in  the  general  case  not  soluble.1  Under  closer  examination, 
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however,  it  proves  to  be  the  case  that  equations  (5.3)  are  nevertheless 
much  simpler  to  deal  with  than  equations  (5.1).  The  Poisson  equations 
have  a first  integral,  and  this  completes  solution  of  the  problem  of 
analyzing  the  stability  of  the  solutions  to  equations  (5.3).  Because 
°lx'  °ly'  °lz  are  so  sma^1'  their  squares  and  products  may  be  ignored, 

and  the  solution  to  equation  (5.3)  may  be  constructed  in  quadratures. 

With  regard  to  ways  of  analyzing  equation  (5.1),  the  following 
possibilities  also  exist. 

To  begin  with  we  note  that  there  exists  several  special  cases  of 
the  motion  oi  an  object  in  which  equations  (5.1)  or  equations  (5.14), 
(5.19)  and  (5.28)  deriving  from  them,  reduce  to  equations  with  constant 
coefficients. 

The  simplest  case  is  that  of  a basis  fixed  in  the  coordinate 
system  in  which 

M,  = i.,f  a ra,  = 0.  const 

Taking  this  into  account,  wo  obtain  from  equations  (5.19): 

6c  4 i Ac  *=  A n,  ~ 

6v  t ",  6y  = An,  j Am,r  A - — 6: 

(5.33) 

'The  equations  for  x,  y,  z have  separated.  Since 

M 

7,  ■=  ‘"'•V. 

the  solution  to  equations  (5.33)  is  obvious. 

The  second  case,  in  which  the  coefficients  of  equations  (5.19) 
become  constant,  will  be  the  case  of  the  motion  of  an  object  at  a 
constant  distance  r from  the  center  0^  of  the  earth  at  a constant 
velocity  in  a plane,  fixed  relative  to  the  trihedron  0^C'SJC3,  passing 

through  the  center  of  the  earth.  If  the  x axis  is  placed  in  the  plane 
of  motion  of  the  object, 




ssO,  id,  j const,  r « const 


(5.34) 


Substituting  expressions  (5.34)  into  (5.19)  or  (5.28),  we  arrive 
t the  equation 


tx  + ( »r  ~ «"|) + 2u, 4i  ■=  A«i,  — 

4i  + £ 6y  « A/i,  -f  Am,  r _ u,  A m,r. 

6‘  ~ (>*  + <"j)  b!  ~ = An,  f-  2c,.,  Am,. 


(5.35) 


The  second  equation  (5.35)  stands  out  and  has  an  obvious  solution. 
The  second  and  third  equations  (5.35)  form  a fourth  order  system  of 
differential  equations  with  constant  coefficients.  As  we  will  see 
below,  the  characteristic  equation  of  this  system  reduces  to  a 
biquadratic  equation  and  equations  (5.35)  prove  to  be  fully  soluble  in 
their  general  form. 

Special  cases  of  equations  (5.35)  will  be  equations  for  the 
case  of  a fixed  space,  i.e.,  equations  (5.33);  equations  for  the  case 
of  motion  at  constant  velocity  along  the  equator,  with  the  y axis 
c .inciding  with  the  axis  of  rotation  of  the  earth;  and  equations  for 
ac  case  of  motion  of  a satellite  in  a circular  orbit,  with 


The  final  case  of  the  reduction  of  coordinate  error  equations 
(5.1)  to  equations  with  constant  coefficients  is  the  case  of  an  object 
which  is  fixed  in  relation  to  the  earth  or  an  object  moving  at  constant 
velocity  along  the  parallel  of  latitude.  This  case  includes,  clearly, 
all  of  the  preceding  ones. 


If  the  object  moves  along  the  parallel  with  a velocity  v,  then, 
placing  the  y axis  of  the  moving  trihedron  in  a plane  containing 

the. earth's  axis  of  rotation,  i.e.,  in  the  plane  of  the  meridian,  and 
directing  it  to  the  north,  we  obtain  the  following  expressions  for  the 
projections  of  the  rate  of  rotation  of  trihedron  xyz 
around  its  axis: 

hi,  0. 

Ill,  ■=  u COS  If  -f  • y tonst, 

61,  ea  U Sill  if  -|  t I™  If  = cunsl, 

(5.36) 

where  <?  is  the  geocentric  latitude  of  the  parallel  along  which  the 
object  moves,  r is  the  constant  distance  to  the  center  of  the  earth, 
and  u is  the  earth  rate. 

The  equations  of  the  first  group  for  this  case  are  obtained  from 
equations  (5.19),  in  the  latter  = 0,  and  Uy  and  uz  are  replaced  by 

their  values  (5.36).  The  characteristic  equation  of  the  system  (5.19) 
reduces  in  this  case  to  a bicubic  equation. 

In  addition  to  the  above-mentioned  cases  of  the  reduction  of 
equations  (5.1)  to  equations  with  constant  coefficients,  the  first  group 
of  the  error  equations  may  also  be  completely  analyzed  in  certain  cases 
in  which  the  coefficients  are  variable,  namely  in  those  cases  in  which 
the  general  integral  of  the  equations  of  motion  of  the  object  is  known. 

In  these  cases,  it  is  possible  to  construct  (on  the  basis  of  the 
analogy  described  at  the  beginning  of  this  section)  the  solution  to 
equations  (5.1)  in  quadratic  forms,  using  the  well-known  Poincare  theorer 
for  solving  equations  in  variations.2  The  specific  case  to  which  we 
apply  this  approach  is  that  of  Keplerian  motion  of  the  object. 

Thus,  from  the  point  of  view  of  practical  applications  there 
exist  a number  of  interesting  cas>  s of  motion  of  the  object  in  which 
the  error  equations  of  the  first  group,  i.e.,  equations  (5.1),  may  be 
completely  analyzed.  Using  these  cases  as  examples,  it  is  possible 
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to  elucidate  the  basic  properties  of  the  solutions  of  these  equations. 
Moreover,  the  exact  solutions  which  result  may  be  used  as  first 
approximations  in  the  construction  of  approximate  solutions  for  those 
cases  of  the  motion  of  the  object  in  which  equations  (5.5)  do  not 
permit  exact  integration. 

S 5.2.  Stability  Analysis  and  Integration  of  the  Error  Equations 
of  the  Second  Group. 

5.2.1.  Stability  analysis.  Let  us  examine  the  second  group  of 
the  differential  coordinate  error  equations,  i.e. , the  system  of 
equations  (5.3) 

A|,  -f  <•>,(*,,  — u,fl„  = Am,, 

Air  + “,0|,  - “A,  *=  A*,. 

A|,  + — <■>,<>,,■=  Am, 

(5.37) 

and  the  homogeneous  system  cooresponding  to  it 


fli,  + <>,0„ «=o. 

An  + — w,olt  oO, 


(5.38) 


The  homogeneous  equations  (5.38)  have  a first  integral.  In  order 
to  obtain  it,  we  multiply  the  first  equation  (5.38)  by  0lx,  the  second 

by  0^,  the  third  by  0^2  and  add.  As  a result  we  arrive  at  the  equality 


which  may,  clearly, 
account,  we  have: 


M,.  \ h)„A,,„o. 

be  integrated.  Taking  the 


(5.39) 

initial  conditions  into 


«?.  f o?,  0£. | < 4 


(5.40) 


As  applied  to  a gyrostabilized  platform,  the  first  integral 
(5.40)  has  a simple  mechanical  significance.  In  the  absence  of  perturb- 
ing moments  (free  drift)  the  gyrostabilized  platform  does  not  change  its 
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p ition  in  space,  and,  consequently,  the  intial  error  in  its  orientation 
r<  ains. 

The  first  integral  (5.40)  is  a positive  definite  coordinate 
Lunation.  It  may  therefore  be  taken  as  a Lyapunov  function.  The  total 
erivative  of  the  quadratic  form  (5.40)  vanishes  by  virtue  of 
luations  (5.38),  whence  the  stability  of  the  Lyapunov  solutions. 

The  following  circumstance  should  be  noted.  Equations  (5.38) 
re  first-approximation  equations.  Therefore,  on  the  basis  of  integral 
5.40)  of  these  equations,  we  can  arrive  at  a final  judgment  as  to 
the  stability  of  the  inertial  system  with  regard  to  the  errors 
°ly'  °iz*  1 f we  return  to  equations  (4.51),  however,  from  which 

equations  (5.3)  were  derived,  we  see  that  the  homogeneous  equations 

(5.41)  also  allow  first  integrals.  Multiplying  the  first  of  these 
equations  by  t*1°  sccond  by  *ai2'  t*1°  third  by  5ui3  and  adding, 

we  find: 


t •'■'i,  •'“k  ■)  l','n^i|i  ’0, 


(5.41) 


from  which  it  follows  that 


(A"u)’  ) (•’*<1,)’ 4 (M||V  -tcoihI 


(5.42) 


Analogously,  from  the  fourth,  fifth  and  sixth  equations  (4.51) 
wo  obtain: 


f (An -iV  i j ,>* 


Finally,  the  first  three  equations  (4.51)  give: 


(5.43) 


(,\r„V  I I*".;)’  i J oitisl 


(5.44) 


The  stability  of  the  homogeneous  Lyapunov  eciuat’ons  (4.51) 
ioilows  from  ex.pressi ons  (5.42)  — (5.44).  But  there  equations  are 
exact  equations  for  perturbations  , since  equations  (3.60),  by 

variation  of  which  equations  (4.51)  were  obtained,  are  linear  in  , 
Thun,  the  exact  equations  give  the  same  answer  to  the  question  of 
stability  an  the  first-approximation  equation  (5.38). 
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. Integration  of  the  equations  of  the  second  group  in 


quadratic  forms  for  free  motion  of  the  object.  Let  us  consider  the 
integration  of  equations  (5.37).  The  general  solution  to  the  homogeneous 
equations  (5.38)  will  be  the  expressions 


0,,  ■=■  f ,on  +r/t;l  -f 

0„=f,.l|.  f 4,  tj! 

* cji.,  4 tfi„. 


(5.45) 


where  are  elements  of  table  (3.16)  of  the  direction  cosines  between 
the  x,  y,  z axes  and  the  £*,  n*,  C*  U1,  t2,  £3)  axes,  and  c^,  c2,  c3 

are  arbitrary  constants.  In  order  to  verify  that  the  right  sides 

of  equalities  (5.45)  satisfy  equations  (5.38),  it  is  sufficient  to 
substitute  them  into  equations  (5.38)  and  to  take  equalities  (4.221) 
into  account,  by  means  of  which  u^,  uz  are  expressed  in  terms  of 

ai  j and  “ij 

In  order  to  find  the  general  solution  to  the  homogeneous  equations 
(5.37),  we  may  now  use  the  Lagrange  method  of  variation  of  arbitrary 
parameters.  Assuming,  in  accordance  with  this  method,  that  the  parameters 
c^,  c2,  Cj  are  functions  of  time  and  substituting  expression  (5.45) 

into  equations  (5.37),  we  arrive  at  the  following  system  of  equations: 


<Y1n  f <y?i  4 <V>n  — Am,, 
<V'u 

f if,i  1 4-  c /iji  1- r/f0  « ,\mt. 


(5.46) 


Solving  this  system  relative  to  c^,  c2,  c3  and  integrating  the 
resulting  expressions,  we  find: 


ei  /(■'"»,«„  M«,<i(,+a, «,«,„)  rf/ -J- rj, 

t 

I 

rj  -/ -j  Aiy  ,,  ) Amyijrfc  | rj.  j 


(5.47) 


1 


Substituting  relations  (5.47)  into  (5.45)  and  taking  account  of 
the  initial  conditions,  we  obtain  a general  solution  to  system  (5.37) 
in  the  following  form: 

0,J  “°II  | / i + - A«pO|,  f Am,n„) dt  -f- 

“f*0ijan  f - 4-  + 

•+  0)1 1/  4- Amf0„  4- AmjUjJ)rf/  4- 

+ 0?.o"i  + 0V!i  4 a»  | J (Am.o,,  4- 

4-  Am,<iji4  A m,a„)<//  I 4 ( (lMi]  . 


I 

0„  «=a„  | 

lo 


4-  f-  \mtun)dt  ~f 


4 0?,n?i  4 0Vu4-0?^u]4-«.  J|(Am,<i„  f 
-f-a3J  ^ J (Am4oA|  -f  A/n^rtjj  -f-  c.'/  *f- 

-f-  OljOjI  -+*  0?>«32  -f-  Oi/iilj  . 
0„  «a„  (/  (Am/i,,  4-A<n(n„4-Am,n1))  dt  4- 

4 0?.a?,  4 (>M>  I ‘Ml]  f n.M  | / 4- 

4 Am/I.,4  4-0?.“"  4 ‘•i>*,U-4  ( 

1 1 J (An, «ii  4 4 A ni,!!,,) dt  4- 

4 ol.oli  4-#’<,|b4-*,^Iii]  • 


-Ojl 


(5.48) 


Formulas  (5.48)  give  the  solution  in  quadratic  forms.  Thev  contain 
the  quantities  r,^.  under  the  integral  sign,  these  being  known  functions 

of  time  if  the  motion  of  the  object  with  which  the  inertial  system  is 
associated  is  specified.  It  must,  of  course,  be  kept  in  mind  that  the 
intended  motion  of  the  object  may  be  defined  not  only  by  the  explicit 
specification  of  the  coordinates  as  functions  of  time,  but  also  by 
differential  relations  whicli  are,  in  the  general  case,  non-integrable. 

In  this  case  it  may  be  more  convenient  not  to  numerically  integrate  the 
equations  defining  the  intended  motion  of  the  object  and  to  substitute 
the  results  of  the  integration  fn  quadratic  forms  (5.48),  but  rathe  to 


) 
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determine  ux,  u2  and  to  numerically  integrate  the  initial  system 

(5.37). 


Solution  (5.48)  to  equations  (5.37)  may  also  be  obtained  in  a 
somewhat  different  manner.  It  is  possible  to  project  equations  (5.37) 
on  the  fixed  C*/  n*,  c*  axes.  Then  in  place  of  equations  (5.37)  we 
obtain  equations 


“>u*sAn,i.-  6k“a«v  6,u=a«{>. 


(5.49) 


Integrating  these  equations  and  then  again  passing  to  6lx, 

°ly'  °lz  and  Amx'  Aray'  An'z'  wc  °^ta^n  formulas  (5.48)  once  again. 

From  equations  (5.49)  the  following  evaluation  derives: 

1 oi,  < \ru,[ 7o?h- iif, •) 

t 

+ / Vi  I ( rii  (5.50) 

0 

In  order  to  obtain  this  evaluation,  wc  return  to  the  vector 

equat ion 

i/0,  , 

-g-  « A fit 
at 

(5.51) 

which  is  equivalent  to  equations  (5.49).  From  equations  (5.51)  we  find: 


0,  = lij  t J Am  ill. 


(5.52) 


Consequently, 


|II.I<KI  f f \mdt  . 


I/H4 


from  which  inequality  (5.50)  is  obtained, 


(5.53) 


(5.54) 


412 


We  note  that  an  evaluation  analogous  to  inequality  (5.50)  may 
also  be  given  for  the  modulus  of  vector  0^.  From  relations  (5.8)  we 
find: 

KuTfliT+iU  i/(WTTwT(5y7  + ^AaAyjlnp  , 

(5.55) 

Apropos  of  solution  (5.48)  to  equations  (5.37)  it  is  useful, 
in  order  to  avoid  misunderstanding,  to  present  the  following  clarifi- 
cation. Equations  (5.37)  are  obtained  by  variation  of  the  Poisson 
equations  and  are  themselves  analogous  in  form  to  these  equations. 
However,  between  equations  (5.37)  and  the  Poisson  equations 


«n  i = o. 

"u  ( Ill  — »,«n  = 0. 

a,  j 4-  o.a„  — iiyi„  = o 


(5.56) 


there  is  a profound  difference,  as  a result  of  which  solution  (5.48) 
to  system  (5.37)  has  no  relation  to  the  solution  of  the  Poisson  equations 
(5.56).  The  difference  between  equations  (5.37)  and  (5.36)  consists  in 
the  fact  that  a.  .,  entering  into  equations  (5.56)  and  related  to  0 , 

1 J X 

0 , by  equalities  (4.221),  are  unknown,  while  at  the  same  time  in 

y z 

equations  (5.37)  the  quantities  0X,  6y,  0z,  of  course,  are  not  expressed 

in  terms  of  0jx»  0^,  9lz»  In  the  case  of  equations  (5.37)  the  problem 

reduces,  essentially,  to  that  of  finding  the  small  deflection  of  the 
moving  trihedron  in  terms  of  the  projections  of  the  absolute  angular 
velocity  of  this  deflection  on  the  axes  of  the  moving  trihedron,  while 
in  the  case  of  the  Poisson  equations  the  final  deflection  is  sought. 


5.2.3.  Special  cases:  an  object  fixed  in  absolute  space;  motion 
at  constant  velocity  on  the  arc  of  a large  circle  and  on  a parallel ; 
Koplcrian  motion.  Relow  we  will  require  exact  expressions  for  0^x, 

rjly'  °lz  ^or  t*1e  caf3CG  enumerated  in  the  preceding  section,  when 

equations  (5.1)  are  integrated.  We  will  need  them  so  that,  when  we 
obtained  6x,  6y,  6z  from  equations  (5.1),  we  will  then  bo  able  to  find 
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<Sx3,  <5y3,  6z3,  and  0^,  0 , Let  us  therefore  write  out  the  values 

of  for  the  cases  in  question. 

If  the  object  with  which  the  inertial  system  is  associated  is 
'd  in  the  Oj^1^2?,3  coordinate  system,  then  in  formulas  (5.48) 
nay  set 


<*=*/. 


t + J-  I 


(5.57) 


I 


Then  from  formulas  (5.48)  we  find  the  following  values  of  O^x' 


°ly ' °.lz: 


°t.  “ / An - dl  + «i,  — / Am,<»  + 0 

0 i 

i 

0|,  — j Sm,dt  -)  0?,. 


(5.58) 


which  are  obtained  immediately  and  directly  from  equations  (5.37)  by 
setting  w = u = u = 0,  which  is  the  case  when  the  object  is  fixed 

y 7. 

in  the  Oj^1^2^3  coordinate  system. 


The  second  case,  in  which  equations  (5.51)  are  integrated  is 
that  of  motion  of  the  object  at  a constant  velocity  v at  a constant 
dis  ance  from  the  center  of  the  earth  in  a fixed  plane  containing  the 
.or  er  of  the  earth,  i.e.,  the  case  of  motion  at  a constant  velocity 
’<  g a fixed  large  circle  of  e sphere  of  constant  radius  concentric 

the  earth.  Ke  may,  without  lose  of  generality,  superpose  the  plane 
.otion  with  the  £ 1 C*  plane,  and  take  as  the  initial  position  of  the 
' ct  its  position  on  the  axis.  The  x and  y axes  of  the  O^xyz 

t hodron  will  then  lie  in  the  plane,  and  the  y axis  will  coincide 

w h the  4 1 axis.  As  a result  the  following  elements  of  table  (3.16) 
a 1 be  different  from  0: 


Slnui,/,  1 

II, , I 


(5.59) 


where  = v/r. 
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Substituting  expressions  (5.59)  into  solutions  (5.48),  wo  obtain 
after  obvious  transformations : 


Oi,  •=•  0?,  co»  u,l  — 0?,UruJ,(  4- 

f 

+ j |Am,0)coju,(/  — «)  — Am,(t)»lnw,(f  — 

t 

0„  = 0l,  -J-  j An,(t)rft. 

0 

0„  *=0),  slnu.f  -4  0?,co»  <•>,/  + 

i 

+ J |Amt(i)vln  <■>,(*  — »)  + Ab,(i)co*»,(/—  ')!<*»• 


(5.60) 


As  with  expressions  (5.58),  formulas  (5.60)  may  also  be  obtained 
directly  from  equations  (5.37) , since  the  coefficients  of  the  system 
(5.37)  are  in  this  case  constant:  u>x  = 0,  w2  = 0,  = const.  System 

(5.37)  takes  the  form: 


A|.  + *,K  l,,r 


it,  — os  Am,. 


(5.61) 


The  second  equation  is  singled  out.  The  second  formula  (5.60) 
immediately  follows  from  it.  The  characteristic  equations  of  the 
remaining  second  order  system  has  the  roots  iw^.  Representing  its 
solution  as  a Duhamel  integral,  we  arrive  at  the  first  and  second 
formulas  (5.60) . 

Let  us  turn  to  the  third  case  --  the  motion  of  the  object  along 
a parallel.  As  before,  we  will  consider  the  as  coinciding  with  the 

earth's  axis  of  rotation,  and  the  xyz  trihedron  as  moving  on  a 
sphere  surrounding  the  earth,  and  oriented  to  the  points  of  the  compass 
(v/ith  the  y axis  directed  towards  the  north)  . The  values  of  the  direc- 
tion cosines  for  this  case  nay  be  obtained  from  table  (3.260),  if 

we  note  (lint  the  unit  vectors  of  the  x,  y,  z axes  correspond  to  the 
unit  vectors  e^,  u^,  e^  and  that  according  to  expressions  (5.36) 

h *■= " ‘ vrL?'- 

(5.62) 


I. 
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Equality  (5.62)  assumes,  of  course,  that  at  the  beginning  of  its 
motion  the  object  is  located  in  the  plane. 

Therefore,  introducing  for  the  sake  of  simplicity  the  notation 


wo  find: 


a -f **  Q* 

fto*<r 


On  « s!n  <’»/.  U|;ca  — - sin  cos  b>/#  n,,  *a  cos  fj  cosmJ, 
a;l  « c«.'  o»/.  sJn*fslnn>/.  n.,  «cr.„  <f  sin  erf. 

Oj,  «0.  ci^racos^.  nal«=sln9. 


(5.63) 


(5.64) 


V.'e  recall  that  in  relations  (5.62)  --  (5.64),  9 is  the  geocentric 
latitude  of  the  parallel  along  which  the  object  is  moving,  and  v is  the 
velocity  of  its  motion  relative  to  the  earth. 

Substituting  the  values  (5.64)  of  the  direction  cosines  in 
solutions  (5.48)  and  performing  the  required  transformations,  we  arrive 
at  the  following  formulas: 


0|,  «=>0j,  coso>f  -p(0°,sli;  f — 0",  «is  f) sin  i.t/  -f 

I 

+ J | V7I.(0«OSG></—  ,)  f 

0 

4 |'m,(t)sln«i  — Am, (t)  cos <4 ] s!n <«» (/  — 1))  d\. 
Ojj,  eis  — 0?,  sin  sin  (.>/  4 f*?>  (s I n*  cos  i-rf  4 cos7«()  4- 

4*  0(, sin cos < I — cose*/)  f 
1 

4 J | — Am , (t)«;in*[sln«>(/  — t)  4- 

u 

4 Am,  (i)|cos*ti(/  — i)sln?»f  4 cos'll  — 

— Am1(t)iin<f  cosfj  |co$m(/  — 1)  — l]|  c/i, 
0|4  «0,f  C0S«f  Slllf-rf  s,n'(  tos,f  (I  “ cos»*rf)  f 

4 0?i  (cos*  ? cos  u't  -4  sin*  ff)  4 


4 J |ArnJ  (t)cos<f  sin  w(/  — i)4 

<1 

-f  Am,(:)sliii;frs<r  [I  — tosw</  — i)|  < 

-f-  (t)  (co47  «|  cos  u»{/  — t)  f sin7 «| i)  rfi 


(5.65) 


Formulas  (5.65)  can,  of  course,  be  obtained  directly  from  equations 
(5.37),  rather  than  from  the  general  solution  (5.48);  taking  equalities 
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I 


m 


I 

L 


i * .36)  and  (5.63)  into  account,  equations  (5.37) 

6,.  + 0,  ,i.i  i ii  j if  0,,  <i>  sin  if  -a  Am,. 

4|,  + »,.!.>  JtiMT  =.  A/iif. 

()i,  — O^idfosyM  Am,. 


The  characteristic  equation  of  the  system  is 

p(f'  I w!)  «•  0. 


the  roots  of  which  are 


take  the  form: 


(5.66) 

( 5 .67) 


P, *-•>  o.  />,  ,«=  ± /■' 


(5.68) 


Putting  the  solution  to  the  system  (5.66)  in  the  form  of  the 
Juhanel  integral  immediately  gives  formulas  (5.65). 

We  note  that  with  <?  = 0 formulas  (5.65)  reduce  to  formulas  (5.60), 
and  with  c = ^ they  reduce  to  formulas  (5.58)  by  conversion  to  a 

free-azimuth  trihedron. 

Keplerian  motion  presents  a somewhat  more  difficult  situation 
than  the  previous  cases;  in  this  case  the  direction  cosines  ou  ^ 
entering  into  formulas  (5.48)  cannot  be  expressed  as  simply  as  in  the 
examples  considered  above.  In  the  case  of  Keplerian  motion  it  is  possible, 
without  sacrificing  generality,  to  take  the  O^F'F2  plane  as  the  plane  of 

motion.  Then,  placing  the  x and  z axes  in  this  plane  and  directing  the 

•> 

z axis  along  the  vector  r,  we  obtain,  as  in  the  cane  of  plane  motion  at 
a constant  distance  from  the  center  of  the  earth: 


o„  o,  I,,.  ; 


(5.69) 


If  we  further  assume  that  at  the  beginning  of  its  motion  the  object 
is  located  on  the  F1  axis,  then  in  addition  to  equalities  (5.69)  we  will 
have: 


‘0.  <■;,  - o. 


(5.70) 


417 


Taking  relations  (5.69)  and  (5.70)  into  account,  formulas  (5.48) 
simplify  and  take  the  form: 


®u“»u  | J(A«.on+Am^iij)rf/  + 0?,j  4- 

4-0, (Am .on 4- \m,a:i)dt 4- 0?,J  . 

I 

0|,™  J &m,dl  4-  0,,. 


(Am ,ou  -p  A«^,p))rf/  4 0?,  f- 


4-0,, 


^ j (Am.oji  4-  Am.ttjjJd/  4-  0?,  , 


(5.71) 


We  will  denote  the  angle  between  the  £ 1 and  z axes  by  o.  Then, 


a,,  ==  — slno.  o,j  ■=■  co»  «.  1 
a,,  tscoso,  o„asino.  J 


where,  obviously, 


5.72) 


<i  c*  j (5.73) 

0 

In  order  to  obtain  explicit  expressions  for  0^x  and  0^z  we  have 

only  to  substitute  into  formulas  (5.71)  the  values  of  o which,  for  the 
case  of  Kcplcrian  motion,  may  bo  found  as  functions  of  time. 

We  note  that  as  in  the  preceding  cases,  the  solution  (5.71)  for  the 
•alues  of  ct^j  determined  by  equalities  (5.72)  and  (5.73),  may  also  be 

obtained  directly  from  equations  (5.37),  which  in  this  case  take  the 
orm: 


('lt  H,,r°l.=I  Am., 

»i,  = Am,. 

-“,ni.  = Am,, 


(5.74) 


'Die  second  formula  (5.71)  follows  directly  from  the  second  equation 
'5.71).  The  homogeneous  equations  corresponding  to  the  first  and  third 
equations  (5.74),  after  elimination  of  one  of  the  variables,  for  example 
Oj  , reduce  to  the  second-order  equation: 
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(5.75) 


The  functions 


till  j 0,1 it  H {OS  J 111,  lit. 


(5.76) 

wj  L be  partial  solutions  to  this  equation,  as  can  easily  be  shown  by 
i 'ct  substitution.  Using  the  method  of  variation  of  arbitrary 
i ai  imoters,  the  general  solution  to  the  system  of  corresponding  non- 
1 or  jgeneous  equations  we  find  in  the  form 


i < 

0|.  =»=  0|»  {os  J iii, dt  — 0|,  tin  j oi,  dt  -f- 
0 (| 

+ J J Am,  (t)cos  J 0),i/t—  Am,(t)sln  J oi,rfijrft. 
< < 

On  =*  0".  sin  j oi, dt  -t  (Ceos  f oi, 'dt -)  • 

■i  ; 

J |Am,(i)sln  J oi,  i/i  -f-  Am, ( i) cos  f *■», if x j 


-f  | lom.jijsin  l oi. m + Am. (i)cos  I 

' (5.77) 

Using  equalities  (5.72)  and  (5.73),  we  can  easily  show  that  formulas 
(5.77)  and  (5.71)  coincide. 


§5.3.  Stability  Analysis  and  the  Solution  to  the  First  Group  of 

Error  Equations  for  Cases  in  which  They  Reduce  to  Equations 
with  Constant  Coefficients. 


5.3.1.  Stability  analysis.  Let  us  consider  the  homogeneous 
'.ions  corresponding  to  the  system  (5.19),  which  is  obtained  from 
system  (5.1)  when  the  z axis  of  the  xyz  trihedron  is  directed  along 
•ector  r.  In  §5.1  it  was  shown  that  the  coef f f icicnts  of  the  left 
of  equations  (5.19)  become  constant  in  three  cases:  when  the 
•t  is  stationary  in  the  O^f 1 £ 2 £ 3 coordinate  system,  when  it  moves 

• instant  velocity  at  a constant  distance  from  the  center  of  the 
< i : i in  a plane  containing  the  center  of  the  earth,  and  when  motion 

i ’ci  \s  at  a constant  velocity  along  a parallel. 
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The  latter  case  is  the  most  general.  Analysis  of  the  stability 
of  the  error  equations  of  the  first  group  is  therefore  most  conveniently 
carried  out  for  the  case  of  motion  of  the  object  along  a parallel. 

In  this  case,  if  the  xyz  trihedron  is  oriented  according  to  the 
points  of  the  compass,  we  obtain  the  following  system  of  homogeneous 
equations: 

tx  -f-  — uj  — wjj  A x — ?ut  Ay  -f  2i.iy  tii  «=  0, 

Ay  4 | — c.r  j Ay  4-  >■>,">,  A/  -4  2u>t  Ax  = 0. 

Ai  -if  (“  “j-  — ciJJax  — 2i,'fAi-{  K,"«fAyt»0. 

(5.78) 

where  \s/r3 , w , w are  constant  and  w and  to  are  related  to  the  velocity 
y z y z 

of  motion  of  the  object,  its  distance  r fiom  the  center  of  the  earth 
and  the  latitude  <?  of  the  parallel  along  with  the  object  is  moving 
by  formulas  (5.36). 

The  characteristic  equation  of  system  (5.78)  reduces  to  a complete 
cubic  equation  relative  to  the  square  of  the  unknown  (pz  = q) : 


1'  + 2v’(c"J  + <"])  4 <7 1 -4-  M •)-(">;  4-  "<i)7| - 

— «•<;(<•«’  - <.ij  - hJ)(2<.>3  -t-  "'J  — 2i»j) = 0. 

where  we  have  introduced  for  convenience  the  notation 


(5.79) 


(5.80) 


Since  the  characteristic  equation  lacks  the  odd  powers  of  p,  it 
cannot  satisfy  the  conditions  of  asymptotic  stability  (the  Hurwitz 
conditions) . 

For  asymptotic  stability  equation  (5.79)  must,  of  course,  have 
negative  or  zero  roots,  and  the  linear  elements  of  the  denominator  of 
the  characterstic  matrix 


! p1  - h*  - m*  2 m jt 

1’  /,!  1 'i  >•'] 

— 2 /•’  - 2c, 1;  4 j 
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o system  (5.78)  should  correspond  to  the  multiple  root  of  the  character- 
istic equation  of  this  system. 

Direct  analysis  by  this  means  of  the  characteristic  equation  and 

flio  characteristic  matrix  of  system  (5.78)  with  arbitrary  to  and  to 

y z 

equires,  however,  unwieldy  calculations.  Therefore  we  will  proceed  in 
somewhat  different  way. 

We  will  make  use  of  the  fact  that  the  system  of  differential 
quations  (5.78)  may  be  regarded  as  a system  describing  the  motion  of  a 
oint  of  unit  mass  under  the  influence  of  only  potential  and  gyroscopic 
orces. 


The  expression  for  the  force  function  of  the  potential  forces  may 
to  written,  clearly,  in  the  following  form: 


u 


- 7 IK 


<•»;  - i-p’j  -<•’■) 'V— 

— ( Jwj  -t  u\)  fli1  4 ft.v  'V  |. 


The  gyroscopic  forces  are  represented  by  the  terms 


(5.81) 


— 2u,6.(,  - ?„>,  fix.  g0  j 

s nee  they  arc  proportional  to  the  velocities  x,  V,  z,  the  coefficients 

. . . 3 

of  proportionality  form  the  anti-symmetric  matrix 


o - *•>, " 
— o •>  ] 
« o 


Equations  (5.78)  for  the  case  under  consideration  have  the  energy 
i nteyral 


Av!  r f 'V*  — ‘t f ji'jf 


(5.83) 
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In  order  to  obtain  this  integral  from  equations  (5.78),  we  must 
mu-tiply  the  first  of  these  equations-  by  6x,  the  second  by  6y,  the 
third  by  6z,  and  then  add.  Integration  of  the  sum  will  then  give 
equality  (5.83).  We  note  that  the  gyroscopic  forces  do  not  enter  into 
to  energy  integral  (5.83),  since  the  influence  of  these  forces  on  real 
c<  splacement  is  zero. 


If  we  now  ignore  the  gyroscopic  forces  in  equations  (5.78),  only 
e potential  forces  defined  by  force  function  (5.81)  will  remain.  For 
i ability  of  equilibrium  under  the  influence  of  only  potential  forces, 
tie  force  function  should,  according  to  the  well  known  Lagrange  theorem*, 
lave  a maximum  at  the  point  of  equilibrium. 


Since  the  force  function  (5.81)  is  a quadratic  form,  its  maximum 
is  determined  by  the  well  known  Sylvester  conditions5  of  positive 
definiteness  of  the  quadratic  form.  For  this  case  they  reduce  to  the 
equalities 


— »"}-*  o>j>0.  ] 


(5.84) 


It  is  evident  that  the  areas  defined  by  each  of  the  inequalities 
(5.84)  do  not  intersect  (Figure  5.1),  and  therefore  the  force  function 
does  not  have  a maximum  at  the  equilibrium  point.  Since  for  this  case 
the  force  function  is  a homogeneous  function  of  the  second-order, 

■ c'ording  to  the  well  known  Lyapunov  theorem  the  absence  of  a maximum 
this  function  implies  that  the  system  is  unstable  without  any  need 
consider  terms  of  higher  orders  of  smallness. 


But  we  have  not  yet  considered  the  gyroscopic  forces.  Let  us 


turn  to  them. 


V ««»i 


Figure  5.1. 

In  regions  1 and  3 (Figure  5.1),  where  the  degree  of  instability 
(the  number  of  negative  Poincare  coefficients  of  instability)  is  odd, 

b ' 

the  gyroscopic  forces,  according  to  the  theorem  of  Thomson  and  Tait, 
cannot  stabilize  the  equilibrium. 

In  region  2,  where  the  degree  of  instability  is  even,  the  theoreti- 
cal possibility  of  stabilization  by  gyroscopic  forces  remains.  This 
stabilization,  as  is  well  known,  has  an  intermittent  character  and  is 
disturbed  by  forces  of  overall  internal  dissipation. 


Stabilization  by  gyroscopic  forces  is  effected,  if,  for  example, 


to’  -=  <o7,  (o;  — t’, 

v «r  i 


(5.85) 


wore  c 2 is  some  sufficiently  small  magnitude. 


It  can  bo  shown  that  polynominal  (5.79)  (i.e.,  a cubic  polynomial 
in  q,  not  the  characteristic  equation  of  the  system)  in  this  case  satis- 
fies the  Ilurwitz  conditions.  The  dcscrininant  D of  the  cubic  equation 
obtained  from  equation  (5.79)  by  substituting 


c) 


yr-  f-f.  , 


(5.86) 


is  negative: 


” <0 


(5.87) 
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Therefore,  all  of  the  roots  of  the  characteristic  equation  of 
system  (5.78)  with  conditions  (5.85)  are  prime  and  purely  imaginary, 
and  so  stabilization  of  the  system  by  gyroscopic  forces  is  possible. 

Stabilization  by  forces  of  a gyroscopic  nature,  expressions  for 
:h  enter  into  equations  (5.78),  is  possible,  as  has  already  been 
:>  ’d,  only  in  region  2,  where 

2,1  v!  - 2‘";  I I 

~%<0.  J 

(5.88) 

lor  i the  free  term  in  the  characteristic  equation  is  positive,  and  so 
the  degree  of  instability  is  even. 

For  practical  applications  the  most  interesting  region  is  region  1, 


"*«  - - mj  > 0. 


(5.89) 


In  this  region  the  inertial  system  is  unstable  during  motion  of 
the  object  along  a parallel.  It  should,  however,  be  noted  that 
instability  of  an  inertial  system  does  not  imply  the  impossibility  of 
its  practical  realization  and  application. 


Instability  implies  that  the  operating  time  of  the  system  may  be 

snail  relative  to  the  duration  of  the  transient  processes  defined  by 

error  equations.  Therefore  an  inertial  system  may  not  be  stable  in 

rigorous  sense  of  the  term,  but  the  divergence  of  the  amplitudes 

he  solutions  to  the  error  equations  may  be  small  relative  to  their 

7 

i.al  values  during  some  limited  operational  time  interval.  In  order 
’termino  the  divergence  of  the  amplitudes  of  the  solutions  relative 
ie  initial  conditions,  it  is  necessary  to  develop  either  a solution 
;o  ne  enor  equations  or  some  set  of  upper  bound  evaluations  of  these 
so  i tions. 


The  solution  to  the  error  equations  depends  on  their  initial 
conditions  and  the  right  sides  of  these  equations,  i.e.,  on  the  instrument 
errors.  Even  if  the  solution  diverges  it  is  always  possible,  within  the 
limits  of  a given  operational  time  interval  and  the  maximum  allowable 
system  error,  to  define  requirements  on  the  magnitudes  of  the  instrument 
errors  and  the  errors  in  the  initial  conditions  in  such  a way  as  to 
guarantee  a given  level  of  operational  accuracy  in  the  system.  If  these 
requirements  on  the  accuracy  of  the  elements  and  initial  conditions  of 
the  system  are  difficult  to  realize  technically,  then,  clearly, 
correction  of  the  inertial  system  must  be  based  on  other  sources  of 
informat  ion . 


We  will  return  to  the  questions  touched  on  here.  Now,  however, 
let  us  proceed  to  the  integration  of  the  first  group  of  the  error 
equations  for  those  cases  in  which  they  reduce  to  equations  with  constant 
coefficients. 


5.3.2.  Solving  the  error  equations  for  the  case  of  a stationary 


object.  As  was  stated  in  §5.1,  the  simplest  of  the  cases  in  which  the 
coefficients  of  the  error  equations  are  constant,  is  the  case  in  which 
the  object  is  stationary  in  the  (O^1  £2f,3)  coordinate  system. 

In  this  case  the  first  group  of  error  equations  (5.1)  has  the  form 


f M*  A V rs  .\/|  — Artl  r. 


by  H «v\v | A ni tr, 
ft*  — sr  A n 


(5.90) 


where  m2  = u/r3. 


Equations  (5.90)  are  written  in  terms  of  projections  on  the  axes 
of  trihedron  O^xyz,  the  z axis  of  which  coincides  with  the  vector  r. 

Since  the  object  is  stationary  in  the  coordinate  system, 

trihedron  O^xyz  may  be  considered  to  be  fixed  relative  to  the  £’,  £2, 


C3  axes.  We  recall  that  the  first  group  of  the  error  equations  of  any 


inertial  system,  if  the  object  with  which  it  is  associated  is  stationary 
in  the  coordinate  system,  reduce  to  equations  (5.90). 


I 


The  initial  conditions  for  equations  (5.90)  may  be  designated, 
nr  previously,  in  the  following  manners 

Ac((>)  -i'll0,  Ay (O) ta Ay".  A.-(0)  sA.*\  1 

A.v(O)  .=  A v°.  Ay(fl)a>Ay.  A.’(fl)  j Ac9.  I (5  91) 

In  accordance  with  relations  (5.2)  and  the  selected  orientation 
c trihedron  O^xyz, 


A>=-A.v;i  (V.«-A»i’r)r. 
A/0  -=  Aij. 


(5.92) 


Equations  (5.90)  are  three  independent  second-order  equations. 

The  general  solutions  to  the  homogeneous  equations  corresponding  to 

equations  (5.90)  are  obvious: 

fix  = A,  v(n  «-v/  r D,  cos 
Ay  «=  A,  sin  h,/  -f-  /?,  cos  uj. 

hi  **  A,  coih  ^ J fut  + n,  tilth  )'•>/. 

(5.93) 


The  general  solutions  to  the  non-homogeneous  equations  (5.90) 

may  easily  be  found  using  the  method  of  variation  of  the  arbitrary 

parameters  A,B,A,B,A,B,  for  the  determination  of  which 
1 x'x'y'y'zz' 

the  following  system  of  equations  is  obtained: 


/(.shift/  | -.11, 

vl  , I " ■ 1 '/  - slit  i.s,/ . --  An,  — A nttr; 


A,  sliin  i | /(, , ns  i s,l  • II, 

/i,i..,um.,,/ ,ii n,/  An,  pA»i,r; 

co‘hM,  V'  jl  t II,  tilth  \l']l  — |i. 

■>  tilth  H,  I'5/.J  /i,M'Jeo*h  "'ll rrtt--hi. 


(5.94) 
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Solving  these  systems  for  A , B , A , B , A , B and  integrating 

x y y z z 

the  solutions,  we  find  the  functions  A , B , A , B , A , B . Substitut- 

x x y y z z 

ing  them  into  relations  (5.93)  and  taking  into  account  the  initial 
conditions  (5.91),  we  obtain: 

=iA»0coi<.^  4-  'in  t\J 

< 

4-  j"  (Ah,  — Am,r)sint.\,(/  — i)dt. 
ti* 

Ay  = Ay'cosiV  4-  —•  sin  «V  4- 

t 

4-  —■  J (An,  4-  Am , r) xin t.«u(C  — t)dt, 

«=  Ai"  eo«htl|)  Ylt  4-  *lnh  „v  ^21  + 

* f 

+■  J A"« *lnh  fV,\^2(/-t)rfT. 


(5.95) 


Integrating  by  parts,  the  first  two  formulas  (5.95)  may  also  be 
represented  in  the  following  form: 

a ao  . . Ar°-fr.Vn” 

6*  = cos  cV  } slii  *>\J  — 

w# 
i 

— r J Am,  cds  «.\,(/ 

0 

i 

i r!.  J ''n.s'ii'Aitt  — t)rfr. 

I# 

a a a ftyw-  r \«i*! 

6y«6/\os«V  I - -simV  f- 

1 

"f*  f j Am,  cust.^(/ — 

u 

I 

I J f S(||  ••>,(/—  1)|/T 

(5.96) 


In  particular,  with  An^,  Any,  An,,,  Am^,  Amy  from  equalities 

(5.95)  and  (5.96)  constant,  and  taking  into  account  initial  conditions 
(5.92) , wo  find: 
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4jrr=~'  -(  fol0  — — AcnilV  { 

‘^  \ *w 


»*S  + f(V."_  ,\m*) 


An.  / A/t,  \ 

by  « — jp  >4  (A/ r ) f {,>  * + 

fc,v  \ / 


-f  _ 11  »in<V. 


**  * ■ § +(4*‘M-  3) eo,h  »7,+ 


+ zi"i  •lnh,,-l/-7'- 


(5.97) 

5.3.3.  Motion  of  an  object  at  constant  velocity  along  the  arc 
o a fixed  great  circle.  Let  us  now  turn  to  the  case  of  motion  of  an 

object  in  a plane  passing  through  the  point  0^  at  a constant  distance 

from  the  point,  i.e.,  the  case  represented  by  equations  (5.35).  Let 
us  rewrite  these  equations  introducing  in  place  of  \i/ r3  the  notation 
Wq,  ^ which  this  quantity  is  usually  designated: 


Sjf  + (<■•’  - 4-  2«,Ai  = An,  — A ir,.\ 

by  4 <./•  Ay  a An,  -j-  Am,r  — u,Am,f. 

Ai  - (VC..’  4 «’,)A.-  - Ai  = A/i,  + IV,.,,  Am,  ( g gg) 

Since  trihedron  xyz,  in  terms  of  projections  on  whose  axes 
<■(  lations  (5.98)  are  written,  is  a moving  trihedron,  the  initial 
•c  iditions  for  equations  (5.98)  coincide  witli  those  of  equations  (5.90) 
i 1 are  given  by  equalities  (5.91;  and  (5.92). 

The  second  equation  (5.98),  giving  the  error  in  the  specification 
the  location  of  the  object  in  a plane  normal  to  the  plane  of  its 
ion,  is  separate  from  the  two  others.  The  solution  to  this  equation 
analogous  to  the  solution  to  the  second  equation  (5.90)  and  lias  the 
f irm: 

Ayu»A/ioi«y  4-  ~J~  sin  <4,  I -f 

I 

+ !£■  j t'", 4 A//t,r  — w,  Am,r)slni4,(;— i)rfi 

(5.99) 
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I 


ifter  integration  by  parts, 


*/•— rsm" 

-i i ilnw 


4- 


i 

4 -j- J (An,  — u,Am,r)»ln (.*,(/  — ’)<*»  + 

I , 

! . ...  -pf  J An, coji.\,(i  — t)dl. 


S ccifically,  at  constant  An^,  Am x,  Amz  we  obtain: 


A/1,—  /.  . A/t,—  »,A»i1r\ 

4y=_l_^ )fo,^  + 


4 


The  system  of  the  remaining  two  second-order  equations 


(5.100) 


(5.101) 


ftx  4-  (‘‘'l  — «J5)Af  4 2it>yAi  A/i^  — A mfr. 

Ai  — (?<•>’  4 «./’ ) f>2  — 2(i>r6.tf  = Ar,  4 2/u,  | 

(5.102) 

gives  the  error  in  the  determination  of  the  coordinates  in  the  plane  of 
notion  of  the  object. 


The  characteristic  equation  of  system  (5.102)  has  the  form: 


4 />’(—**•’  + 2">’)  -("'3  - S)(2,”3  =*  °- 


(5.103) 


’ " (5.104) 

i . . , if  the  velocity  of  the  object  is  less  than  the  first  cosmic 
’v  ocity,  equation  (5.103)  has  two  real  and  two  complex  conjugate  roots 


±|i.  ±/v. 


(5.105) 


" ” Y\ (‘"3  - h «,  I'uutf-faj ) . 
v ~ /iT-i  + H I 


(5.106) 


If  Uy  = 0,  then  p = *w0  x /2  and  v = + wQ,  but  if  w y = Wq  (the 
case  of  the  motion  of  a satellite  in  a circular  orbit) 


l>  = 0.  v -j 


(5.107) 


The  dependence  of  p and  v on  My  with  continuous  variation  of  Wy 
is  represented  in  Figure  5.2. 


! ! 


1 

u 

- 

J 

LLLLL 


Figure  5.2 

The  quantity  v,  showing  small  variation  in  the  range  0<u)y<w0 

and,  as  has  already  been  noted,  being  equal  to  u)Q  at  the  points 
u,y  = 0 and  Wy  = wQ,  reaches  a maximum  at  the  point  Uy  = Wj  * /5/0 , 

at  which  V = x /9/8  - 1.061  Mq. 


The  quantity  p decreases  rnonotonically  from  the  value  of 

P = x /2  down  to  0 as  w varies  from  0 to  w_.  At  the  point  w = — 
u y 0 y /j 

the  p(w  ) and  v(w  ) curves  intersect.  At  this  point  p = v = wn  x /% 

y Y u f 2 

~ 1.057  o)q.  It  should  be  noted  that  in  the  region  from  o>y  = 0 to 

My  = Wq/2,  P decreases  by  less  than  0.15  from  its  value  at  the  point 

w = 0.  All  of  the  remaining  variation  in  the  value  of  p occurs  in 
,J0 

the  segment  “2<u;y<U)o ' w^orG  falls  off  very  rapidly. 
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Corresponding  to  the  roots  of  the  charactoritic  equation,  the 
pa  tial  solutions  to  the  homogeneous  system  of  equations  (5.102)  will 
b<  the  functions 


sinv/.  ««v(,sinii  K cosh  lit. 


(5.108) 


The  general  solution  to  a homogeneous  system  of  equations  in 
i ir  arbitrary  constants  may  be  represented  in  the  following  form: 


4jf  F+vT  f(<JJ  — <oJ  +-  n5) cos  v/  — 

X['K  -H'K-^-'Osinh  “/J  + 


cr?-»r,lv 


R^’h^j(l,sln''  ~ ' sinh|,,)+ 


+ «"*  v/  —cosh  lit). 


a *>,(•<!  - <4 ) 

i>*  <iirT  ',»  0‘siHv/  — v2jnh  ii/)  — 


+ 


tl/M, 

~Ftr^<“'sv,-C0sh  i‘0  + 

r. 


(‘i )■  fM : ("'■  'i  ~ v?)  »■«*  « ■+• 

n, 

I'V 


fc»  ( *'!lcosh  ii/| £’; y 

i HVhl-i.v. 


* ^ ~ ~ S'„  V'  ~ VK  - % -r  cinhJ„, 

ts 

in  tial  values  of  6x°,  6x°,  <5 z°,  6z°. 


(5.109) 


In  formulas  (5.109)  the  constants  Ax,  Bx,  Cx,  Dx  represent  the 


In  order  to  find  the  general  solution  to  the  non-homogeneous 
r ; ations  (5.102),  we  may  again  use  the  Lagrange  method  of  variation 


the  arbitrary  parameters  Ax,  Bx,  Cx  and  Dx,  which  are  determined  from 


following  system  of  four  first-order  linear  differential  equations: 


J f / j i 

1 lv("»  t-iiyinv/g. 


+ ..inh  + *£*£* 


•*vi 


y f"  si"  \l - v S i t.h  III)  -j-  /),  2m( (c.is  - co.  h l.g  •“  0. 
("Vi 

iiV  ~ CMMttii  v ninh  _ 
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— />.2u,(<os\/~  corhi‘04- 

X|m’(-S— •’I-v!)f0‘w  4 v*(.-3— H it?)  coshl*'l* 


+ ‘‘>sinhl‘,l  =n’ 


V(“S— -♦  l**)*1" '/ — 1‘ («*•;— inh  ,l,)  + 
+ 'jT^r|v’K— “J-t  m’)co*v/  + 

+ I**(bJ  -wJ-v’jcoah  i‘<|  + 

d.JrtJi'v' 

-\ — i — 3— (cos  v/  — cosh  i»0  + 


+ /),2w,(coj  V/-  CCU1,  MO  “ (I*’  -1-  *9  (A«,  - Am,/-). 
AfrW-W”' ~ cosh**0  “ 

— flJ2<.,,(_v,lnv/-|i  oinhy t)  + 

+ — f— * ; I — M K — <■>";  — v’jslii  V/  + 

, ' 

+v('>J— cij  -l  M’jsinh  |i/ j — 6J |(<  ’j—wj—  v7) c ns v/  — 
-(cJ-C’J  + mVosv/I^ 

«=  (l»*  h v’XA'i,  d 2'<",  •'«,)■ 


(5.110) 


Solving  the  system  of  equations  (5.110)  for  A , 6 , C , D , 

X X X X 

integrating  the  solutions,  substituting  the  resulting  expressions  into 
equalities  (5.109)  and  taking  account  of  the  initial  conditions  (5.91), 
wo  arrive  at  the  following  formular  for  the  errors  fix  and  6z: 

I 

tx  = / HI11  H - - v?)  X 

X :>inh|i(f  — t)  f v («oJ  — wj  4*11^  sin  v(#  — t)|i/x-f 
1 1 

- k -<■>;+-  m>)  coi  v « - g|  rf . - (5  1X1) 

f . 

— I '’"jlcosli  |i(<- 1)  -co»v(<  — 
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_|  . fix'  , 

+Pl^|K-%+|i^osv/-(uJ_uj_tJjcosh|1/^. 
I __  r \m°v 

"r  W-^JTic’-I-v^  Iv(‘£  ~ “J  -I  I l!) sin  \t  + 

+ l*K— wj-v5)  sinhn/j  + 

, «•»*  2u,|(y 

05"—  »}) („»+  v»;  (I* sln  v'  - V s lnh  no  + 

A/'*  2u, 

+ pqpr(cosvA-cos|l  |i/). 

A f 

i“=P'+'r  J “'"i  I cosh  |i(/— i)-cosv(f— i)ldt  + 

w 

< 

■<- TTTTpn1  FW  J 1‘^inh  m (/-»)- 

O 

— I*  (••>3  — «»J  — v*)slnv(/—  i)jrft  — 

2w,(«J.-«J)  r 

pv  (i?  i-\<y  J <'mt||.slnv(A  — t)  — 

(• 

— v sinh|i(/—  r)| ,/ 1 -j- 

A i'V.. >(.,', •-<■>!) 

+ “(7rT^»  (|,s",v'~v  slnli  no _ 

(*4"l-  aAw;);.-,,, 

(cus  vt  — cosh  |i/)  f-  . 

. A*9 

KK-<-J  -'>-osv<  + 

(‘  u ~ <■>,  ■H,,)-osh  ii/j  — 



►v r (%’  - - v=)  si„  ,■/  _ 

~VK— V.  f i-Vsinhi'A] 


(5.111) 
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Speoi fically , at  constant  Anx,  An z,  Any,  we  will  have: 

ix  = ~i~-r  4 t ' j (W  — jA^'  A x 
* IK  - “J  4 I*1)  cos  vf  - (u’  - . »s  _ v») CO  sh  !«/)  + 

+ " '"5  + “’) ,ln  v'  + 

4 1<  (« j — uj  — v1)  s inll  i»/|  f 

, /.  „ , An.-fto. , A«i , \ 

* 3^+mJ  )x 

X(|i4in\/-v  sl nil  .V)  + J^(co,v/-rosll  ,,,). 

A,. . *■',("! ~»l)  v 

?“(’  + »■;  r x 

X (4*°  ~ I<f- ) (,‘ sln  v'  — v K J n'v,)  “ 

— f npv  <cos  v/  ~ cosh  j./)  -t- 
I /.  , . A",  t-frm,  A", A 

+ f^p:rprr  + ^4-5"” ) 

x (»**(m2 — *•’»  - + 

-4-\>(h»’— uj  4 M’jcosh  l^]  — 

— v(*"3 — 4-  i»*)s  in' V,r|- 


(5.112) 


Finally,  if  the  errors  in  the  initial  conditions  are  equal  to  0, 
and  the  sources  of  perturbation  are  only  the  instrument  errors  of  the 
i w tonometers  and  gyroscopes,  we  obtain  from  equalities  (5.101)  and 

•l02):  V,  ( , 

. 4*  = -7-?,y fl  llK  ' "I-*  l>7)tosv/q 

4-  (••*,;  — *-*J  — v7)  cosh  |if  | J + 

Jwjtv  (>«.•{•  SVm.  A«if)  _ , . 

. 4 7-r  , 4_(|15,nv/_vSinh|.o. 

— .V»_  Aw, 

6y  » --  - - (cos • V — I ) f 

"V 

, r \mt  . . 

-i  ,,  4""V- 

_ A", 

— oij  — v”)u»s  w 1 v (•■>,  <-J  H !•■)  tosh  il,|  J — 

VI, 

— j v slnhi'O 


(5.113) 


Relations  (5.101),  (5.112)  and  (5.113)  enable  us  to  evaluate 
comparatively  easily  the  errors  6x,  6y,  Sz  for  the  case  in  question 
as  a function  of  inaccuracies  in  the  initial  conditions  of  the  operation 
of  the  inertial  system,  basic  instrument  errors,  and  also  as  a function 
of  the  velocity  of  motion  of  the  object. 

Let  us  turn  to  the  general  solution  given  by  formulas  (5.111) 
and  (5.100).  First  of  all  we  note  that  at  Wy  = 0,  when 

|i  V'-.  v->H, 

(5.114) 

formulas  (5.111)  and  (5.100)  reduce  to  formulas  (5.96)  and  (5.95), 
respectively. 


For  formulas  (5.111)  and  (5.100)  we  can  also  obtain  expressions 
for  6x,  6y,  6z  for  the  case  in  which  the  object  is  a satellite  moving 
in  a circular  orbit.  In  order  to  obtain  these  expressions,  we  must 
substitute  into  equalities  (5.100)  and  (5.111)  the  quantity  Wq  in 

place  of  Wy,  and,  in  addition,  substitute  in  place  of  u and  v in 

equality  (5.111),  their  values  (5.107).  In  this  regard,  the  following 
should  be  kept  in  mind.  In  formulas  (5.111)  the  denominators  of  the 
coefficients  contain  u and  u*  - w2,  which  reduce  to  0.  But  it  is  easy 

to  see  that  the  numerators  of  the  same  expressions  also  reduce  to  0. 
Therefore,  in  subtituting  the  values  of  ii  and  v it  is  necessary  at  the 
same  time  to  expand  the  resulting  indeterminacies  of  the  form  jj  . 

We  could  do  this  by  means  of  1' Hospital's  rule,  but  it  is 
simpler  to  proceed  as  follows.  Taking 

'•'2  — "!  t‘. 

(5.115) 

where  i 2 is  snail,  we  find  from  formulas  (5.106): 


|l"  ,V„T,  v*  .3  w*  i r 5 

Substituting  (5.115)  and  (5.116)  into  formulas  (5.111)  and  expanding 
where  necessary  the  functions  of  the  arguments  |i(t  -x)  and  v(t  -x)  in 
series,  we  obtain  for  c2*0  the  desired  expressions.  Performing  the 

1 I 
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indicated  substitutions  and  the  required  transformations,  we  arrive  at 
the  following  formulas: 

I 

bx*=  i | A//,|—  3i.«u</ — t) 

I I 

— t j \mtdt  — | An,  1 1 — cosi\,(/—  t)|rft  4 

o n 

-ibx>  + (4  sin <V  — 3iV)  + 

-t-64.,0(sln(.\|/  — iV)  4 ~- (<■<’» <-V  — I). 

by*  - 1 Ami 

by  =-=  A/1  COS oy/  4 — slui^f  4* 

t 

4-  J-| (Am,—  «i\,Am,)sln(.v,(/—  i)dt  4 

V 

I 

-f  r J Am^coic^/  — 

« 

Ac  = -?.  J Ac,  1 1 _ cos  <.y(/  _ t)|  ,1,  4- 

+ / A',«,|i,w.i</ — «)<(t  4 -(*'  ^ x 

X ( I - cos <V)  4-  6.-°«  - 3 cos 4 sin " (5.117) 


form: 


At  constant  An  , An  , An  , Am  , Am  , Am  , these  formulas  take  the 
*»  y it  j c> 

bx  =3  bx°  f-  (-1  -f- 

? .V* 


4-6te°(sifu.\/  ‘V)  t (on  «V  — 1)4 

+ ^jr  f - —7''-  4 4(1-  cos  muf ,J  4 

, 4' Am, 

4 -•  (sin — !.»/)  f- 


4 — ^-(slncV  — <%<)■ 


Av* 


by  — Av*cosi.i„f  4-  sin  «\.l  4- 


4 V(A-I,  — fi.iuA/",)(l  — fciso^). 


?(»«-4-,Amy( 

Ac  = --(I  — Cosi.iY)  ). 


•4  Ac"( < — 3 cosi-cn  f- 'inii/4- 
n (u\4  — uni'.,!)  ’'ll — 11 


(5.118) 
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towards  the  north.  The  projections  w and  u entering  into  the 

y z 

coefficients  of  these  equations  are  given  by  equalities  (5.36). 

We  note  that  at  9 = 0,  i.e.,  for  motion  along  the  equator,  we 
arrive  at  the  preceding  case.  At  v = 0 and  9 = ti/2,  i.e.,  at  the  poles, 
-quations  (5.121)  reduce  to  equations  (5.90). 


For  an  arbitrary  parallel  equations  (5.121)  form  a coupled 
sixth-order  system.  The  characteristic  equation  of  this  system  reduces 
to  a complete  cubic  equation  in  the  square  of  the  unknown  (p2  = q) : 

v'  t V (<»J  -f  «J)  -t-  * | - 4 • ('"J  — Jw!)  •- 

(-  (<.«J  + M))j — «..J (>.>3  (2i.>2 4- — 2...;)  =»  0. 


If 


'V -'•?  = °- 


then  equation  (5.122)  reduces  to  the  simpler  equation 


the  roots  of  which  are 


(5.122) 


(5.123) 


(5.124) 


(5.125) 

which  correspond  to  equations  (5.90)  to  which  system  (5.121)  reduces 
under  the  conditions  (5,123). 


As  a result  of  the  continuity  of  the  dependence  of  the  roots  of 
Lon  (5.122)  c 

a region  in  which 


equation  (5.122)  on  and  in  the  vicinity  of  (5.123)  there  exists 


V|  --  -|<J.  <!,  ’ I'J- 

such  that  the  roots  of  the  character itic  equation  are  equal: 

I’i.i  -»  4 y»*i.  1«.'.  -in. 

where  the  numbers  u^»  1*3  are  real  and  positive. 


(5.126) 


(5.127) 
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It  follows  from  the  investigation  of  the  stability  of  system  (5.121) 
-arried  out  at  the  beginning  of  this  section,  that  equalities  (5.127) 
will  obtain  whenever 


wj  — «]>  o. 


(5.128) 


Specifically,  equalities  (5.127)  will  obtain  for  the  case  in  which 
the  object  is  stationary  relative  to  the  earth  when 

u,=.Bfoi<r,  u,=>«sm<p.  l29j 

;here  u is  the  earth  rate  and  9 is  the  geocentric  latitude. 


Let  us  solve  the  system  of  equations  (5.121)  for  the  case  in  which 
the  roots  of  the  characteritic  equation  are  defined  by  equalities  (5.127). 
The  system  (5.121)  is  of  a rather  high  order.  It  is  therefore  convenient 
to  solve  it  using  the  procedures  of  operational  analysis. 


O 

We  will  use  6x(p) , Sy(p),  6z(p)  to  represent  the  Carson-Heaviside 
transformations  of  the  functions  6x(t),  6y(t),  6z(t),  such  that,  for 
example , 


(5.130) 


We  introduce,  further,  the  following  notation  for  the  right 
sides  of  system  (5.121): 

/,  (/)  = A nM  — Am,r  — m,  A mar, 

f3(t)  = A*ij  -f-  A msr  — A mtr  — *.»,  Amyr, 

-f-2ruy\my, 

(5.131) 

;.au  will  designate  their  transformations  by  f 1 (p)  , f2(p),  f 3 (p)  » 
respectively . 
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Subjecting  system  (5.121)  to  the  Carson-Heaviside  transformation, 
w * obtain  the  following  transform  equations: 

(p7  4 wj— '''J — * < /*)  ~ />*y(/,)+ 

4 2w,/>  t>:  </>)*=  A (/>)+  />’  A*0  + P A*0  — 

— 2i.>,  />  Ay0  4-  2u,/>  A/°, 

2u>tp(ix(i>)  * (p?  4- ‘-"J  — ‘■,J)A>’ </*)  4- 

*•(/>)  = -)•  />’*y"4 

4-/)6j-°  4 2.i ,pbx*. 

— !u,/jAjr(/>)4-i.y',Ay<p)  +■ 

4-  (/>’  — 2i.>2  — wj)  Ai  (/> ) =» 

= /3  (/>)  4-  />’ Si”  4-  P f>‘°  ~ ?“',P  A*0- 

(5.132) 

Here  the  initial  conditions  will  be  quantities  given  by  equalities 
; 5 . D1 ) and  (5.92) . 

Solving  equations  (5.132)  for  6x(p),  6y(p),  6z(p)  and  performing 
the  required  transformations,  we  find: 

4 ” ( p)  “ T«7T  II /, ( F)  + p A ' r 1 1- n>  ~ 

—/’’K  ' "v  * "0  ~ ' '«(-' f "J-2.>;)|4- 
4 I /;(/')  t /.  Ay  1 1 2.1, 2...- )(- 
— (/.</•>  /"'-'’I | -'">,/>(/>■  ( ■ )]  (- 

4 * < V | P ' — p — •').  ,■  | — 

— <“;(•'«' 4 <»••«;  S-’)]  • A)".’i.i,/ij/)7(  -w’-t 

4";  4 4- — r 

4-A-r.'u,j/.|  i 4 ‘*;j  — 

*></>)  — |—  l/il/’j  t /’ Ai"| | 2m,/i (p7  — 

— 2*,>-)|4  |/,(/>)  i /iAj'°|[;i’  /.?(.-.;-r...j4 

+UJ) -(*’!  >"J-«>J)(2."3 4- ••>;)!  i-| /,(/>)  f 

4- />  Ai“[|.y I,  i ..r  ) I 

4-  A.t'.’l",  (•  |J  - IV  L.JJ  ,1  ( _ ?.,,■)  )- 
4-A>V|/.'-  2W  3...;)- 

— I "•  l'H)4»V  t inJI 4 

4 A.-Vy -/|’  4-7|.17  I |,.J  ( u.;)|. 


4 40 


(5.133) 


+)/,(/>>+ 

+(/,(/’)  4 P #i*|  |p‘  + />,(2'"J  + 2">;  - “J)  + 

— 4-r*2iy/>  (uj  — wj  — wJ)(/>?  + »J)  — 

— *A »,«•>,/»’ (P7  + 5wJ  — “J  ~ «"])  4 
-f  ft*0/)’  | /i4  -f-  />7 (2w-  -f  2wJ  -}•  3*'1;) 

+ <-'](i.>]  + 3oij  — 2m] ) 4 <•>]■,  )-  wJJ), 

where  in  accordance  with  equalities  (5.127) 


(5.133) 


A (/>)-(/>’  t l>])(/>’  +•!*])(/»*— mJ). 


(5.134) 


Let  us  convert  from  the  transforms  (5.133)  to  the  original 
forms  Sx(t),  6y(t),  6z(t). 


Examining  the  right  sides  of  equalities  (5.133),  we  note  that 
they  include  expressions  of  the  form 

pip) 

p>  m • (5.135) 

where  F(p)  is  one  of  the  transforms  f ^ (p) , f 2 (p) , f3(p)  and  Q(p) 

is  a polynomial  of  order  not  greater  than  the  fourth, and  expressions 
of  the  form 

(5.136) 

where  a is  one  of  the  initial  conditions  6x°,  fiy°,  6z°,  6x°,  6y°, 
6z°,  and  S(p)  is  a polynomial  of  order  not  greater  than  the  fifth. 


But  if 


'/<'>•  <<!')-’  / U). 


(5.137) 

'•/here  the  synhol  " : " denotes  correspondence  between  the  pre-image  and 
the  transformation,  then,  as  is  well  known, 


(5.138) 


Thus,  the  problem  reduces  to  that  of  finding  the  pLe- image  of  the 
transformation 


ni, a _ !■<*»?* -Mir* -Mir'-t- N p’  I >ip  (-*i) 

' A (/)  ~ • 


(5.139) 


in  which  the  coefficients  may  include  coefficients  equal  to  0. 

In  order  to  find  the  pre-imaqe  corresponding  to  transformation 
R(p)  , we  expand  the  right  side  of  equality  (5.139)  into  a sum  of  the  form 


. /’Mi/’-t/M  i i»Hr>» +<*■->  , r(A<r  t-<ii) 

iip)  /•’+!•{  + ?W,  r‘~  hJ 


(5.140) 


Equating  the  right  sides  of  equalities  (5.139)  and  (5.140),  we 
find  A^  and  B^.  Expressions  for  A^  and  are  obtained  in  this  manner 


as  follows: 


(m; — !•>)(»•;  + i-i)  ' 
1 li'i — »•;>(<•»  !-»•:> ' 


(5.141) 


Expressions  for  A.,  and  B2  may  be  obtained  from  formulas  (5.141) 

if  M2  is  substituted  for  and  vice  versa.  In  order  to  obtain  A-j  and  B^, 

it  is  necessary  to  substitute  into  the  numerators  of  formulas  (5.141) 
the  quantity  U3  in  place  of  uj,  and  to  replace  the  denominators  by 

(l  ^ + Mj)  x (J12  + 11 3)  • 

For  the  terms  in  the  right  side  of  (5.140)  the  conversion  to  the 
pre-images  is  obvious,  since 

— — y-t-COsll  IM-  ~T>r~~7  'I',  lull  I'jt 

p —1*4  r-p. 


—7-7—7 — -y  — *-*<»•  I*,,  a#- 

pl d f'i. ; P H'i,  j 


(5.142) 


Performing  the  indicated  sequence  of  calculations,  we  obtain  an 
exact  solution  to  system  (5.121)  in  the  following  form: 
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I 

h = / l/i(t)Ki*ln|,i(/-  t)  f-fl|,sln|i,(<-t)+ 

• 

+ flu  sinh  MjV—  i)I4/j( «)l«n cos  |i, « - t) 4 
+ ancw\t,(t--  t)4ajj  sinh»*j('-  ’>1  * 

+ /j(’)l«.ll  — l)  | O,,C05|l,(/  — t)4 

4<>u  coshi<i(<  — t)l|  rft  4 
• 44.«°(t|,jiii|i|/4<il,sin|ii/4«n  sinhi'j')  t 
44j^(a„io*|i,/ H-a„c<jS|ij/ 4nacosh  iy) 4 
, 4««cosh  iy)f 

+ 6.«*(aJ,  cos  |i,/  4 a}, cos  |i/  4 aJ,Cosh  l>/)  4 
4 51 " i',<  4 aj,iin  |i,/  4«;s  sinhiy)4 

4 4^(a3,  J||||I,/  -)  a^  Mu  |I  / 4 a",  sinh  iy). 

I 

»y*=  / l/i  ( Ol^ii  co*|i|  (<  — i)  4 *,iCoj  |i j(<— t)  4 

• 

4*n  coshMib-  t))4/j(t)|*„!in|i1(<-t)4 
+ *n'i"lh('-t)4*a  sinh  Mj(*  — 1)1  4 
+ /i(t)l*,i  Sill !»,(/-  t)44J,sln|i,(/—  1)4 
+ A“  sinhj»j(<—  »)|jat4- 

4*i*(*l|C0S|l,/  f A„COS|l,/4  *iC0S|,  ,,,/)  4 
4 4y” (4.,  sin  |1,/  4 A^slniy  4A„  sinh  M(q  4 
4 *,,(*ji  * In  |i>y  4*jiiiniy  -J-A^sinh  |,3/| 

4 4*,(*J,  sin  p,/  4-  ^,1  sin  11/  -}*  A,,  sinl  14/)  4 
44/(4;, cosh,/  4A;jcos|I1/  4 /■; , s i nh  „.,)  4 
. 4 4/°(4;, cos |i,/ 4 4;( cos |..I  4*i,cosh  II/). 

t 

hi  «=  J I /l  (')!<■, I COS  |l|  (/—  1)  4 4|J  COS|l,(/  — t)4 
0 

4fijCli|ij(/  -1)1  I /jli)|fji sln|i,  1/  1)4 

4<’asiH|ii(/  1)  4 1 1 1 sinh  iM'-«)l  f 
4-/i(,)l<’j|Sln|i,(/  — t)  4c„sln|i..(f-  1)4 
4 (•„  sinh  |i3(/  — i)||  rft  + 

44t',(f,|Cos|il/-l  f,|C«s|i/  I fi'cosh  I'.')  I- 
4 4y,(f„sli,i|,/  i fji'lniy  4 f.’i  sinh  !•  /)  4 
4 4/l,(fi,  Mn|i|/  4 fm'lnjy  i Oi  sinhi'.ih  4 
4 4jc0(c;,sln|i1/  4 f;,slnM.<  4 cOshl'/H 
44/(c;,c«siV  h<:,c-M'.'  t cosh  ,i  /)4 
4-4rll(/'!Icos|i  / 4 < cos|i/  • < „ cosli  11  /) 

(5.143) 

Tho  quantities  u^,  b^,  b^,  c^,  c?j  are  expressed  by 

means  of  the  coefficients  of  system  (5.121)  and  tho  roots  of  the 
characteristic  equation  (5.127)  by  the  followinq  equalities: 
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i‘i(|,i — +!■;) 
- • (■  4-  i'i) 

(*■•  — t i *y  * 


... 

_ M -f "?  ~3"l)  -f  !■?  M - ,,j 

(■•{ -*?)(>•( +i.J)  ’ 

= HKft-g  ±*$ -*■>!)  + 1'!  - ^)| 

_ — ?l",  1%  U-‘j  + - |l  J (?uj  + lu’  -f  uj)| 

^'/  M H1?) 

W-i’iJO 'i  H'i) ' 

. ■"?)(?'•■.! + "J)  f m ? M +«»)+,,; 

**i  M - *!)  g • 

. ~ ('"a-—’  - -'*  f 3,.f) 

'li(l,?--l,?)(f(  + l'i) 

: r^(a  £-"?  K"'-) + ■'»  (“’I + f m?M  - 
W-i*y(Mf  fi.]) 

i-Ti'5 ' 

-»v-,  -fai?) 

M -«j)W  - m on +„; 

•■iW-i'jjw+iij)'  "• 


~ ?w>  (""?  ~ °'r  ~ *?)  (■’  — fi) 

'■('•J  H'i)  ' 

- — ||j) 

W - i'i)  (f  i t- fi)  ‘ 

’MJ±I 

O'f —•■<)(>•;  t 


I'?l?fr?-;).wr)[..; 

I'i) 


(5.144) 


Only  eighteen  coefficients  of  the  54  entering  into  formulas 
(E.143),  namely  the  coefficients  a^,  ail'  ^il'  ^il'  cil'  ci  1 ' 
i = 1,  2,  3)  are  written  out  here.  The  remaining  36  coefficients  are 
i tnined  from  relations  (5.144)  in  the  following  manner.  In  order  to 
tain  coefficients  a^2»  ai2'  bi2'  bi2'  ci2'  ci2'  yl  and  ^2  must  change 
aces  everywhere  they  occur  in  the  relations  (5.144).  In  order  to 
nd  the  coefficients  a^3,  a?3,  b^3,  b?3,  ci3'  ci3'  ^3  must  he  substituted 

r u^,  and  plj  for  in  the  numerators  of  relations  (5.144),  and  in 
t e denominators  - u|)x(|ij  + p|)  and  p(p3  - + ^3)  ^ust  be 

r.  placed  by  p3(p£  + P^xtu^  + U3)  and  + P3) x ( W2  + P3)  » respectively. 


The  solution  (5.143)  to  equations  (5.121)  is  unwieldy  and  in 
general  difficult  tc  inspect.  In  addition,  we  do  not  have  explicit 
expressions  in  terms  of  the  coefficients  of  the  initial  system  for  the 
roots  m-j^,  11-,,  u«  of  the  characteristic  equation  (5.122)  of  system  (5.121), 

which  appear  in  solution  (5.143).  It  is,  of  course,  possible  to 
determine  them  by  using  the  Cardan  solutions  for  the  roots  of  a cubic 
equation,  but  this  leads  to  further  complication  of  the  form  of  solution 
(5.143) . 

5.3.5.  Motion  of  an  object  along  a parallel  at  low  velocity, 
h:  solution  to  system  (5.121)  may  be  simplified  to  a significant  degree 

> assuming  that 

wj 25> "•■=(# cos <f  ‘ £)’. 

(5.145) 

dition  (5.145)  permits  coverage  of  a fairly  wide  class  of  motions. 


Let  us  take  the  error  equations  in  the  form  (5.28). 
5 121)  we  will  then  have: 


Instead  of 


-t-K-  < 

1 

Ai  f 

' 

bi  — 

A"V 

r — A mfrt 

■f  H 1 

<)*>•, 

“»,**■- 

A z — 

— 2..., 

A;  r-s 

An,  4 

r — *»  A mgr. 

bi 

t 

«.»  A. 
>• 

v,  - 

4 *■ 

*.*>•,  t 

Ay,  • 

•=A\ 

Aw 

Am„) 

(5.146) 


445 
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Equations  (5.121),  we  recall,  are  written  in  terms  of  projections 
on  the  axes  of  a moving  trihedron  oriented  to  the  points  of  the 
compass  and  on  a sphere  surrounding  the  earth.  Equations  (5.146)  are 
also  error  equations  in  terms  of  projections  on  the  axes 
of  a moving  trihedron,  but  such  that  the  projection  of 
the  absolute  rate  of  its  rotation  around  the  z axis  is  equal  to  0. 

This  trihedron  was  termed  above  a free-azimuth  trihedron.  In  order  to 
distinguish  it  from  a trihedron  oriented  to  the  points  of  the  compass, 
we  will  designate  it  here  by  x.^z. 

If  trihedra  xyz  and  x^y^z  coincide  at  the  initial  moment, 

their  relative  position  will  afterwards  be  determined  by  the  following 
table  of  direction  co  ines: 

x y i 

x,  cos  if  sin  if  0 

■ y,  —sin  if  cos  if  0 
<001. 

(5.147) 

The  angle  $ is  found  from  the  condition 
and  therefore 

I 

If  sa  — j i,tt  dl. 

« 

In  accordance  with  table  (5.147)  we  have: 

ix  | = Ac  cos  '|'  ( Ay  sin  if,  Ay,  -s*  ft.v  sin  •{■  j Ay  cos  if.  1 

o,,  »>,  cos  if  I (,1,5m  if.  *'V,  — - 1, i,  sin  if  f i'i,sosif  ( (5.150) 

Analogous  formulas  relate  the  errors  An  , An  , Am  , Am  , to  the 

x y x y 

errors  An  , An  , Am  , Am  . In  addition,  it  is  obvious  that  6z, 

X1  yl  X1  yl 

An  , fmz'  *n  GCluati°ns  (5.146)  have  the  same  significance  and  value 
as  in  equations  (5.121). 


(5.148) 

(5.149) 


Therefore,  if  in  equations  (5.121)  the  projection  wx  is  equal  to 


0,  and  a and  w are  constant,  then  u 
y z x. 


and  w in  equations  (5.146)  are 


functions  of  time. 


Since  u>2  is  constant,  it  follows  from  formulas 


(5.149)  and  (5.150)  that  these  will  be  periodic  functions  of  time. 
Therefore,  at  first  glance  we  have  only  complicated  the  problem  by 
moving  from  equations  (5.121)  with  constant  coefficients  to  equations 
(5.146)  with  variable  (periodic)  coefficients. 


However,  closer  examination  shows  that  this  is  not  the  case. 

The  structure  of  equations  (5.146)  differs  somewhat  from  that  of 
equations  (5.121).  The  first  two  equations  (5.121)  contain  the  deriva- 
tives 6x  and  Sy,  but  the  first  two  equations  (5.146)  do  not  contain 
the  derivatives  Sx^  and  6y^.  The  coefficients  of  <$x  and  <$y  in  the 

first  two  equations  (5.121)  contain  w*  The  quantity  w may  be 

z z 

quite  large  in  the  case  of  an  object  moving  along  a parallel  close  to 

a pole  even  at  low  velocity,  as  follows  from  expression  (5.36)  for  5_. 

z 

In  addition  to  u2,  the  quantities  w*  » w*  , are  the  coefficients 

0 X1  yl  X1  yl 

of  fiXj^  and  6y^  in  the  first  two  equations  (5.146).  They  are  always  bounded 

in  absolute  valuf  . Specifically,  in  the  case  of  motion  of  an  object 
along  a parallel,  if  condition  (5.145)  is  observed,  the  following 
equalities  obtain: 


(5.151) 


The  coefficients  of  the  system  (5.146),  of  course,  implicity 
contain  w2.  It  enters  as  a multiplier  into  wx  and  , as  can  easily 

be  seen  by  differentiating.  But  u and  w enter  into  the  first  two 

X1  yl 

equations  (5.146)  only  as  coefficients  of  <5z,  and  into  the  last 
equation  only  an  coefficients  of  6x^  and  Sy^. 

These  characteristics  of  the  structure  of  equations  (5.146)  and 
conditions  (5.145)  permit  us  to  separate  the  last  equation  of  (5.146) 
from  the  first  two,  by  representing  it  in  a first  approximation  as 
fol lows: 
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ft*  — 2 ft ' *=  A'l,  4"  2rwf  Amy. 


(5.152) 


Then,  ignoring  in  the  first  two  equations  (5.146)  the  terms 

containing  quadratic  functions  of  the  projections  w and  w , and 

X1  yl 

moving  to  the  right  sides  terms  containing  6z  and  6z,  we  obtain 
equations  for  the  determination  of  6x^  and  6y^  in  the  following  form: 


ii, + <"J  «*,  =>  - A<v  - Am/  - 

— ill,,  ft*  — 2m,,  ft*, 

fty,  4-  "2  fty,  =*  •'»„  + + 

4~  I'l,,  ft*  4 2i'i,,  ft* • 

(5.153) 

The  quantities  6z  and  6z  occurring  in  the  right  sides  of  these 
equations  may  be  found  from  the  solution  to  equation  (5.152) . 

Equations  (5.152)  and  (5.153)  correspond  to  the  following  simpli- 
fications of  the  system  (5.121).  In  the  left  side  of  the  last 
equation  (5.121)  all  terms  containing  the  multiplier  are  discarded, 

and  it  reduces,  thereby,  to  equation  (5.152).  In  the  first  two 
equations  (5.121)  terms  containing  6z  and  6z  are  moved  to  the  right 
side,  and,  in  addition,  in  the  coefficient  of  5x  in  the  first  equation 
uiy  is  considered  to  be  small  relative  to  u>g  - u*  and  therefore  ignored. 

The  first  two  equations  (5.121)  therefore  take  the  form: 


ft*  4 ("’  — a*, fty  -/,(/)  — 2i.>rft*, 

fty  4 (■•••  ■•';) ft y t- =/,(/) 


(5.154) 


where  f^(t)  and  f2(t)  accordance  with  definitions  (5.131)  are 
the  right  sides  of  the  first  two  equations  (5.121). 


Change  of  variables  in  (5.149)  and  (5.150)  reduces  this  system 
to  equations  (5.153).  Therefore,  at  = 0 equations  (5.152)  and 

(5.153)  correspond  exactly  to  equations  (5.121). 
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It  should  bo  noted  that  the  transition  to  the  simplified  equations 
(5.152)  and  (5.153)  is  also  possible  for  arbitrary  motion  of  an  object 
at  a constant  distance  from  the  center  of  the  earth,  and  not  only  for 
motion  along  a parallel  at  constant  velocity.  This  follows  from  the 
fact  that  inequalities  (5.145)  and  (5.151)  remain  valid  for  variable 

x y'  z 

Comparing  equations  (5.152)  and  (5.153)  with  equations  (5.90), 
corresponding  to  the  case  of  a stationary  object,  we  note  that  they 
differ  only  in  their  right  sides.  Therefore  the  solution  to  these 
equations  may  be  obtained  by  analogy  to  the  solution  (5.95)  to  equations 
(5.90) . 

Introducing  into  the  right  sides  of  equations  (5.153)  the 
notations 

A/i,  — Am(  f — i.i,  Am/  — f[  (I). 

A/tf  -i  A mMr  — Am/  = j\  (/). 

(5.155) 

we  obtain  the  following  formulas  for  the  solution  to  equations  (5.152) 
and  (5.15  3): 

bxt  -_=AxJco3..^-f  -ILmiih/-}- 

I 

+•£  J 

i 

Ay0 

by,  — by",  an. <,•„/  -(  _LL  K(» a.t  -f- 

/ 

+ ■— J f-iVi.  A.MDjjli,,..// — 

bz  «=  4*»coshn,  V* i -I— -T,  s> inh  -v,  V 2 1 4- 

' j I * 

I 

+ 7TFf  J /,(,)  sinh  "V. \'*V- »''i. 

(5.156) 

v/hcre  f3  designates,  in  accordance  with  the  ]ast  equality  (5.131), 
the  right  side  of  equation  (5.152) . 
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In  order  to  convert  from  the  errors  5x^  and  6y^  to  6x  and  6y, 
formulas  inverse  to  formulas  (5.150)  must  be  used: 


A*  — fix,  cos <■>,/  | Ay,  sin  w,/,  | 

Ay  =«  --  fix,  sin  o,/  4-  Ay,  cos  u,/.  J 


(5.157) 


Multiplying,  in  accordance  with  these  formulas,  the  first  equality 

(5.156)  by  cos  w t and  the  second  by  sin  u t and  adding,  we  obtain 
z z 

expressions  for  6x.  Multiplying  the  second  equality  (5.156)  by 
cos  u t and  subtracting  from  it  the  first  equality  multiplied  by 

sin  w2t,  we  find  Sy. 

Performing  the  indicated  operations,  we  arrive  at  the  approximation 
formulas : 

A*  «=(Ajc,cojw,/  Ay"  sin  o,/)  cos  <4/ 4- 

4-1  |(Ai«-o,  Ay1)  coso,/  4-(Ay,4<i>,A.t°)slnoJ/]  sln<V4- 

» 

. 4-~  J l(/<  — 2o,A/)coso,(/ — s)4- 

U 

4- (A  — <■>/»,  4/)  sin  o,(/  — s)|cosc.^(/  — s)rfr, 

Ay -=  (A  y cos  w,/ — Ajr«  s In  o,/)cos«V  4- 

+ 5 •(*>■*  + *•**)««  o,/  - (A > - o.  A/)  si  n o,/ 1 s I n f 

* 

+ J l~  (A  — 2", Ai)<in <■",(/  — s) 4- 

+ ( A — A ’)  c OS  (0,  (/  — t)|slni\,(/— 


(5.158) 


where  the  quantities  6z  and  <5z  entering  into  the  integrands  are 
determined  from  the  third  formula  (5.156)  . 

For  constant  instrument  errors,  recalling  the  value  of  f^, 
we  obtain: 


fit  s=»a*°  cosh  o*  I'*  1 4— ^-sinhooVz*  4- 


, 4-.-—^’  ' (cosily  Vi  I-  l). 


(5.159) 


I 


Differentiation  of  this 


formula  yields: 


ii  CO s'lAj 

I-  ('"U  |'2A.-»  J.  -'<M  . 

v u.1'i  ^inh%K2/. 


(5.160) 


These  values  of  6z  *• 

defined  by  expressions  (5.131)  ^ ^ ““  ^ V*1UeS  °f  fl  and  f2 

(‘5-15W  - tb.  result^  ox"'ssi:;“VUbStitUted  ‘"to  equalities 
integrals  are  required  her ^Pr°SSi°n  intc9rated.  The  following 


'*“/ 

*= 

, Uj  4 n"^  tus  - cos  <y  iin  Uj,j  . 

'*“/  Sin!l"’J  I'iFt, os  <,,//__  , 

s *'  «>  *»i<.v  (2 — i)  «/,= 

sinh  .,iu  |-7/ _ 

- t'W + <•>;) sin „/ f0s ,,  / 

/,«=  | sinh  , 'J 

« *'  ’J'-I'i  •■•„{/  — 


I'J 

i-  • ■ ? — . 


i '■< 

“■(‘"*  ’ 



^ -l^R+^l2  •^‘V-,slnh  t 



. /•  ' S S""V  C05l„  /j 

'•*“J  tosh,|7Ir 
" lp"';  - n _ 

( o **'/) 1 05  *-iu/ ens  #.,  / - i / ? . . m 

• Wsi,„.,u/5((1(Vj 


(5.161) 
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For  the  sake  of  further  simplification  of  the  form  of  solutions 
(5.158),  we  will  confine  ourselves  to  the  case  in  which,  in  addition 
to  condition  (5.145),  the  following  condition  obtains: 


(5.162) 


We  may  then  take: 


/,  =-3-(l  — cnsi  V cos  m,/), 
/j=i  - -1- cns mV  sin ('!,/ . 


/j  = j^(  sinh  |A?sln(Vtns(,i,/). 

I,  cosh  (>li)  Yrl  I - sin  mj  sin  u ,/)  • 

“ 3^  (~  s*n'1  ‘‘V>  1^  + cos(.\,IsIiigi,/J  , 

/,  = jL  ( co  s 1 1 ‘Vj  V 'J I — cos  ny  cos  u>,t). 


(5.163) 


In  the  fourth  and  fifth  equalities  (5.163)  the  terms  z cosh 

2/5w  3u0 

Uq/ST  and  — inhu0 /Jt  appear  in  the  parentheses.  They  contain 

the  small  multiplier  wz,  but  as  a result  of  the  rapid  increase  of  the 

hyperbolic  sine  and  cosine,  they  are  significant. 

Substituting  expressions  (5.159),  (5.160),  and  (5.163)  in 
formulas  (5.158)  and  once  again  taking  into  account  inequality  (5.162), 
we  obtain  the  following  approximate  formulas  for  ox  and  Sy: 


tx  c-1  (AiVosi.i,/  I ■ a_y°  sin  cos  f. 

"t  ( ^ c"s I sin  *vj  sin  <■!,/ 

sInh  cosh  ^r*"')+ 

, An,  ruit\t» 

"F 5'  (I  — COVG^/COSCil,/) — 


A Fly  — \mt fl.*,  \/Hy 

. — , COSt.^  MlMO / — 

L,i) 

_ -Lili'l'":  inh  Y'J/ 

•K’ 


(5.164) 
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4)1  «=  (ft/  cos  w ,1  — Ajl“  sin  Li,/)  cos  wj  -f 
cos  t'J  — »ln  !■>,/)  slnci\/  + 

-f  (**"  cosh  M )/j  sinh 

4.  cos  i^/sln  »/  + 

A«j  — rua.\m9  . . 

-f 1 1 — f- - ( I - cos  cos  0,0  -+• 

fcV) 

*r  hmJ 


(5.164) 


5.3.6.  The  case  of  an  object  which  is  stationary  relative  to 


the  earth.  In  order  to  obtain  expressions  for  the  errors  fix,  6y,  6z 
for  the  case  of  an  object  which  is  stationary  relative  to  the  earth, 
the  values  of  and  u>2  give  by  (5.129)  must  be  substituted  in 

formulas  (5.164)  and  (5.159). 

The  approximate  solution  to  equations  (5.121)  consisting  of 
formulas  (5.158)  and  the  third  formula  (5.156)  may  also,  of  course,  be 
obtained  by  direct  simplification  of  the  exact  solution  (5.143).  We 
will  show  this,  limiting  ourselves  to  the  case  of  an  object  which  is 
stationary  relative  to  the  earth. 


In  this  case,  in  the  characteristic  equation  (5.122)  the  quanti- 
ties w and  w must  be  replaced  by  their  values  (5.129) . Due  to  the 
y z 

fact  that  u2  is  small  relative  to  the  value  of  the  root  q3  of 

equation  (5.122)  is  close  to  that  of  2wg,  and  the  roots  and  q2 

approach  <o2.  Therefore,  taking  q^  = 2w2  as  a first  approximation  and 

applying  twice  Newton's  method  of  approximation  to  a root, 

we  obtain  accurate  to  within  terms  of  the  order  u^/Wq  inclusively 


=»  2«.»]  ~ ~ «*  cos’  if  — (1  — S sin7  if), 


(5.165) 
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Equation  (5.122)  now  reduces,  when  divided  by  q - q^,  to  a 
quadratic  equation  with  the  roots 

f i.  j =*  ~ “2  ~ (l  ~ | cos’  <r)  + (4  — 5 sin5  <r)  ± 

± (/" 4m5//5  sin5 if  4 " T (I  55  sin5  if). 

Now,  according  to  equalities  (5.126) 


'<* 


(5.166) 


If  in  equalities  (5.166)  only  terms  of  the  order  u/w0  are 
retained,  i.e.,  if  we  assume  that 


(5.167) 


lb  - <’\)  V*  , lb.  j = (,\,T«slnif. 

3^ ^ , cij  of  solution 

following  approximate  values:  ,i(J=-0.  0,  o^=^n.  nJj=-0,  A,jr»o,  hM---0. 


then  the  coefficients  a_,  b^  » ci;.  of  solution  (5.143)  take  the 


0. 

b']  ,a»0. 

II 

c-£ 

0.  f,j  = 0.  ( 

f|l=“ 

CJJ“ 

o. 

*S,«0; 

fl„  = 

i 

2c 

0 

1 

H 

• rtll~  nl}~ 

1 

H ’ 

U7\ 

1 

2 ' 

’ ^72  ~ ' 

i 

2' 

tt^  =3  //fl  — 
"ll  “l?  - 

7*  ^ 

fl,,  = 

?«  Cos  »(• 

• «?.= 

4 tt  cos  if 

4 

33 

’ 3J 

= - hW 

«si  —-‘li* 


u cosy 


a *4 


,.n  _ ?U  C08  9 


b3l — bu-  - — . A>n — - — , 4>u~  — 


H 


H 


2«>,i 


. it  <0%  , it  cos  v 

*-n  ■ , ■ . - 

H 


3u>‘ 


#.n  ■ - n i «n 

s=  fl;2  r-=  — y»  ^11—  . P,jvr. 


.0  'Annsip  .(i  2/iCfiSir 

fl.ll  =*  — ./t . Pa:  — 7,--  - ■ ; 


^ c-  w Cos  *r  r w r«M&y  ^ ^ »i  t os  <p 

**""■>  ’ 12  H ’ 21  22  ■'••i 


2/«  ■/  . _ 1 

r?,  s 

wrnsip  o 

i *” 
Irt 

» n 

,, — • fi: 

•H 

,n  '"'"'T  ,i, 

* mi  ' i i In. 

•K  •' 

Vtl  t OS 

.V.„  i 

T r"  * - 1 
• \n  1 

it  cm  <(i 

3"\, 


(5.168) 


It  is  evident  from  equalities  (5.168)  that  a large  proportion 
of  the  coefficients  ofsinhji^t  andeosh  u^t  in  formulas  (5.143)  are 

equal  to  0 in  the  first  approximation.  But  since  these  functions 
rapidly  increase  in  time,  it  is  necessary  to  determine  the  magnitudes 
of  their  coefficients. 

If  in  expressions  (5.166)  for  the  roots  of  the  characteristic 
equation  we  retain  quantities  of  the  order  uJ/u^,  then  we  may  determine 

the  first  terms  of  the  expansions  in  u/w^  of  the  coefficients 
b13'  b33 ' b33'  a13'  a13'  a23'  a23'  c13'  C13‘  Thoy  are: 


I0h>  slnif  coj’ ^ 

*5,  _ 

I0u’  sin  if  cos’  if 

27u< 

27o.3 

5h’  sin  if  cos  if 

H 

bn  = 

5m1  Mn  (f  ci os  oi 
5 — * 

Ru’cos’if 

4ll’C0s’lf 

aus=I 

ft-J  ’ 

10u’  sin  f cos’ if 

n®  = 

8»’  sin  ij  cos’ 9 

00=* 

27...’ 

» “23  •= 

27wj 

Si’slnif  cos  if 

# 

7«’ sin  if  cos  if 

c„  = 

~ oi'a-J  ’ 

Cn~ 

0“>3 

In  order  to  determine  the  remaining  coefficients  it  is  necessary 
also  to  retain  in  equalities  (5.166)  quantities  of  the  order  uV^q, 

i.e.,  to  take  expressions  (5.166)  in  their  entirety.  Substituting 
the  latter  into  relations  (5.144)  gives: 


— 5511  ‘ sin’ i(  cos’if 


<31  = <32 


8J  I ' 2 mJ 
_ ?»’  cos’  if 


.i)  35u' sin’ if  cos’if 

E4 


n (i  4«’ cos’ if 

<31  — f.i;  — ■ 


5K 


(5.170) 


Further  simplification  of  solution  (5.143)  may  be  based  on  the 
following  considerations.  We  will  consider  that  errors  in  the  intro- 
duction of  the  initial  conditions,  i.e.,  the  errors  6x°,  6y° , 6z°, 

6>:  /u>Q,  6 y0/w0,  6z°/<j>q/2  arc  quantities  of  the  same  order.  We  will 

also  consider  f^/w*,  fj/w*,  ^3^2ll,o  as  ^eing  the  snmc  order  relative 
to  one  another  and  relative  to  errors  in  the  initial  conditions. 
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The  assumptions  made  with  regard  to  the  initial  conditions  and 
the  perturbing  influences  enable  us  to  retain  the  properties  of 
solution  (5.143)  which  are  required  for  the  evaluation  of  errors  in 
the  functioning  of  the  system,  leaving  in  it  only  a portion  of  the 
coefficients  of  the  first  and  second  approximation,  namely: 


0iii  On,  flji,  ojj,  ojj,  0*1,  a°j,  flji,  o\i,  ajj,  bu,  *2 j. 

*u.  *u.  *?i.  *?j.  t»<  tw- 


in this  case  the  solution  take  the  form: 


f 

bx<=—  J (/i(T)|sln|i|(<— -i)  + sln|i}(/  — 1)|- 
<1 

— /j(l)  |COS  |l,  (/  — 1)  — COS  |l2«  — 1)]|  ./ T - 
t 

2u  cos  f, 


/j(i)d'|ij(<  — i)«/i  + 


+ ijl- (cos  |i,/ -{  cos |i2/)  f-  ~^(slii  |i,H  sin  ii.,/)  -f- 

-f-  -^5—  (sin |i,/ — sin  |i2/)  f ^(~ 

- 

3“\)  V l 

I 

*>'*=$■£  J (/a(t) |s»n |i, (/  — 1)  I sln|ij(<  — 1)!  + 
» 

+ /,(l)|COS|lj(/  - 1)  — COS|l,«  — t)||  r/l  )• 

J‘2lf/j(luli1(l-i),/..|. 

«J  I l I’.J  J 

+ ^-(C0S|I,/-|  cns|i./)  |-^(S||||I,/-|-S||||I,/)  {- 
1-0  jk'o 

+ -Tf-(-sl'i|',M-sl»l'jO  I ^-(fos|i,/-ros|i./i  )- 

+ 

H \ '-U  1 } 

I 

bz— ~ I /□(T)*.n»|i.,(/ --  l)r/t  I- 

“*»  2 & 


• n .V® 

n* cofthjl  ,/  j-— - .-rtmhli  ft 
Wjl  l 


whore  according  to  equalities  (5.167): 


(5.171) 


H,  = \F'i\  |i,  ^ oy,  — u sill  i| . |iI  -.=3€.v,-|-«i>*"V- 


(5.172) 
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The  approximate  formulas  (5.171)  aro  equivalent  to  the  approxi- 
mate formulas  (5.158)  and  (5.156).  With  constant  instrument  errors 
this  is  easily  shown  to  bo  the  case  if  in  place  of  f^,  f£ , f^  in 

equalities  (5.171)  their  values  (5.131)  aro  substituted,  and  in  place  of 
U2 , ^2  th0!1,  values  (5.172),  and  also  if  expressions  (5.129) 

j and  w and  the  condition  of  the  smallness  of  u2  relative  to 

y z 

e taken  into  account. 

§5.4.  Integrating  the  First  Group  of  the  Error  Equations  for  the 
Case  of  Keplerian  Motion. 

5.4.1.  The  possibility  of  integration.  As  has  already  been  noted, 
in  the  case  of  the  first  group  of  the  error  equations  (5.1)  may  be  inte- 
grated in  quadratic  forms.  This  possibility  derives  from  the  following 
circumstances . 

According  to  vector  equations  (5.17),  the  following  vector 
equation  corresponds  to  error  equations  (5.1): 


L.  !i  A,  tr 

~W  r 71"  “ yr  —f—  • 


-A«  JAm  Xj  l ryi)*. 


(5.173) 


k The  last  two  terms  on  the  loft  side  of  this  equation  aro  simply 
if  — ) , i.e.,  equation  (5.173)  is  equivalent  to  equation 


d'br  . xtpr  \ . ,,  , , rfr  . . d ,\nt 

-dt>  •'  •ST  * r ><—/-• 


(5.174) 


Let  us  consider  the  homogeneous  equation  (5.174). 
represented  in  the  following  form: 


But  equation 


>1  frr- 0 


It  may  be 


(5.175) 


(5.176) 
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is  the  equation  of  motion  of  a point  of  unit  mass  moving  in  a spherical 
Newtonian  gravitational  field,  i.e.,  an  equation  of  Keplerian  motion. 
Therefore,  the  homogeneous  error  equation  (5.175)  is  a variation  of 
the  Keplerian  equation  (5.176).  Here,  of  course,  it  must  be  kept  in 
mind  that  the  sensitive  masses  of  the  newtonometers  must  be  considered 
to  be  located  in  the  center  of  mass  of  the  object. 

The  general  integral  of  equation  (5.176),  containing  six  arbitrary 
constants,  is  known.  According  to  the  Poincare  theorem  , the  independent 
partial  solutions  to  equation  (5.175)  are  found  in  the  form  of  the 
derivatives  of  the  general  solution  to  equation  (5.176)  with  arbitrary 
constants,  which  permits  us  to  find  a general  solution  to  the  homo- 
geneous equation  (5.173),  which  is  also  in  turn  a funtion  of 
six  arbitrary  constants. 

But  equation  (5.173)  is  a linear  differential  equation  with 
variable  coefficients.  And  if  the  general  solution  to  a homogeneous 
linear  differential  equation  is  known,  then  the  general  solution  to  a 
non-homogeneous  equation  in  quadratic  forms  may  be  immediately  obtained. 
The  Lagrange  method  of  variation  of  the  parameters  of  the  general 
solution  to  a homogeneous  equation  may  be  used  for  this  purpose. 

Let  us  consider  the  following.  If  the  sensitive  mass  of  a 
newtonometer  is  located  in  the  center  of  mass  of  an  object  in  Keplerian 
motion,  then  the  newtonometer  reading  is  clearly  zero.  However, 
analysis  of  the  error  equations  for  this  case  is  not  without  signifi- 
cance. This  is  because  the  solution  to  the  error  equations  for 
Keplerian  motion  in  the  first  approximation  will  simultaneously  be 
the  solution  to  the  error  equations  for  motions  differing  slightly  from 
Keplerian  motion:  deceleration  in  the  upper  layers  of  the  atmosphere, 

maneuvering  of  an  orbital  space  vehicle  (with  small  thrust) , ecc. 
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5.4.2.  Tho  basic  characteristics  of  Keplerian  motion.  Before 

moving  directly  to  solution  of  the  error  equations  for  the  case  of 

10 

Keplerian  motion,  let  us  recall  certain  of  the  properties  of  this 
motion  which  we  will  require  below. 

As  has  already  been  noted,  Keplerian  motion  satisfied  the  vector 
equation  (5.176),  which  corresponds  in  its  projections  on  the 
n*,  axes  to  the  three  scaler  equations: 


U£-«.  i + fiT’-o. 


(5.177) 


Equations  (5.177)  have  six  independent  first  integrals,  which 
define  the  general  solution  to  these  equations. 


Three  of  the  first  integrals  arc  called  space  Integrals . In 
order  to  obtain  one  of  them,  we  multiply  the  second  equation  (5.177) 
by  £*,  and  the  third  by  n*,  and  then  subtract  the  second  result  from 
the  first.  We  then  obtain: 


t.'j.  - « ~ji  < M.C.  - i.'0  =*  »■ 


(5.178) 


— •-=»<■!  =»  const. 


(5.179) 


The  other  two  integrals  of  this  form  arc  obtained  in  a completely 
analogous  manner.  Combining  them  with  integral  (5.179) , we  have: 


i.i.  — n.*.  — 


(5.180) 


Specifically,  it  follows  from  equalities  (5.180)  that  the  tra- 
jectory which  is  the  solution  to  equation  (5.177)  is  in  a plane  passing 
through  the  center  of  the  earth.  Indeed,  multiplying  the  first  of  these 
equalities  by  , the  second  by  n* , and  the  third  by  and  adding  the 
results,  we  arrive  at  tho  equation  of  a plane 


fi‘.  f <vi.  f o. 


(5.181) 


passing  through  the  center  of  the  earth. 
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Integrals  (5.180)  may  also  be  obtained  in  a somewhat  different 
manner.  Multiplying  equation  (5.176)  by  the  vector^:,  we  find: 


'x£-4('X-S)-° 


(5.182) 


l.C. 


rx4£-(- 


(5.183) 


The  projections  of  the  vector  c defined  by  equation  (5.183)  on 
the  C*»  n*»  C*  axes  are  equalities  (5.180).  Thus,  the  first  integrals 
(5.180)  derive  from  the  moment  of  momentum  theorem. 

The  quantity 

(5.184) 

is,  as  is  well  known,  the  oriented  doubled  space  of  the  trihed- 
ro.n  formed  by  the  vectors  r,  dr  and  r + dr,  or,  equivalently,  the 
oriented  doubled  space  of  the  sector  marked  out  by  the  radius  vector 
r during  the  time  dt.  From  equalities  (5.183)  and  (5.184)  we  see  that 


S «=  contl . 


(5.185) 


The  next  integral  of  equation  (5.176)  will  be  the  energy  integral. 
In  order  to  obtain  it,  we  perform  the  scaler  multiplication  of  equation 
(5.176)  by  dr/dt: 

<i’r  Jr  , K £r  _ 0 
<«>'  ‘ Jt  1 rr  'll 


(5.186) 


Introducing  v = dr/dt,  we  find: 


ilr  0. 


(5.187) 


The  second  term  on  the  left  side  of  expression  (5.187)  is  the 
influence  of  gravitational  forces  on  the  displacement  dr.  Since  the 
gravitational  forces  are  potential,  this  influence  is  equal  to  the 
differential  of  the  force  function  V of  the  gravitational  field: 


(5.188) 
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Therefore,  instead  of  relation  (5.187)  we  may  write: 

The  integration  of  this  relation  is  the  energy  integral: 

£ + 7-*»«0,1‘'  (5.189) 

For  the  further  integration  of  equation  (5.176)  we  will  make  use 
of  the  fact  that  the  solution  to  this  equation  is  a plane  curve. 

Let  us  place  a right  orthogonal  coordinate  system  0^5  'n  X 1 in 

the  plane  of  motion,  with  the  £ ' and  n ' axes  in  the  plane.  Let  us 
further  introduce  the  right  orthogonal  system  O^xyz.  Let  us  superpose 

its  xz  plane  on  the  £'  n'  plane,  and  let  us  direct  the  z axis  toward 
the  moving  point  0 (along  r) , and  the  y axis  along  the  r'  axis.  The 
position  of  the  coordinate  system  o^xyz  relative  to  the  n'  C1 

system  is  then  defined  by  a single  angle  a in  accordance  with  the 
table  of  direction  cosines  below: 

* y * 

l'  — Sill  O 0 COSO 
’l’  COSO  0 slno 

t'  Olo 

According  to  the  definition  of  the  orbital 

r <t-  v t iirjr  (5.191) 

In  order  to  obtain  the  solution  to  equation  (5.176)  we  must, 
clearly,  express  r and  a as  a function  of  time  and  the  initial  conditions 
However,  it  is  simpler  to  first  express  r as  a function  of  the  angle  o, 
i.e.,  to  find  the  orbit  equation. 


Taking  the  second  equality  (5.191)  into  account,  the  space  integral 
(5.185)  is  expressed  by  the  equality 


f -ronsi. 


(5.192) 
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On  the  other  hand,  from  relation  (5.1B9)  we  obtain: 


1 * **''*  dr 

1 dl  “ dl 


(5.193) 


Let  us  convert  from  the  independent  variable  t to  the  dependent 
variable  o by  rewriting  equation  (5.193)  as  follows: 

1 d (ti1)  da  n dr  da 

~U  da  dl  “ r<  da  ~dT~  (5.194) 


Eliminating  the  case  in  which 

da  _ 

■ 3T t=‘0, 

(5.195) 

i.e.,  excluding  the  case  of  motion  along  the  radius  vector  r,  we 
arrive  at  the  equality 


1 t Uv l»  dr 
jt  do  — " rr  do 


(5.196) 


Let  us  further  express  v2  in  terms  of  r and  a.  In  order  to  do  this  we 
will  use  the  second  equality  (5.191)  and  the  space  integral  in  the 
form  (5.192),  from  which  it  follows  that 


V*  a 


(5.197) 


If  we  now  substitute  expression  (5.197)  into  equality  (5.196), 
we  obtain  the  differential  orbit  equation  in  terms  of  the  coordinates 
r and  a;  however,  in  order  to  obtain  it  in  its  simplest  form,  it  is 
useful  to  convert  in  formulas  (5.196)  and  (5.197)  from  the  variable 
r to  a new  variable 

i 

*”7- 

(5.198) 


into 


Performing  this  conversion  and  substituting  expression 
(5.196),  we  arrive  at  the  equality 


(5.197) 


|l  • lu 

I*  * 


(5.199) 
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Assuming  that 


/ o. 


(5.200) 


i.c.,  excluding  a circular  orbit  for  which 

r - const, 

for  the  general  case  of  a Keplerian  orbit  we  arrive  at  the  equation 

ti7U 


rf'tf  . )( 

+ 0 *=  ~,f  • 

from  which  the  variable  u is  easily  founds 


(5.201) 


u o . ■—  /I i i«s  ti  — A . >in  n. 


(5.202) 


Introducing  now  the  new  constants 

<'  , (.i-  )•  -t'V  A 

and  converting  from  the  variable  u again  to  r,  we  obtain 


(5.203) 


V ua  ■ - . , 

T^-rcus(o  -Oi) 


(5.204) 


It  is  known  from  analytic  geometry’1  that  equation  (5.204)  is 
the  equation  of  a conic  section  in  polar  coordinates,  with  the  focus 
of  the  section  as  the  origin  and  the  focal  axis  of  the  section  as  the 
angle  between  and  the  V axis. 

The  quantity  p — the  focal  parameter  of  the  conic  section  — 
is  equal  to  the  length  of  the  radius  vector  of  the  orbit  directed 
from  the  focus  perpendicularly  to  the  focal  axis.  The  parameter  p 
defines  the  linear  dimensions  of  the  orbit. 


I 


The  quantity  e is  called  the  eccentricity  of  the  orbit  and 
determines  its  form.  For  e<l  the  orbit  is  an  ellipse,  one  of 
whose  foci  is  located  at  the  center  0^  of  the  earth;  for  e>l 
we  have  a hyperbolic  orbit,  and  for  e = 1 a parabolic  orbit.  If  we 
use  v°  and  r1  to  designate  the  initial  velocity  of  the  object  and  the 
initial  value  of  r,  then  the  form  of  the  orbit  will  be  entirely 
determined  by  the  quantity 
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( 5 . ?05) 


characterizing  the  relation  between  the  initial  kinetic  energy  of  the 
object  and  the  work  which  must  be  done  for  it  to  recede  to  infinity. 


when 

0 < k < 1,  e 

<1 

always 

when 

k = 1,  e 

= 1 

alwavs 

wl  en 

k > 1 , e 

>1 

always 

We  note  that  if  the  initial  point  of  the  motion  (the  starting 
point)  is  located  on  the  surface  of  the  earth,  then  the  speed  of  the 
object  corresponding  to  the  value  k = 1 is  usually  termed  the  second 
cosmic  velocity;  the  term  first  cosmic  velocity  denotes  the  velocity 
required  for  the  object  to  move  in  u circular  orbit;  this  velocity 
corresponds  to  the  value  k = 1/2. 


We  will  confine  ourselves  below  to  the  most  practically  interest- 
ing case  of  an  elliptic  orbit,  i.e.,  for  e<l.  We  will  designate  the 
large  semi-axis  by  a and  introduce  the  notation. 


*>=■0  — 0,  — n 


(5.206) 

(in  celestial  mechanics  the  variable  v is  termed  the  "true  anomaly"). 
Formula  (5.204)  now  takes  the  form: 


Pf  r cot  v ’ 


(5.207) 


The  angle  u = tt  + defines  the  direction  to  the  perigee 
of  the  orbit. 


In  order  to  finish  the  integration  of  equation  (5.176),  it  is 
sufficient  to  find  a or,  equivalently,  v as  a function  of  time  t. 

From  formula  (5.207)the  space  integral,  (5.192)  and  equalities  (5.1206) 
and  (5.203)  we  have 


V'^ ,—  (l  •(-  t (OS  V)1. 

|a*(l  -r'H  • 

Separating  variables  and  integrating,  we  obtain: 


— --'—r-  (i  -/„)-=  f — — 

«*<1  — ' D (M1  *r**'l* 


(5.208) 


(5.209) 
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where  is  the  time  at  which  the  object  passes  through  the  perigee 
of  the  orbit. 


We  transform  the  integral  in  the  right  side  of  equality  (5.209) 
by  converting  from  the  true  anomaly  v to  the  eccentric  anomaly  E 
according  to  the  formula 


Since  it  follows  from  formula  (5.210)  that 


(5.210) 


(tV 


I — / to*  L ' 

equality  (5.209)  takes  the  form: 


I # CDS  t' s=i 


1 -/» 


I — / L * 


(5.211) 


J i * | «l -f-W.).."'. 


(5.212) 


Performing  the  integration  on  the  right  side  of  the  resulting 
relation,  we  arrive  at  the  Kepler  equation 


relating  the  eccentric  anomaly  E to  the  mean  anomaly  M. 


(5.213) 


Noting  that,  talcing  into  account  the  second  equality  (5.211), 
formula  (5.207)  may  be  written  in  the  form 


r a(i  — t cost), 


(5.214) 

and  introducing  the  following  notation  for  the  peridicity  of  the 
motion  of  the  object  in  its  orbit 


(5.215) 


we  arrive  at  the  following  formulas: 


Al  t a\[t  — g i ■ ^0* 


V.  1 " 

v *n  — j—  , 


/;-  /sill/.'  -*^l. 
r«n(l  /cos/.). 


(5.216) 
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J 


rr 


I 


► 


t 


1 


In  order  to  solve  the  third  cf  these  equalities  for  t,  i.e.,  in 
order  to  solve  Kepler’s  equation,  the  usual  procedure  is  to  expand 
E - M = csin  E in  a trigonometric  series  in  sines  whoso  arguments 
are  multiples  of  M: 

£_AI=  v;  a,slii*,W.  (5.217) 


The  possibility  of  this  expansion  derives  from  the  fact  that 
E - M is  an  odd  periodic  function. 


The  coefficients  of  the  expansion  (5.217)  are  calculated  from 
the  formulas 


n 

«,  ■=-  j (C— 

U 

ru 

Integrating  expression  (5.218)  by  parts,  we  obtains 


°*  *“ a*  I — & ~ Miens  k 


'1^  - | cos *.Wrf(£_ 

* H 

“ j"  cos  k.Uill:  j cos  *(<;  — # sin 


The  functions 


(5.218) 


(5.219) 


il 

4(a)  =—  f cos  (ay  — .cslnyh/y 

v.'ore  used  for  the  solution  of  the  Kepler  equation  by  Bessel  and 
bear  his  name.  According  to  the  definition  of  these  functions, 


«.-=  * 4 (*<■).  r~M  t lint ii. 

i - 1 

Returning  to  the  Kepler  equation,  we  obtain: 


(5.220) 


S-lll  /.* 


I V /« u'l 

r ’ *• 

i - 1 


sin  //  M. 


(5.221) 


Formulas  (5.216)  define  the  motion  of  the  object  in  a plane 
orbit.  They  contain  four  arbitrary  constants:  tg,  e,  a,  to.  The 
general  solution  of  equation  (5.176)  should  contain  six  arbitrary 
constants.  The  two  missing  constants  should  be  supplied  by  the 
definition  of  the  orbital  plane  relative  to  the  coordinate  system 
fixed  in  inertial  space. 
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In  celestial  mechanics  the  plane  of  an  orbit  is  usually  specified 
by  the  angles  fi  and  i in  such  a way  that  those  angles,  together  with 
the  angle  v + w,  form  a system  of  Euler  angles.  However,  in  the 
analysis  of  equations  in  variations  Euler  angles  are  not  always  con- 
venient. We  therefore  define  the  position  of  the  orbital  plane,  i.e., 
the  plane  somewhat  differently  with  regard  to  the  coordinate 

system  0^*11* t*.  For  this  purpose  we  introduce  the  angles  a and  6 

(Figure  5.3).  The  orientation  of  the  coordinate  system  n' C' 

relative  to  the  coordinate  system  0^£*n*C*  is  specified  by  the  following 
direction  cosines: 


Henceforth  we  will  consider  the  object  to  be  moving  in  the  plane 
?,*!)*  such  th.it 


a TS  p ■=*  0. 


(5.225) 


We  now  proceed  to  the  solution  of  the  equation  in  variations 
(5.173)  . 

5.4.3.  The  integration  of  homogeneous  error  equations.  The 
vecto  juation  (5.173),  projected  on  the  x,  y,  z axes  of  the  orbital 
trih  1 v /i , results  in  the  following  system  of  equations: 


Aji  *"f- — wjj  fix  -f-  ut,  A/  4*  ft2  »* 

« A nx  — 2 A mfr  — Am,r, 
Ay-f-  - j-Ay  An,  -f-  2 A mar  (-  A//,,  — «,  Aw,,. 

A i — b wj ) A*  — (•>,  6jr  — 2m,  Ax  =» 

■=»  An,-)  2n/>,Am,. 


(5.226) 


The  coefficients  of  equations  (5.226)  contain,  in  addition  to  r, 
the  quantities  r and  These  may  be  found  from  formulas  (5.216): 

r rsa  — ~= — sin  1*.  n « v rz  V 1 I — f * — , 

»'  ' '*  (5.227) 

where  v is  defined  by  equality  (5.215). 

The  system  (5.226)  breaks  down  into  a second  order  equation  in 
6y  and  a system  of  fourth  order  equations  in  $x  and  Sz. 

r 

It  will  be  more  convenient  below  to  represent  equation  (5.173) 
in  terms  of  projections  on  the  x,  y,  z axes  somewhat  differently  from 
(5.226).  In  order  to  obtain  this  representation,  we  introduce  the 
following  change  of  variables  in  equations  (5.226): 


jr,  ^=Ax.  jr,  til. 

*>•'•**>  Hy<>.  *.  = *» 
r,  Ay,  xt  ~ *s 


(5.228) 
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The  introduction  of  the  variables  x^  into  the  first  and  third 

equations  (5.226)  gives  a system  of  fourth-order  equations  written 
in  the  Cauchy  form: 


Jj  *=  — <V4'j  I V3< 

*,=<•>,*,  I -f,. 

- <.yr, - yr  JT,  4 An.  — 2 Am,r  — Am„r, 
*4  “*0,^3  4"  '7T  *3  4*  4"  * ^l  '» 


(5. 229; 


and  from  the  second  equation  (5.226)  a system  of  second-order  equations 
is  obtained: 


if  ■=  — -jV  .rs  4-\«,  4-  2 AmJf  4-Am^f  — <i>,  A m,r 


(5.230) 


In  equations  (5.229)  and  (5.230),  in  accordance  with  (5.228), 
the  variables  x^,  x2»  x,.  are  the  projections  of  the  error  vector  6r 

on  the  x,  y,  z axes.  The  variables  x^,  x4,  xg  are  the  projections  on 

the  same  axes  of  the  total  time  derivative  d5r/dt  of  the  vector  6r 
This  is  easily  seen  by  noting  that 


dt>r 

<// 


* »V  -f-  w X 


(5.231) 


and  recalling  that  x^,  x2,  x5,  are  the  components  of  6r  along  the 


x,  y,  z axes,  and  that  only  the  projection  u>v  of  the  projections  of 

the  absolute  rate  of  the  rotation  of  the  trihedron  xyz 
about  its  axis  is  different  from  0. 


As  was  noted  at  the  beginning  of  this  section,  according  to  the 
Poincare  theorem  the  partial  solutions  to  the  homogeneous  equation 
in  variations  (5.173)  or,  equivalently,  equations  (5.229)  and  (5.230), 
will  be  the  partial  derivatives  of  the  solution  to  equation  (5.176) 
in  arbitrary  constants,  i.e.,  the  partial  derivatives  of  the  vector 
r,  defined  by  equalities  (5.224),  (5.223)  and  (5.216)  in  terms  of 
the  constants  a,  8,  w,  e,  a,  tg. 
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Differentiating  the  vector  r 
and  taking  into  account  equalities 


with  respect  to  these  constants 
(5.225)  we  obtain: 


■jjj  (sin  vcos<ii  cost’ sin 

^1=3  — r (cost' cos  «<>—  sin  v sin  d)^. 
dr 

ST 

dr 

77 

dr 

<>r 


Ai  dr 

r -r-  JT  | -r  - /, 

(»l  1 du» 

d«j  . dr 

■'s*  + x^ 


iV 

*+£*■ 


dr  dn  . dr 

- '■^7'  ^->7' 


(5.232) 


where  x,  y,  z are  the  unit  vectors  of  the  corresponding  axes. 


Performing  the  differentiation  and  simplifying  as  required 
(using  relations  (5.216)],  we  find  expressions  for  r~,  r^-,  r~.  r— , — 

r ol9  Oa  di  o»'  vt4' 


jj  in  thG  Allowing  form: 


di. 

ri 

da 

d<i 

rv 

_d»> 

dr 

#• 

dr 

Oa 

dr 

1*7 

dr 


vi  (I  ♦ f<M|  * 

prrjf  • 

3v<f  — M ... 

■-7rr^r<H'tosv)' 

4 ilm»  (?  -i-  r cos  t ) 
i t r ios  i*  * 


- r. 


«rv  Mil  i« 

| ‘ 

3v  ( t — M r sin  f 

jirFfr* 


* o. 


(5.233) 


It  is  convenic  it  to  take  as  independent  solutions  to  the 
homogeneous  equation  (5.173)  specially  selected  linear  combinations 
of  the  derivatives  (5.232)  of  the  vector  r: 


•V  I dr 

Vl  ' V 1 (I  * 

j I )r t'i  — r1  dr 

V.  dr(l  > t)1  out  tBfi  W| 
I i >r_ 

U If-,  * 

Vi  .'-J 


Vi 


T« 

4 1 ly 


(5.234) 
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Taking  into  account  relations  (5.233),  the  expressions  for  q. 


take  the  form: 


i | • <■<« r) 

1 H 


*»=T+7Tsn;  cost*. 

2 4- # com* 

*>  = |-F7?SVcost'-r  + ,lnw- 

Vj  = y ""  ’’>• 

V«™7‘int>ji. 


i I'  3v (/  — I.) , <in t‘ l 


(5.235) 


(5.235) 


We  will  use  p.  to  denote  the  total  time  derivatives  of  the 
vector  qi.  Then,  taking  into  account  relations  (5.227)  and  the 
obvious  equalities: 


-7--0.  fi 

<w  j/ 


...  , 

- “r»-  7,“  = — 


We  obtain  from  relations  (5.235)  the  following  formulas  for  p.  : 


(5.236) 


v a / # f-  cm  t«  \ 

TTTfjr  7 (rp7,^-*  ~ sl" M)  • 

pj  - - i7p=>  5 c0» v*)  ■ 

P«  = I'slnwr  — (I  +<cosv)*|, 

v*l  nv 

*“* "Tf^r* 

P«  = (<US  » +■  »))». 


(5.237) 


(5.237) 


The  vectors  q.  and  p.  form  the  system  of  integrals  of  the  homo- 
geneous equation  (5.173).  The  projections  of  the  vectors 

q«'  Pi'  p2'  P3  and  P4  on  the  y axis  of  the  orbital  trihedron  are 


equal  to  0.  The  projections  of  those  vectors 
therefore  constitute  the  system  of  integrals 
tions  (5.229).  Analogously,  the  projections 
P5,  P6  on  the  y axis  constitute  the  system  of 
(5.230) . 


on  the  x and  z axes 
of  the  homogeneous  equa- 
of  the  vectors  q^,  n^, 
integrals  of  equations 
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Lot  us  form  two  matrices  from  those  projections: 


I 7i  • Vi*  Vi*  7.'*  I 


/ q,t  »,/  7,/  /t  _ f > 7,  > 
/V*  p,  x p,  X p,  x * “ t Pi  * > i\  y 


|p,  / pj  • / pj  • / p,  • / 


(5.238) 


In  accordance  with  formulas  (5.235)  and  (5.237),  the  elements 


of  matrix  A are. 


3v (/—/,) (I  f-*co«c) 


*=*  — COS  t'. 


2 f- 1 co«  v 

3 *ri — r — t\ 

1 f-  t co$  t* 

2 + #com»  , r 

-TYTT^Z ru”'  ^*-7- 
r 3v(f  f sin  v - 

sslnt'.  /l;,  e*.0, 

- ~~  ^ V £ / -f  COIt* 

lYl  — f*  ' ,J  | l -V  r ltC(0»v' 
t *7 v,t  v * w sin  v 

rl'r- >*(l  -J- « CO*  t'l  * »T=T>  ’ 

f * «int‘  3 ,,  , , a*  1 

1 '[*rT=TT— a v(/  — «7r]' 


- v cm  v a . 

jtfi~vr7#  i{ 


— v(l  4*  t cov  f) 

I I 


where  v is  determined  by  equation  (5.215) 


(5.239) 


For  the  elements  of  matrix  B wo.  have  the  following  expressions: 


/!.,  u - ios  V,  /!,.«=*—  sin  t*, 
"a  u a 

n — vjlni*  „ v (co*  t*  l-  r) 

n,i  Tf-Z*'  = — FT^T 


(5.240) 


The  determinants  | A I and  | B | of  matrices  A and  B are  the 
VJronskians  of  the  systems  of  partial  solutions  to  the  homogeneous 
equations  (5.229)  and  (5.230),  respectively. 


Since  the  matrices  of  the  coefficients  of  the  rights  sides  of 
tho  homogeneous  equations  (5.229)  and  (5.230)  contain  no  diagonal 
elements,  according  to  the  well  known  Ostrogradsky-Liouville 
Theorem  tiie  Wronskinns  of  these  systems  arc  constant ^for  all  values 
of  t.  They  are  therefore  easily  calculated  by  setting  t = t,..  Since 
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for  this  value  of  t the  angle  v is  also  equal  to  0,  it  follows  from 
relations  (5.239),  (5.240)  and  (5.207)  that: 


t 


^11 

^41 

^4J 

o„ 


0,  Au  =•  0,  /4J4«»0, 

0,  =»  0, 

0,  a 0, 

jif . a„— 1-».  i<„«=  — 

— v(l  f » A V 

ai  i”*1  ‘ n-#'  (i-fi ' 

0- orr-v  ' i'r=y  ■ 

1- (.  «„~o.  = o. 


(5.241) 


We  now  f ind : 


Ml— T*  -*>.  (5.242) 

The  Wronskians  of  these  systems  of  partial  solutions 
are  non-zero.  Therefore,  the  partial  solutions  in  questions  are 
linearly  independent.  They  remain  independent  for  e = 0,  i.e.,  for 
a circular  orbit. 

We  note  that  if  the  derivatives  (5.232)  of  the  radius  vector  r 
in  arbitrary  constants  are  taken  as  q^  in  place  of  (5.235),  the 
Wronskian  of  the  corresponding  system  of  solutions  reduces 
to  0 for  e = 0.  This  fact,  which  is  easily  demonstrated  by  composing 
and  expanding  the  determinant  in  question,  results  from  the  fact  that 
in  solving  equation  (5.176)  the  circular  orbit  was  excluded  by  condition 
(5.200).  The  linear  independence  of  the  solutions  defining  matrix  A 
was  achieved  for  e = 0 as  a result  of  the  fact  that  the  linear  combi- 
nations (5.235)  of  the  derivatives  (5.232),  rather  than  the  derivatives 

(5.232)  themselves,  were  taken  as  the  partial  solutions,  as  proposed 
12 

by  A.  I.  Lur'ye 

, *►  •+ 

Since  the  system  of  solutions  defined  by  the  vectors  q^  and  p^ 

is  linearly  independent,  i.e.,  a fundamental  system,  the  general 
solution  to  the  homogeneous  equation  (5.173)  may  be  represented  in  the 
form: 
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u‘  -Jr  ■” 


(5.243) 

Then  for  the  general  solution  to  the  system  of  equations  (5.229)  we 
obtain  the  formulas 

,fi  ((  = 1.  2.  ».  0. 

(5.244) 

and  for  the  general  solution  to  the  system  (5.230),  the  formulas 


•*,**22  nip*'l  ('  G) 


(5.245) 


5.4.4.  Integration  of  non-homogeneous  equations.  The  solution 
to  the  non-homogeneous  equation  (5.173)  may  now  be  found  from  solution 
(5.243)  by  the  method  of  variation  of  arbitrary  constants.  Taking 
as  functions  of  time,  we  obtain: 


(5.246) 


We  obtain  the  following  system  of  linear  equations  for  Ci  ( t)  : 


6 

2 1,  (/)  p,  - \n  - 2&m  X -g-  + r X ~ . 


(5.247) 


In  terms  of  projections  or.  the  x,  y,  z axes  the  sy  ,tem  of 
equations  (5.247)  breaks  down,  in  accordance  with  formulas  (5.244)  and 
(5.245)  into  two  systems:  one  fourth-order  system  and  one  second- 

order  system.  The  first,  serving  for  the  determination  of  C^tt), 
C2(t),  ( t ) , C^(t)  has  the  form: 


Ju  = 0.  ^C,(/)/1}(  — 0. 

4 

<7|(0  4j  | = An,  — 2Awyr  — A mtr, 

4 

PE  d,  (/)  t=s  An,  + 2r<Af  A mr 


(5.248) 
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I 


The  functions  C,.(t)  and  Cg(t)  are  found  from  the  second  system: 


$6, „(')/>„  — 0. 

9 

& i , 4 (/)  It. i = Any  2Am,r  -(-  Am,r  — &>y  Am  ,r. 


(5.249) 


The  determinants  of  the  linear  systems  (5.248)  and  (5.249) 
are  the  Wronskians  | A | and  |b|.  They  are  non-zero  and  the 

systems  (5.248)  and  (5.249)  are  uniquely  solvable  in  C^(t) 

In  order  to  solve  the  systems  of  equations  (5.248)  and  (5.249) 
for  C^,  we  construct  matrices  D and  E,  the  reciprocals  of  matrices 
A and  B: 


(5.250) 


After  the  necessary  transformations  we  obtain  the  following 
values  for  the  elements  of  matrix  D: 


0„  = o.  24, 

r v y 


D,,  = 


2r  fin  v 


vrra  ’ 

«„  — sh,  v.  « LM..*™? !')(<• -hcuff) 

p . I I " 1*9  f -f-  2 cos  t f-  /•  rus*  v 

^ V I # Cost*  1 


Dji  — 


sin  n; 


=iost>; 

Q-  — -Pv  »’>’  HfCOSl'  + f* 

" l'i-7  7*~~ IZJ, *ln®. 

= 7 [- (2  4-  r cos  v)  sin  v + 

'•  ~| j~?r-  ( H-  <•  cos  -.)  ? ] , 
n I I 3v  (I  — /„)  ■* 

Ki~  .1 

Tf  fcmv (2r  “ cos  v - ^ COS  v)j ; 


(5.251) 
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0«.=*  - 


V I - r« 


r,  .1v«-/,)  o’ 

Dn  (I-*V-  7* 

2-1  rcmr 

— r strut* — , 

) (1  t’)> 

/)  . — _1_  I . c 1 n v ■ 

2 4-  t COS  !■  , 

I'l  — »’(l  )-<•*<« f) 

+ -(l  1 ea"v) 

£)  1 f3y  V — In) 

. e cos  t>  -4-f’  tm1 1*  — 2 

/•  C rl  f»  -1 L_  . 

The  elements  of  matrix  E are: 


’«»'  + » p _ Vi  -f’y \nv 

I — •'  IJ  V (1  "(VflilV)  ' 


p sin  v 

r. 


VT=r?  i* 

v(l  4-^  CU>  I'J 


Using  matrices  D and  E,  we  find: 

t,  (/)  «=.  (An,  — 2Am,r  — A m,r)  0a  -f 

+ (An,  + Jrct,  Am,)  DM, 

(i14,(/)»=(An,+  2Am,r-|-Am,r—  o,  \m,r)F.,v  (5.253) 

Integrating  the  latter  equalities,  we  obtain  the  following 
expressions  for  C^(t): 

r 

c,(0=»  J l(An,—  2Am,r  — Am,r)D„-f 

-f  (An,  -f-2rti),  Am,)On|rfl-f  C?, 
r 

C,4,(0«=  J(A»,  + 2Am,r-(- 

-f-Am,r—  n,  Am,r)f:'i;rfl-f  C?,,. 

(5.254) 

in  which  C?  are  determined  by  the  initial  conditions  of  equations 
(5.229)  and  (5.230). 

For  equations  (5.229)  the  initial  conditions  will  be: 


*?=**'.  yj=Ai’. 


(5.255) 
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For  equations  (5.230): 


*5  A/.  A-J  = Ay". 


(5.256) 


Using  matrices  D and  E and  expressions  (5.255)  and  (5.256),  we 
find  that 


(5.257) 


Projecting  the  first  equality  (5.246)  on  the  x,  y,  z axes  and 
taking  into  account  relations  (5.254)  and  (5.257),  we  obtain  finally 
the  following  expressions^ for  6x(t),  6y(t),  6z(t): 


J 1 1(,\»,  -2Am,r  — Am,r)D„4- 
/.i  I o 

4 

-)-(An,-)-  2ri.>,  Aik,)  />,,)  til  + D//*" 

i-i 

4y*=^]/,n  M ('«,■+  2\m,>t-Am,r  — 

<•1  lo 

J 

— M,Am,r)r„rf/  I 


4/  = V /t}( 


f ((An,— 2\m,f  — An'r,f)D„-t- 


H (An,-)  2ni,Amr)0,,)dH  ^0'.YV/  • 
l-i  I 


(5.258) 


It  is  easily  demonstrated  that,  for  e = 0,  i.e.,  in  the  case  of 
a circular  orbit,  formulas  (5.258)  reduce  to  the  earlier  formulas 
(5.117) . 

In  fact,  for  a circular  orbit 


f«0,  rr  n,  r «=i 0,  f0'  0,  t1'- ij\/ . 1 

l.l  l ‘ “ 0 . I 


(5.259) 


Substituting  those  values  into  formulas  (5.239),  (5.240), 
(5.251)  and  (5.252),  wc  find: 
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*■-  — . /t„  = 2slni.\A  An**7tmv\J. 

,1..,=  — nnvj.  />..,  = »in.\/.  A:t  **  0, 
/f,,  » sin*-^. 

■»  i ■* 

/», . /).,  /»,,  ' - --'in../. 

/>„ ...  3/.  />,,  -0.  //.,  ! 


D„«=  — 

» u, 

coi<.\A  D.i  ■=  — — 

• 

Eh  “0, 

C„*=l. 

Cf\  1 r*.  0, 

-=  2.  ri\ ,.=  ■£ 

. o?.  = o. 

D?,=  0. 

nj,«  i.  Du  = — 

i h; | =a  0, 

/>3i  =>  i. 

Dl,  — 0.  Da  - 0, 

o5,«—  i.  />«  =>  o.  />;, «=  o,  «;,= 

£t|  « ti\,.  £?/  e=  0,  £ji=.0.  /&*=»  1. 


(5.260) 


Substituting  now  these  values  of  the  matrix  elements  in 

relations  (5.258),  integrating  by  parts  the  terms  in  the  integrands 

containing  Am  , and  Am  , and  taking  into  account  the  relations  between 
x y 

x?  and  <5x°,  6y°,  6z°,  6x°,  6y°,  <5z°,  i.e.,  equalities  (5.255)  and 
(5.256),  we  arrive  at  formulas  (5.117). 

In  conclusion  we  make  one  comment  regarding  the  second  group 
of  error  equations  (5.3)  for  the  case  of  Keplerian  motion. 

The  equations  of  the  second  group  were  examined  in  §5.2,  where 
the  general  solution  to  these  equations  in  quadratic  forms  was  found  and 
expressed  in  formulas  (5.48). 

In  the  case  of  Keplerian  motion,  when  the  £* n*K'S2)  plane  is 
taken  as  the  orbital  plane,  the  general  solution  (5.48)  to  the  error 
equations  of  the  second  group  is  expressed  by  formulas  (5.71),  (5.72), 
and  (5.73)  or  the  equivalent  formulas  (5.77). 

Formulas  (5.77)  contain  w , and  equalities  (5.71)  and  (5.72) 

contain  the  angle  o.  In  order  to  obtain  explicit  expressions  for 
‘ j..  and  0 it  is  necessary  to  substitute  in  formula  (5.77)  for 
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(jy  the  value  of  this  projection  of  the  angular  velocity  deriving  from 

relations  (5.216)  and  (5.227),  or,  in  formulas  (5.71)  and  (5.72),  to 
substitute  the  value  of  a obtained  from  the  solution  to  system  (5.216). 

Formulas  (5.258)  give  the  solution  to  the  error  equations  (5.226). 
In  §5.4.1  it  was  stated  that  the  homogeneous  equation  (5.173),  and 
therefore  also  the  homogeneous  equation  (5.258) , are  equations  in 
variations  of  Keplerian  motion.  Therefore,  formulas  (5.258),  if  it 
is  asssumed  that  Anx  = 0,  Any  = 0,  Anz  = 0,  Amx  = 0,  Amy  = 0,  Amz  = 0, 

also  give  the  solution  to  the  problem  of  the  deviation  of  the  motion 

of  an  artificial  satellite  of  the  earth  from  its  calculated  (nominal) 

trajectory  (in  a spherical  field)  for  incorrect  initial  conditions. 

Moreover,  formulas  (5.258)  enable  us  to  calculate  the  change  in  the 

trajectory  of  a satellite  (or  an  orbital  aircraft)  under  the  influence 

of  small  perturbing  forces  (resistance  of  the  upper  layers  of  the 

atmosphere,  maneuvering  with  small  thrust,  etc.).  In  order  to  do  this 

we  have  only  to  substitute  into  formulas  (5.258)  the  values  \ \ , 

x y 

Xz  of  the  projections  of  these  forces  on  the  axes  of  the  orbital 
(nominal)  trihedron  for  the  functions  An  - 2Am  r - Am  r,  An  + 2Am  r + 

x y y y x 

Amxr  - (jyAmzr,  Anz  + It  is  evident,  in  particular,  that  it 

is  possible  to  calculate  in  this  manner  the  change  in  the  trajectory 
of  a satellite  under  the  influence  of  a non-spher ical  component  of 
the  gravitational  field.  The  corresponding  values  of  the  functions 
Xx » Xy*  Xz  are  found  from  the  formulas  for  the  projections  of  the 

strength  of  the  regularized  gravitational  field  of  the  oarMi  derived 
in  52.2. 

It  follows  that  formulas  (5.258)  also  give  error  expressions  for 
the  case  of  an  object  in  noar-Knpler inn  motion.  Indeed,  in  this 
case  the  coefficients  of  the  error  equations  (5.226)  will  differ  from 
the  coefficients  for  initial  Keplerian  motion  by  amounts  of  the  first 
order  of  smallness.  Multiplication  of  these  small  quantities  by  the 
small  quantities  6x,  <5y,  Sz,  Ax,  6y,  6z,  Anx,  Any,  Anz,  Amx,  Amy,  Amz 

gives  magnitudes  of  the  second  order  of  smallness.  Therefore, 
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equations  (5.226)  and  their  solution  (5.258)  remain  valid  to  a 
first  approximation  for  near-Keplerian  motion. 

S 5 . 5 . Errors  in  the  Determination  of  the  Coordinates  of  an  Object 
and  Its  Orientation.  Errors  Deriving  from  Inaccuracies  in 
Instrument  Readings  and  Initial  Conditions. 

5.5.1.  The  case  of  an  object  which  is  stationary  in  inertial 
space . In  the  preceding  sections  of  this  chapter  we  analyzed  the 
first  (5.1)  and  second  (5.3)  groups  of  differential  error  equations 
of  an  inertial  system.  In  §5.2  a solution  in  quadratic  forms  for  the 
case  of  arbitrary  motion  of  an  object  was  found  for  the  second  qroup 
of  error  equations.  In  §5.3  and  §5.4  exact  solutions  for  the 
equations  of  the  first  group  were  found  only  for  certain  special 
cases . 

However,  as  was  stated  above,  for  example  in  §5.1,  the  solution 
to  equations  (5.1)  and  (5.3)  in  itself  does  not  give  expressions  for 
errors  in  the  determination  by  an  inertial  system  of  the  coordinates 
of  the  object  and  the  parameters  of  its  orientation.  It  is  these 
expressions,  however,  which  are  the  goal  of  the  analysis  of  the  error 
equations  of  an  inertial  system. 

In  order  to  obtain  these  errors  and  to  establish  their  relation 
to  inaccuracies  in  instrument  readings  and  initial  conditions,  it  is 
necessary  to  consider  in  addition  to  equations  (5.1)  and  (5.3) 
relations  (5.5),  (5.6),  (5.8)  and  (5.9). 

However,  relations  (5.8)  and  (5.9)  do  not  bear  on  the 
solution  to  equations  (5.1)  and  (5.3).  These  relations  give  the  errors 
0 , 0 3 y , 0^7  in  the  determination  of  the  orientation  of  the  object 

deriving  from  the  instrument  errors  Aa,  AB,  AX  in  the  measurement  of 
the  angles  of  rotation  of  the  gimbal  rings  of  the  gyroscopic  platform  of 
the  inertial  system.  The  errors  °3Z  are  independent  of  the 

solutions  to  equations  (5.1)  and  (5.3)  and,  according  to  equalities 
(6.9),  are  simply  added  to  the  errors  f>x,  0 , 0Z  obtained  from  the 
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solution  to  equations  (5.6).  At  the  same  time  0X,  0^,  0Z  are 
completely  independent  of  An,  A8,  AX. 

Therefore,  it  is  important  here  to  make  use  of  relations  (5.5) 

and  (5.6),  combining  the  solutions  to  equations  (5.1)  and  (5.3),  the 

right  sides  of  which  are  functions  in  part  of  the  same  quantities 

Am  , Am  , Am  . 
x y z 

\ 

Analysis  of  the  errors  in  the  determination  by  an  inertial  system 
of  the  coordinates  of  the  object  and  its  orientation,  i.e.,  analysis 
of  the  functional  relation  between  the  errors  6x^,  6y.j,  and 
0X.  Oy,  0z,  entering  into  formulas  (5.5)  and  (5.6),  on  inaccuracies 

in  the  instrument  readings  of  the  inertial  system, and  in  the  initial 
conditions  of  its  functioning,  becomes  now  our  immediate  task.  It  is, 
of  course,  evident  that  we  will  be  able  to  achieve  an  exact  solution 
to  this  problem  only  for  those  cases  of  motion  of  the  object  in  which 
equations  (5.1)  allow  exact  integration. 

The  simplest  case  that  in  which  the  object  is  stationary  in  the 
coordinate  system.  In  this  case  the  solution  to  equations 

(5.1)  is  given  by  formulas  (5.95)  and  (5.96),  and  the  solution  to 
equations  (5.3)  by  formulas  (5.58). 

Formulas  (5.95)  and  (5.96)  were  obtained  under  the  assumption 
that  the  z axis  of  the  xyz  trihedron  was  directed  along  the  vector  r. 

In  this  case,  in  the  first  three  formulas  (5.5)  it  follows  that: 

' y ' ' (5.261) 

Then 

*r'  (5.262) 

If  0^x  and  0 ^ from  equalities  (5.58)  are  substituted  into  these 

expressions,  and  the  resulting  expressions  together  with  relations 
(5.95)  and  (5.96)  are  substituted  into  the  last  throe  formulas  (5.5), 
we  obtain: 
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djrJ<a6.(*(os»|/H — — l 

# 

+ -JJ-  f A/i,  — tjji  j- 

u 

« 

+ ' J Am,  1 1 CO*  <•%,(/  -i  1)1  |/X. 

V 

A A ^ f 

®yj“V*'0»«V  * : Siiif  i/  — 

< * 

~,0o  * ^ J A«r  'lll  .y,  (/—,)</,  -). 

u 

I 

+ ' J Am,  |i«s«.iu  (/  — i)  — |)  d\. 

u 

ti,  =4ircotlll.\,l'i'/  f - t.M,  J/J/  .1. 

t 

+ ~7j-  f A/l,  |'5(/ — t),/r 


(5.263) 


Relations  (5.263)  give  for  the  case  under  consideration  the 
total  errors  in  the  determination  by  the  inertial  system  of  coordinates 
of  the  object  as  a function  of  instrument  errors  and  errors  in  the 
initial  conditions. 

In  order  to  obtain  the  errors  in  the  determination  of  the  orienta 
tion  of  the  object,  we  refer  to  formulas  (5.6)  or,  taking  into  account 
expression  (5.261),  to  formulas  (5.22). 

Here,  as  was  explained  in  §3.5  and  §5.1,  two  cases  must  be 
distinguished.  The  first  corresponds  to  the  structure  of  an  inertial 
system  in  which  the  orientation  of  the  xyz  trihedron  is  not  set  as 
a function  of  the  coordinates  determined  by  the  inertial  system.  In 
this  case,  in  formulas  (5.G) 


.o,  #-o. 
•V 


(5.264) 


There  fore , 


o,-»— o,,.  o,  -i—O,,.  o,«=  -0„. 


(5.265) 


and  in  accordance  with  equalities  (5.58)  we  have: 


I 

0,=  - J Am,  dl  — 0?,. 


(5.266) 


In  the  second  case  the  orientation  of  the  xyz  trihedron  is  a 
function  of  the  coordinates  determined  by  the  inertial  system. 

If  the  xyz  trihedron  in  the  unperturbed  position  is  a mov- 
inq  free-azimuth  (u  = 0)  trihedron,  then  according  to  expressions 
(5.31) 


8,-qr.  (5.267) 

Substituting  into  the  first  two  equalities  (5.267)  the  values 
6y  and  6x  from  relations  (5.95)  and  (5.96)  and  into  the  third  the 
value  0^z  from  formulas  (5.58),  we  find: 


by'  by'  — r .W 

— ‘V  - — sin  o\J  — 

~7S,  J An, sin .-v, (/-,)./:  - 

V 

f 

— J — 

_ b * " / Amn 

0,  **  — r°*  *\t  + *-sln»V  +■ 

i 

■f  “ f A-i,  'I'H’vU  — j Am, cm <•!,(/  — 

J5  w 

(l,  | Am,  ,!t  — I)?,. 


(5.268) 


If  the  xyz  trihedron,  being  in  the  unperturbed  posi- 
tion a moving  trihedron,  is  oriented  to  the  points  of  the  compass,  then 
the  third  formula  (5.32)  applies  instead  of  the  third  equality  (5.268): 


whieh  after  substitution  of  0^  from  (5.5b)  and  6x^  from 
takes  the  form: 


(5.269) 
(5.263) , 
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0?,  — j An,  tit  - 


+ 7 j —f  cn»<V  4- -j iln<V  -f 

* 

+ ~ J A»,  s In — t)</i4- 

i | 

4 J \l'l.  It  — (Ok  (>,(/-  | O"  . . 


(5.270) 


Let  U3  consider  expressions  (5.263),  (5.266),  (5.268)  and  (5.270) 
for  the  total  errors  in  the  determination  of  the  coordinates  and 
orientation  of  the  object.  Let  us  first  consider  formulas  (5.263). 
Since  the  first  two  of  these  formulas  are  analogous  (which  is  evident 
from  symmetry  considerations) , it  is  sufficient  to  consider  the  formula 
for  6x3,  for  example,  i.e.,  the  first  formula  (5.263). 

It  is  evident  from  this  formula  that  the  portion  cf  the  error 
6x3  deriving  from  the  initial  conditions  6x°  and  6x°  and  the  initial 
value  of  Amy,  is  a harmonic  oscillation  with  a frequency  wQ.  Since 

we  denoted  the  quantity  u/r5  by  Uq,  the  period  corresponding  to  the 
frequency  is  calculated  according  to  the  formula 


t* 


» I*  > s 


(5.271) 


If  the  distance  r from  the  center  of  the  earth  to  the  moving 

object  is  approximately  equal  to  the  radius  of  the  earth,  then  T '84 

min.  This  period  is  usually  termed  the  Schuler  period  (after  the 

German  physicist  who  first  noted  the  remarkable  properties  possessed 

14 

by  pendulums  with  this  period) 

The  initial  value  0'^  gives  rise  to  a constant  error  in  the  deter- 
mination of  the  coordinate  x.  Vho  instrument  error  Anx  is  integrated  with  £ 
weight  -~sin.u0(t  - i),  and  the  instrument  error  Am  - c with  a weight 
r (1  - cos  Wq  (t  - t ) 1 . 
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For  constant  An  , Am  , An  , Am  the  first  two  formulas  (5.263) 
x y y x 


take  the  form: 


6.r,  =.  A?-  (-  j coi  i ,<J  f 


+ ~#  HmV  -f  rbmtt. 


•=  ~^r  — f 0? ■ J ^y" — \t  f- 


4 ilii<y  — r Am,/. 


(5.272) 


The  error  fix-,  in  the  determination  of  the  coordinate  x is 
Anx 

composed  of  the  error  + r0?  , the  error  oscillating  with  a 

frequency  uig,  and  the  error  rAmyt,  increasing  proportionally  to  time. 

For  the  quantitative  evaluation  of  the  dependence  of  the  errors 
6x3<  <$y3  and  5z3  in  the  determination  of  the  coordinates  on  the 

instrument  errors  of  the  sensing  elements  of  the  inertial  system  and 
the  errors  in  the  initial  condition,  we  introduce  some  numbers. 

If  the  object  in  which  the  inertial  system  is  placed  is  located 
near  the  surface  of  the  earth,  we  may  assume 


fuM  IO''",  K »tc 


(5.273) 


l.zv  i/i  1 1 »,c  «.r  . - ii*  ‘ i », 


(5.274) 


From  the  first  formula  (5.272)  it  follows  chat  the  partial  error 
6x^  = 1 km  causes  a newtonometer  error  of  Anx  = 7.8  • 10_4m/sec2 

( 8 • 10” s g)  , the  error  = 1.6  • 10_,*rad  0.55  angular  min)  , the  erre. 

fix°  = 1 km,  and  the  error  6x5=  1.25  m/sec.  For  the  partial  error  fix^, 
giving  rise  to  the  error  Am^,  not  to  exceed  1 km  in  the  course  of 

one  hour  of  the  operation  of  the  system,  Am^  should  not  exceed 
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4.4  • 10-e  1/sec  («■  0. 009°/hour)  . It  is  evident  that  for  numerical 
Values  of  the  error  6y^  evaluations  may  be  obtained  by  the  same 
procedure  as  was  used  above  to  determine  6x^. 

The  third  formula  (5.263)  shows  that  the  error  6z^  in  the 

determination  by  the  inertial  system  of  the  distance  r to  the  center 
of  the  earth  is  a function  of  the  errors  <Sz  and  5z°  in  the  initial 
conditions  and  the  error  Anz  deriving  from  the  nowtonometcr  oriented 

along  the  z axis,  but  is  not  a function  of  the  errors  An  or  An 

x y 

of  the  newtonometers  oriented  oriented  along  the  x and  y axes,  or 
the  errors  Amx,  Am^,  Amz  in  the  measurement  of  the  absolute  angular 

velocity.  However,  as  is  evident  from  the  first  two  formulas  (5.263), 
the  error  Am^  does  not  enter  into  the  errors  6x^  or  6y3» 

It  follows  from  the  last  formula  (5.263)  that  for  long-term 
operation  of  the  system  6z3  increases  exponentially.  For  a constant 
error  Anz  we  will  have: 


V / 


d — >-r  *tnh  t 

•>.1  V 


(5.275) 


The  error  6z-j  increases  very  rapidly  with  time,  which  is  explained 
by  the  rapid  growth  of  the  hyperbolic  functions  cosh  Uq  /2  t and  sinh  ; 


Approximate  values  of  these  functions  for  various  moments  of  time  are 
presented  below. 
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Thus,  as  a result  of  the  errors  Anz,  6z°,  and  6z°,  the  time 
during  which  the  inertial  system  is  able  to  autonomously  determine 
the  distance  r to  the  center  of  the  earth  to  an  acceptable  degree  of 
accuracy,  may  be  small.  For  example,  for  the  values  of  the  nowtonometer 
errors  and  errors  in  the  initial  conditions  used  above  .in  computing 
the  error  6x3,  the  time  in  question  is  of  the  order  of  10  - 15  min. 

In  fact,  let  the  errors  Anz  and  6z#  have  the  same  values  as  those 

which  in  the  preceding  calculation  gave  an  error  of  1 km  for  6X3,  i.e., 
let  Anz  =7.8  • 10“ u m/scc 2 and  Sz°  = 1.25  m/scc.  Then  the  error 
6z3  reaches  1 km  in  * 18  min  due  to  Anz  alone,  and  in  a 10  min  due  to 
6zc  alone.  In  order  for  6zj  not  to  exceed  1 kn  in  15  min  due  to  the 
error  fiz°,  we  must  take  6z°  = 0.43  km. 

It  should  be  noted  that  in  the  case  under  consideration,  namely 
that  of  a stationary  object,  the  increase  in  6z 3 has  no  effect  on 
the  magnitudes  of  the  errors  6x3  and  Sy-j.  If  this  property  of  the 
inertial  system  were  preserved  for  a moving  object  an  interesting 
possibility  would  arise.  This  would  be  that  the  errors  in  the  deter- 
mination of  the  coordinates  of  the  object  on  the  surface  of  the  earth 
(for  example,  geographical  latitudes  and  longitudes),  i.e.,  the  errors 
in  the  determination  of  the  direction  of  r from  the  center  of  the 
earth  to  the  object,  could  be  small  even  for  a significant  duration 
of  operation  of  the  system,  in  spite  of  the  largo  error  5z3  in  the 
determination  of  the  distance  r to  the  center  of  the  earth. 

However,  in  the  case  of  a moving  object  the  errors  6x3  and  6y3 
also  have  components  which  increase  exponentially  with  time,  although 
these  components  contain  the  velocity  of  motion  as  a factor,  and 
consequently  may  be  small  for  small  velocities.  We  will  consider  this 
question  in  greater  detail  when  we  consider  errors  in  the  functioning 
of  an  inertial  system  for  various  cases  of  motion  of  the  object,  but 
let  us  now  return  to  the  case  of  a stationary  object. 

We  have  discussed  relations  (5.263),  (5.272)  and  (5.275), 
characterizing  errors  in  the  determination  of  coordinates.  Let  us  now 
turn  to  orientation  errors,  i.e.,  to  formulas  (5.266),  (5.268)  and 
(5.270) . 
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Formulas  (5.266)  wore  obtained  for  the  case  in  which  the  orienta- 
tion of  the  object  is  defined  relative  to  a trihedron,  the  position 
of  whose  axes  relative  to  the  0^*n*5*  coordinate  system  is  not  a 
function  of  the  coordinates  determined  by  the  inertial  system.  This 
could  be,  in  particular,  the  case  in  which  the  system  is  based  on  a 
free  gyrostabil ized  platform,  and  the  orientation  of  the  object  is 
defined  relative  to  its  axes.  This  case  obtains  when  the  basis  of  the 
system  is  a spatial  gauge  of  absolute  angular  velocity  or  a time- 
maneuverable  gyroplatform,  if  the  orientation  of  the  object  is  determined 
relative  to  the  axes  of  the  platform  of  the  element  measuring  absolute 
angular  velocity  or  the  gyroplatform.  Finally,  included  here  also  is 
the  more  general  case  in  which  the  orientation  of  the  axes  of  the 
sensing  elements  is  a function  of  the  coordinates  determined  by  the 
initial  system,  but  the  orientation  of  the  object  is  determined 
relative  to  directions  which  change  their  orientation  as  a function 
only  of  time. 

For  all  of  these  cases,  as  is  evident  from  formulas  (5.266), 
the  errors  in  the  determination  of  the  orientation  of  the  object  are 
composed  of  their  initial  values  and  the  integrals  over  time  of  the 


instrument  errors  Am 


x' 


Amy,  Amz, 


For  constant  Amx, 


Amy,  Amz, 


the 


orientation  errors  increase  only  as  a function  of  time: 


01  — Am4/  — ft 

0 « — Am./  — 0?  . 


w-  "?.• 


(5.276) 


Formulas  (5.268)  and  (5.270)  are  valid  for  cases  in  which  the 
position  of  the  trihedron  relative  to  which  the  orientation  of  the 
object  is  determined  (or  the  trihedron  associated  with  the  platform, 
if  its  orientation  is  in  question) , relative  to  the  coordinate  system 
is  a function  of  the  coordinates,  formulas  (5.2G8)  havinq 
been  derived  for  the  case  in  which  this  trihedron  is  a moving 
f roe-azimuth  trihedron. 

It  follows  from  the  first  two  formulas  (5.268)  that  the  errors 
0 and  0,  are  composed  of  harmonic  oscillations  with  a frequency  w. 


and  amplitudes  determined  by  the  initial  values  6x° , 5y° , 5x  , 6y 
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The  portions 


Am0,  Am0,  and  of  the  instrument  errors  An  , An  , Am  , Am  . 
x y x y x y 

of  0 and  0 corresponding  to  these  instrument  errors  are  obtained 
x y 

1 1 

by  integratmq  them  with  the  weights  sinoigCt 


t)  and  — coswn(t  - t) 
rw0  0 


For  constant  An  , An  , Am  , Am  formulas  (5.268)  give: 
x y x y 


0,  ■=  — ^ Vo»«V — sln«v. 

'<  • \ *2  / 

0,=.— ; i- 1 (a<«  - -^-V-ibiv  4-  — *'»*vA 


, — Am.f  — O’ 


(5.277) 


the  values 


Thus,  for  constant  instrument  errors,  0 and  0 fluctuate  about 

x y 


An, 

"T 


An, 


(5.278) 


with  a frequency  uQ  and  amplitudes 


t .!>">' 


(5.279) 


The  fundamental  difference  between  the  first  two  formulas 

(5.277)  and  the  corresponding  formulas  (5.276)  consist,  therefore, 

in  the  fact  that  the  latter  do  not  entail  an  error  in  the  orientation 

of  the  platform  relative  to  the  angles  0 and  0 which  increases  with 

x y 

time,  although  in  both  cases  the  errors  in  the  determination  of  the 
coordinates  have  components  which  increase  with  time. 

The  third  formula  (5.277)  for  a constant  value  of  Amz  coincides 
with  the  third  formula  (5.276).  The  deviation  0Z  in  the  azimuth  is 
not  a function  of  the  errors  in  the  determination  of  the  coordinates 
of  the  object  and  for  constant  Amz  it  increases  proportionally  with 
time.  Thus,  errors  in  orientation  arc  determined  primarily  by  the 
instrument  errors  Amz.  This  fact  gives  rise  in  the  case  in  question 
to  more  stringent  requirements  on  the  accuracy  oc  the  azimuth  gyro- 
scopes (the  heading  gyroscopes)  of  the  inertial  system. 
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Let  us  now  consider  formula  (5.270).  This  formula  and  the  two 

first  formulas  (5.268)  describe  the  orientation  errors  for  the  case 

in  which  the  trihedron  xyz  in  the  unperturbed  position  is  oriented 

according  to  the  points  of  the  compass.  Although  in  the  preceding 

cases,  i.e. , the  third  formulas  (5.266)  and  (5.268),  0 was  not  a 

z 

function  of  errors  in  the  determination  of  the  coordinates,  this  is 
now  no  longer  the  case. 

The  third  term  on  the  right  side  of  formula  (5.270)  contains 
as  a factor  (the  expression  in  brackets)  the  component  6x^  of  the 
total  coordinate  error.  For  = 0,  this  formula,  of  course,  reduces 
to  the  third  formula  (5.2o8).  For  $ = y , when-tan  $ tends  to  infinity 

equality  (5.270),  of  course,  becomes  meaningless.  In  this  case,  the 
only  conclusion  that  may  be  drawn  from  it  is  that  in  the  immediate 
vicinity  of  a pole  small  6xj  lead  to  a finite  error  0Z,  i.e.,  to  a 
finite  error  in  the  determination  of  the  bearing  to  the  pole.  This 
result  is  obvious  from  purely  geometrical  considerations.  It 
demonstrates  once  again  that  if  the  trihedron  bound  to  the 
platform  of  the  inertial  system  is  oriented  to  the  points  of  the  compass, 
it  is  necessary  to  exclude  the  vicinity  of  the  pole  from  the  possible 
areas  in  which  the  object  may  move. 

5.5.2.  Motion  of  an  object  on  a fixed  great  circle.  Motion  of 
a satellite  in  a circular  orbit.  We  have  considered  the  errors  in  the 
determination  of  coordinates  and  orientation  parameters  for  an  object 
which  is  stationary  in  the  O^C*ri*5*  coordinate  system,  for  which  case 
the  solution  to  equations  (5.1)  and  (5.3)  was  given  by  formulas  (5.95), 
(5.96)  and  (5.58). 

Let  us  now  consider  the  motion  of  an  object  in  a plane  passing 
through  a point  at  a constant  distance  from  the  center  of  the  earth, 
for  which  case  the  solution  to  equations  (5.1)  is  given  by  formulas 
(5.100),  (5.111),  and  (5.117),  and  the  solution  to  equations  (5.3) 
by  formulas  (5.60) 
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In  this  case  the  xyz  trihedron  will  bo  a moving  trihedron. 

Its  xz  plane  coincides  with  the  C*n*  plane,  i.e.,  with  the  plane  of 
motion  of  the  object,  the  z axis  is  directed  along  the  vector  r,  and 
y axis  is  normal  to  the  plane  of  motion.  The  projections  6x,  Sy,  6z 
of  the  error  vector  6r  on  the  axes  of  this  trihedron  are  the  solutions 
(5.100),  (5.111)  and  (5.117),  and  the  projections  0^x,  0^,  0^2  of 
the  error  vector  0^  are  the  solutions  (5.60). 

From  relations  (5.262)  and  the  last  formulas  (5.5)  we  have: 


Ar,  = A.r  + 0,yr.  hy}  r*Ay  «,,/•.  A/, mb;. 


(5.280) 


These  formulas  characterize  the  total  error  in  the  determination  of 
the  coordinates.  For  the  case  in  which  ui^<uQ,  the  values  of  6x,  6y,  6z 

from  expressions  (5.100)  and  (5.111)  and  the  values  of  0^x  and  0^ 

from  equalities  (5.60)  must  be  substituted  into  them.  When  = u)q, 

i.e.,  for  the  case  of  motion  of  a satellite  in  a circular  orbit, 
expressions  (5.117)  must  be  used  instead  of  formulas  (5.100)  and 
(5.111),  and  in  equalities  (5.60)  must  be  replaced  by  uiQ. 


Our  task  is  to  analyze  the  relation  between  the  errors  6X3, 

6z^  and  instrument  errors  and  errors  in  initial  conditions.  It  is 
also  understandably  of  interest  to  compare  the  values  of  Sx^, 
for  the  type  of  motion  in  question  with  their  expressions  (5.263)  for 
the  case  of  a stationary  object,  and  also  to  examine  the  special  case 
of  Wy  = Uq , i.e.,  the  case  of  motion  of  a satellite  in  a circular  orbit. 


It  follows  from  the  third  formula  (5.280)  that  the  total  error 
fiZ 3 in  the  determination  of  the  distance  r to  the  center  of  the  earth 
is  not  a function  of  the  solution  (5.60)  to  equations  (5.3)  and,  for 
r.iy , is  given  by  the  second  equality  (5.111),  which  for  constant 

instrument  errors  reduces  to  the  second  equality  (5.112). 


Let  us  investigate  the  relation  between  6z^  and  the  initial 
conditions  and  instrument  errors,  taking  the  latter  to  be  constant, 
i.e.,  using  the  second  equality  (5.112)  to  determine  dz^.  Lot  us 
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rewrite  this  equality,  separating  terms  which  are  functions  of  the 
initial  conditions  from  terms  containing  instrument  errors: 


4/ 


Art,  •?r**vAmf 


X t wJ-4  |i9jcoWi|t/|]  — 
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— 7 TT-r — — v»mh|i/)  + 

(|i  +»')l,v 

+ v’)co‘v/+ 

+ v’K  - <•>; + w| — 

- ft,»vv|r,7v-l|,H-<J’. -v?)‘lnv'- 

— v(ii*3  — <->J 4- l^tmh  l»/|  + 

+ - cq^T) — (|I  4|n  v:  -»••«*,./)  - 

Ju,  4j>  , . 
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(5.281) 


Comparing  this  expression  with  formula  (b . 275)  for  6z3  for  the 

case  of  a stationary  object,  we  note  first  of  all  that  expression 

(5.281)  is  a function  not  only  of  An_,  6z°,  and  6z°,  which  appear  in 

z 

formula  (5.275),  but  also  of  6x®,  6x° , An  , Am  , these  latter  terms 

x y 

being  multiplied  by  wy.  For  = 0 expression  (5.281)  reduces  to 
formula  (5.275) . 


It  is  interesting  to  examine  the  difference  between  expression 

(5.281)  and  formula  (5.275)  for  small  values  of  u)y.  Let 


(5.282) 


Expanding  expressions  (5.106)  in  powers  of  wy/u)g,  we  obtain  the 
following  approximate  values: 


(5.283) 


Substituting  those  values  into  equality  (5.281)  and  retaining 
only  terms  in  the  first  power  of  wyA>g , we  find: 
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bl,  = (‘Otx  m V 2 / — I)  4 Ai»co >h  4,  /? I -f 

J»\i 

M w-frApi-.  . _ 

•f^pj  ""•'"'bl'*'  t-  — [— i(co»h"V>)/2/—  l)  + 
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(5.284) 


The  first  three  terms  of  this  formula  are  identical  to  the  right 
side  of  equality  (5.275),  while  the  remaining  terms  contain  the  factor 


Wy/O), 

approximation  to  formula  (5.281) 


q.  Thus,  for  small  values  of  a>y  formula  (5.275)  is  a good 


If  o)y  is  close  to  Wq,  then,  defining 

mJ  = ti>J  — t’, 

(5.285) 

where  e2  is  small  in  relation  to  Uq,  we  obtain  from  relations  (5.106): 


v=aM»(l  +^)'  ’ • 


(5.286) 


Substituting  these  values  into  equality  (5.281),  we  are  able 
to  find  an  approximate  formula  for  6z^,  which  for  c = 0 reduces  to  an 

exact  formula  for  the  case  u = o>q. 

For  the  latter  case,  from  the  third  formulas  (5.280)  and  (5.118) 
we  have : 


2 r\m,) 

A/j  JI  « (I  — f- 

-i  3 ( o\ i\ff  ) **  Mn<\/  -f- 


'1  All 


, ' f'V  '-(I—  to«n/) 

* •„  .<■ 


(5.287) 


Kxprcssion  (5.287),  unlike  oxpronsinn  (5.204),  is  quite  different 
from  formula  (5.275),  which  specifies  for  the  case  of  a stationary 

object.  If  in  formula  (5.275)  the  error  ‘ / ^ increases  expedioiitially , 
then  in  expression  (5.207)  Ihcru  is  only  r term  which  increases 

without  limit  with  time,  and  its  increase  is  only  proportional  to  time. 
This  term  is 


Let  us  now  turn  to  the  second  formula  (5.280),  which  specifies 
the  error  6y3  in  a plane  normal  to  the  plane  of  motion.  We  obtain 
from  relations  (5.101)  and  (5.60)  for  constant  instrument  errors: 


A/I ,—u,Am,r  , r\m, 

»y»-— — 3 + “ + 

r 


4 -I  sine  V - 

-*■(07.  4 4'(-^  + 


(5.288) 


Let  us  compare  equality  (5.288)  with  the  expression  for  6y3 

for  the  case  of  a stationary  object,  i.e.,  with  the  second  formula 

(5.272).  The  first  point  to  be  noticed  is  that  equality  (5.288) 

differs  from  formula  (5.272)  in  that  in  the  numerator  of  equality 

(5.288)  the  first  term  contains  the  quantity  An,  - w Am  r instead 

y y z 

of  Any,  as  in  formula  (5.272).  More  interesting,  however,  is  the  fact 
that  formula  (5.272)  contains  the  term  -rAmxt,  which  is  proportional 

to  time,  while  in  equality  (5.288)  only  harmonic  oscillations  of  6y3 
at  a frequency  of  w correspond  to  the  errors  Am  and  Am  . For  small 

y X Z 

Wy  we  obtain  the  approximate  equality 

6y,  a 4 (ty rV05 

*Vi  V ‘■v  / 

4 jt. 5lii"\i<  - *0°,  — r Sm ,1. 

(5.289) 

corresponding  to  formula  (5.272). 

For  Wy  = wQ,  i.e.,  for  the  case  of  motion  of  a satellite  in  a 
circular  orbit,  we  have: 


—y  -r07.W«v»4 

+ (“4'4ln^ 


(5.290) 


The  first  formula  (5.280)  remains  to  be  considered.  From  this 
formula,  the  first  formula  (5.112)  and  the  second  formula  (5.60)  we 
find  for  constant  instrument  errors: 
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6xj  *=*  fO?y  -f*  ~~y~  r~f  “f  4' 


(li^  — Gl*  — \*)  c o »h  |l/ 1 -f* 


+ j^4)^ +« ,v("“'"' +“>inv'+ 

+ l‘("'o— — v’Jtioh  |l/J-f- 

-f  — , y ’"'1, - / M-f  — — J— ’iA— 1 0‘  Slnv/— V»inh  |lf)  + 


+ ^rqp^T  (toi \/  — co»h|>0- 


(5.291) 


For  small  values  of  u>y  wo  arrive  at  the  approximate  formula 
[taking  into  account  equalities  (5.283)]: 

txt  *=  — -f  '<*?,  h r Am,/  +• 

*\l 

4-  /fl*0  — AL  fin  -f- 

V fc,o  / *\» 

i — fj  (l  7 vln'V  - t.nhw,  \rJl)  f- 
H — * J-j-  (f<"  >V  - co  *h."„  \'i  /)] 


(5.292) 


The  first  five  terms  of  this  formula  form  expression  (5.272) 
for  the  error  6x3  for  the  case  of  a stationary  object.  The  latter 
terms,  containing  the  factor  Wy,  distinguish  formula  (5.292)  from 
the  first  formula  (5.272). 


The  difference  between  the  expressions  for  6x3  for  the  case  under 
consideration  and  for  the  case  of  a stationary  object  is  much  more 
important  than  the  difference  between  fiy3  and  <$z3,  since  expression 
(5.292)  contains  hyperbolic  functions  which  increase  rapidly  with  time; 
for  the  case  of  a stationary  object  only  the  expression  for  6z3 
contains  such  functions.  As  a result  of  this,  the  error  <5 n z in  the 
reading  of  the  newtonometer  directed  along  the  z axis  and  the  errors 
in  the  initial  conditions  fiz°and  f> z°  begin  to  play  a significant  role 
in  the  formation  of  the  error  <5x3. 


Aoc 


Since  is  small,  we  may  let 


3..  , V • 

-■« I***-?/ 

3y  \ * t 


(5.293) 


Therefore,  equality  (5.292)  may  be  simplified  and  written  in 
the  form 


4*i  ■ 


A", 


A»,/  + 


coi  i.W  -f-  — »lniL<  — 


a», \'I 
~ y\, 


[(*'*  '■  I?) *' "h  ^ ,/5/  + ^ »^')]  • 


(5.294) 


For  the  quantitative  evaluation  of  the  influence  of  the  last 

term  on  6x3,  it  is  useful  to  consider  the  following  example.  Let 

0 Anz  • 4^x 

6z  + — and  6z°/w0  be  of  the  same  order  of  magnitude  as  6x°  

2u0  "0 


An. 


and  6x  /un.  Under  this  condition  the  errors  6z°  + and  6z  /wn 

V - 2 U 

2uo 

will  begin,  obviously,  to  exert  a significant  influence  on  6x3  only 
when,  in  proportion  to  the  increase  of  the  function  sinh  w^/Jt  and 
cosh  ojg/Jt,  the  quantities  (2Uy/7/3wQ)  sinh  u^/Zt  and  (2Wy/3iOg)  cosh  Uq/7  t 

take  on  values  close  to  unity.  The  time  required  for  this  to  occur  is 
found  from  equalities 

-*«■ i/~.  _ 

(5.295) 


• . e l.\,  - '2t 

'“'f  1 If  2ta»f 


Since  the  argument  uQ/2t  takes  on  a rather  large  value,  we 
assume  that 


coiNt'S,  \ rs-  *mh  1 "1 1 as  f,,s  1 *f  , 


(5.296) 
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Substituting  these  values  into  equalities  (5.295)  , we  obtain: 


1 1“ 


(5.297) 


If  we  assume  that  a> 
earth  rate  u,  then 


y 


is 


of  the  same  order  of  magnitude  as  the 


w I7«nd< V,  = I.J5- I0‘J  I / 1 • c . 

“ f 

For  the  first  equality  (5.297)  we  obtain  in  this  case 

t^  - 35  min 

It  is  obvious  that  is  somewhat  larger  than  t^. 

If  o)y  is  of  the  order  of  magnitude  of  3u,  i.e.,  if  the  object 
moves  relative  to  the  surface  of  the  earth  with  a velocity  of  the 
order  of  1000  m/s ec,  then  Ug/uiy  * 6 and  t^  - 25  min,  and  at  a velocity 

of  the  order  2000  m/sec,  uig/Uy  a 3.2  and  t^  * 20  min.  The  validity 

of  the  approximate  formula  (5.294)  for  Wy/u>g  * 1/3  should  not  be 

in  doubt.  If  the  character  of  the  variation  of  the  roots  u and  v of 
the  characteristic  equation  (5.103)  as  a function  of  tUy  (Figure  5.2) 
is  taken  into  account,  it  is  easily  shown  that  the  accuracy  of 
formula  (5.294)  is  satisfactory  for  Uy/wg  = 1/2. 


The  resulting  values  of  t^  characterize,  clearly,  the  time 
during  which  autonomous  operation  of  the  inertial  system  is  possible 
under  the  condition  that  error  does  not  exceed  the  allowable 

limits.  Of  course,  those  evaluations  characterize  the  time  t^  only 
for  velocities  corresponding  to  the  condition  u)y2<<'jg. 


For  a satellite  moving  in  a circular  orbit,  i.e.,  for  the  case 
in  which  uiy  = Wg,  we  obtain,  taking  into  account  the  first  formula 
(5.118),  the  following  expression  in  place  of  formula  (5.291): 
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f*  Ax®  *4-  — (i  sln<i\/  3n^/)  4* 

-f  6 A/#(sin  u\/  — «\/)  *f-  (tos  v\J  — I)  f- 


•tH- 


coif  V)  — 


. r\mt  2 An. 

+ " (4  iln  <aJ  — 3t*\,/)  t j—  (bim>»w/  — i>\/) 

*'>  hi 


(5.298) 


It  follows  from  comparison  of  expressions  (5.298),  (5.290),  and 

(5.287)  with  expressions  (5.292),  (5.289)  and  (5.284)  that,  if  in  the 

case  of  slow  motion  of  the  object,  when  Oy<<WQ,  the  major  influence 

on  the  formation  of  the  errors  Sx^  and  6Zj  for  extended  operation  of 

the  inertial  system  is  An^,  6z°,  and  5z°entering  into  the  coefficients 
of  the  hyperbolic  functions,  then  for  a satellite  moving  in  a circular 
orbit,  i.e.,  for  = Wq,  the  greatest  influence  is  exerted  by  the 
error  Anx. 

This  concludes  our  discussion  of  the  relation  between  errors  in 
the  determination  of  coordinates  and  instrument  errors  for  the  cases 
in  question. 

Let  us  now  turn  to  errors  in  the  orientation  of  the  platform. 

For  the  case  in  which  the  position  of  the  platform  (the  trihedron 
xyz)  is  not  a function  of  the  coordinates,  we  have 


<i.  o,”  -°i,-  o,  «•  n„. 


(5.299) 


If  this  trihedron  is  a free-azimuth  moving  trihedron, 


then 


o.  = *v, 


I',.- 


(5.300) 


The  case  described  by  formula  (5.269)  may  be  excluded  from  the 
discussion,  since,  for  motion  in  the  plane  and  with  the  c*  axis 

as  the  polar  axis,  we  see  that  in  this  formula  9 = 0,  which  reduces 
it  to  the  third  equality  (5.299). 
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From  equalities  (5.299)  and  (5.60)  for  constant  instrument  errors 

Am  , Am  , Am  we  find, 
x y z 


0,  ■»  — (o'!,  + ~‘L)  cos  w/  + 

0,  a*  - 4m,/  — 0*,. 

— (0?.  -I-  tin  «,/• 


(5.301) 


As  may  be  seen  from  the  second  formula  (5.301),  the  expression 
for  the  orientation  error  0^  in  the  plane  of  motion  has  the  same  form 
as  in  the  case  of  a stationary  basis.  This  error  increase  proportional- 
ly with  time.  The  expressions  for  the  orientation  errors  0 and  0 in 

X z 

a plane  normal  to  the  plane  of  notion  consist  of  constant  components 
and  harmonic  oscillations  at  a frequency  The  oscillations  occur 

relative  to  the  displaced  equilibrium  positions 


o',  «=  — 

*■»  "> 

and  have  identical  amplitudes 


(5.302) 


0l ~ «;  - . 


(5.303) 


It  follows  from  (5.301)  and  (5.302)  that  the  total  orientation 
errors  about  angles  0X  and  02  for  0jx  = 0°z  = 0 do  not  exceed  the 
magnitudes 


^ (!•'«,!  * I'VmJTAn-;,, 


+ * A'”!) 


(5.304) 


correspondingly. 


For  |Amx|  = |Amz|  = Am  the  total  errors  are  equal.  If  the 


requirement  is  imposed  that  the  total  orientation  errors  should  not 
in  this  case  exceed  1 angular  min  (**  2.9  • 10-4  rad),  wc  obtain  the 
inequality 


~(i  4 |//)<2.o.  io-‘. 


(5.305) 
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relating  Am  and  If  we  now  assume  that  is  of  the  same  order  of 

magnitude  as  the  earth  rate 
(u  = 7.3  • 10-1*  rad/sec), 


A « < O.OOS'/hr 


(5.306) 


For  u)y  = 5u  the  magnitude  of  the  allowable  error  Am  increases 
to  approximately  0.01°/hour,  and  for  = o)g  up  to  0.03°/hour. 

If  Uyt  is  sufficiently  small  such  that  it  may  be  assumed  that 

cos  w t = 1 and  sin  w t = w t,  expressions  (5.301)  for  0 and  0 
y y y x z 

take  the  form: 

0j  — 0?.  — Am./.  0j  =*  — 0,.  — Am./, 

(5.307) 

which  coincides  with  the  corresponding  formulas  (5.276)  for  the  case 
of  a stationary  object. 

Let  us  now  consider  the  case  described  by  formulas  (5.300). 


The  third  formula  (5.300)  coincides  with  the  third  formula 
(5.299),  the  corresponding  values  of  02  being  those  given  by  equalities 
(5.301)  and  (5.307). 


In  order  to  analyze  the  first  two  formulas  (5.300)  for  the  cases 
under  consideration  (for  constant  instrument  errors),  the  values  of 
Ax  and  Ay  from  expressions  (5.101)  and  (5.112)  for  the  case  in  which 
tdy<,ig  must  be  substituted  into  them;  and  for  the  case  in  which  = u>g, 

the  values  of  Ax  and  Ay  from  expressions  (5.118)  should  be  used. 

For  small  values  of  Wy,  such  that  u)y<<u>g,  and  simplifying  the 
expressions  for  Ay  and  Ax  in  the  same  way  as  in  the  derivation  of 
formulas  (5.292)  and  (5.289)  for  Ax^  and  Ay^,  we  obtain  the  equalities: 
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| 


(5.308) 


a A*,  1 /» jt  to,  \ A)* 

0.  Ay°  — -r-r-  co5i.\|/ slnwJ. 

K f \ I '% 

0. ■=»  — f f — Hn<V  — 

<•*«  ' \ *V>  / "Ai 

"/i,+  ' 

-f  i£co»r>  . 

Of  **  — ■ fl||  — A m ft. 


'or  the  case  in  which  = Wg,  we  obtain: 


®i  “ — co'  V — 7^  »in  »V  — 


{tin.  — ri>^AnJ)(l  — coi  i*/). 


Ax0  -(  — (4  tin  iV  — 3iV)  + 

*1 


#»“t{ 

+ 6A.,t(slui,\/  — iV)  ) •^■(to$ov<  — 1)+ 

+ -^  (<(|— co'«V>  + 

4rAm,  2 An.  ) 

*4 ('*«  «V  — «V)  4 — r (%ln  *V  — «*V)  1 . 

•v>  H»  I 

0,  « - II?,  Am,/. 


(5.309) 


The  right  sides  of  equalities  (5.308)  and  (5.309)  contain 
expressions  6x  and  6y  divided  by  r.  These  expressions  enter  into 
formulas  (5.289),  (5.292),  (5.290)  and  (5.298).  The  analysis  of  these 
formulas  performed  above  may  therefore  be  extended  to  relations  (5.308) 
and  (5.309). 


5.5.3.  Motion  along  a parallel  of  latitude 

For  the  case  of  motion  at  constant  velocity  along  a parallel  of 
atitude,  the  solution  to  the  first  group  of  error  equations  (5.121)  is 
iven  by  formulas  (5.143).  Trihedron  xyz,  in  terms  of  projections  on 
\ lose  axes  equations  (5.121)  and  their  solution  (5.143)  were  found, 
a e moving  trihedrons  oriented  to  the  points  of  the  compass. 

T lerefore  the  total  errors  in  the  determination  of  the  coordinates  are 
also  given  by  the  final  three  equalities  (5.5)  together  with  formulas 
(5.262).  From  them  we  find: 
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A.tj « A.f  -f- 0,,r,  Ay,«Ay  — 0(1r.  Ar, 


(5.310) 


«»Ar, 


The  orientation  errors  0 and  0 are  found  from  the  first  two 

x y 

relations  (5.267),'  and  the  error  0Z  is  found  from  expression  (5.269). 
Once  again,  the  formulas  for  these  errors  are: 


-0, 


, + ~-IST- 


(5.311) 


In  formulas  (5.310)  and  (5.311)  the  quantities  6^x,  °iy»  6jz 

are  solutions  to  the  second  group  of  differential  equations  (5.3)  ; 
for  the  case  of  motion  along  a parallel,  these  solutions  will  be 
given  by  formulas  (5.65). 


If  we  confine  ourselves  to  the  case  in  which 


(5.312) 


i.e.,  the  case  of  relatively  slow  motion  along  a parallel  not  in  the 
immediate  vicinity  of  a pole,  then,  without  loss  of  generality,  we 
may  consider  only  the  case  of  an  object  which  is  stationary  relative 
to  the  earth,  such  that 


(•>y  - II IOS  if,  Mjt-tMSllHp. 


(5.313) 


For  the  case  of  an  object  which  is  stationary  relative  to  the 
earth,  formulas  (5.143)  for  the  determination  of  6x,  6y,  <5z  may  be 
replaced  by  the  approximate  equalities  (5.159)  and  (5.164),  in  the 
rinht  sides  of  which  (*>  and  wz  should  be  replaced  bv  their  values 

from  relations  (5.313).  Expressions  (5.65)  for  9^x,  0^  , 0^z  also 

simplify  considerably  for  this  case.  Integrating  the  right  sides  of 
expressions  (5.65)  for  constant  instrument  errors  and  noting  that, 
for  the  case  of  an  object  stationary  relative  to  the  earth  and  in 
iccordance  with  equality  (5.63),  u becomes  equal  to  the 
earth  rate  u,  we  obtain: 
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billy  slnqi  ■ Am,  ci>»  if 

0|,  = „ (" 

, lni  Am  „ »ln  if  — Am,  f o«  \ 

+ (°i . J, / CO*  " t 4* 

-f-  (o?,  simp  — 0?, cos  if  |~*  — J sin///, 

0,,  cs(flf,cos  <f  )■  0?,sln  if)  cns  if  — sin  if  -f- 
H-  cns  <f  (i\nty  cos  if  -f  Am,  sin  if)  f -f 

•4-{<l|yS(l|lf  — 0|,  cos  q.)  sin  If  cos  til  4* 

(Am.  Am#  « \ 

-jpSlinr ^ — cns  if  — Oil  I sfu  <p  slntf, 

On  = slnif  (()?,  cos  if  4-  0?,  sin  if)  -f  — -p-  cos  if  -f 

4-sln  if(AmyCosif  4 Am,  sin  if)/  — 

— ^0?,  sin  if  — 0°,  cos  ip  4 cos  if  cos  nt  4- 

(o  A/h«  Am.  \ 

On “Slmf4 — — cos  if j sin  nt. 

(5.314) 


For  ? * 0,  these  formulas  reduce  (u:y  = u)  to  formulas  (5.301). 

If  ut  is  small  it  may  be  assumed  that  cos  ut  = 1 and  sin  ut  = ut, 
formulas  (5.314)  simplify  and  take  the  form: 


0|.  « d|,  | Alll  yl,  (l,,— . 11','y  | Aniyt, 
0„ 0|,  4 Am,/. 


(5.315) 


It  is  easy  to  see  that  expressions  (5.315)  coincide  with  formulas 
(5.276),  obtained  for  the  case  of  a stationary  object,  since 


°lx  " -V 


°ly  = -°y  and  °lz  = "V 


Let  us  now  substitute  for  fix,  5v  and  fiz  in  equalities  (5.310) 
the  expressions  which  derive  from  relations  (5.159)  and  (5.164), 
if  u and  in  in  the  latter  expressions  are  replaced  by  their  values 

y z 

(5.313),  and  0^x  and  0^  are  replaced  by  their  expressions  (5.314). 
Wc  then  obtain: 
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\ , 


»» sin  q ) / | A/sin(«  slit «j)/|  to*  i\t  4- 
-f-  lAx’cotC*  siity)  / -f  Ay'*'. i ii (/i  ) /|  »Iik<\/  — 

21'ln 


— — ^ for*  ftmh  n\, \f'2t  -f-  - -'7—'  co  ih  (i\| 

• v si  * 


, Ah,  — r \mt  u *lny  f „ . . . . 

-f  — £ -v ”t  *“  Cos  b\J C0>  ii*  'ill  q ) /|~ 

< 

A/i j — f Arnt  ft  it><  if  — r Aw.  m 'In  if 
— . ■ - ' ■ <QS  t\J  sin  (ft  SllM|)/ 


y~Uu  co<  f(  Nn#  f-?r  A*ir  wco»^) 


SlWhl'  Vi  1^2  / -f- 


+ r [W,  cos  if  0?,  slit  if  )«>s  if  - —i  slit  if 
-f-cos  tf(  \mf  co>  n'  4*  Am,  mii«,  )/  -f- 

*f* (<l|, Sill <|  — Oi'i Cos tf  i »'••«/./  f 

6y,  C (A/ (OS  (u  sin  If  )»—*.(•  sin  (H  slit  If)  >|  cos  «V  f 

-f-  _L  |Ay"cos(ii  s'n  n )/  — 6*°»ln(«  *ln  <f)/|  »li»«i\,/ 

■ SuSsmtcotT  (6.rCMhl,V)j'j/  + _i£L  „.h  V'2  /)-|- 

ft.fi  \ ‘ • 

.4.  A"vr-^"'JLi^.CCn,iaf1ln(inlnir)/4- 
*N> 

An,— (Am.  ucosif-cAm.uilnf 

1 |l—  (osi>v/cos(uslii  t)/|+- 

«5 

Sj»  lln  f cos  f On,  + •'  A",  “ *•*  1 ) , , 

- ■■"  \ COiMif,  I * * 

IBb^f 

_ , f („». _AM>,.nt-AMi(QM) foj w/  f 

+ (®i» ,|n  t - 0i«  «>»<r + ~z~)  *1*  *^]  • 

A 7,  =a  A/I,«»»I><1)  \^2  I i ^pn-  SinM'fi  V?  I + 

»’( I 2 

I (co.M.y,  j'5/  - l)  . 

H 


(5.316) 

* 

Formulas  (5.316)  give  the  relation  between  6x3,  5y3,  6z3  of 

the  total  errors  in  the  determination  by  the  inertial  system  of  the 
coordinates  and  the  instrument  errors  and  the  errors  in  the  initial 
conditions  for  motion  along  a parallel. 

For  v = 0,  motion  proceeds  in  the  plane  of  the  equator,  i.e. , 
in  a plane  containing  the  center  of  the  earth.  It  is  therefore 
natural  that,  for  P = 0,  formulas  (5.316)  reduce  to  formulas  (5.275), 
(5.288)  and  (5.204)  . 
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For  <f  = j , i.e.,  at  a pole,  the  object,  being  stationary 
relative  to  the  earth,  is  at  the  same  time  stationary  in  the 

coordinate  system.  Formulas  (5.316)  should  then  be  derived  from 
formulas  (5.263)  for  the  case  of  a stationary  object.  It  is  easy  to 
show  that  this  can  indeed  be  done.  In  fact,  for  p = y,  the  first 
two  equalities  (5.316)  take  the  form: 


Ajr,  =s  (Aa°cus  ut  • j Ay*  slim/) cos  by,/ 4 
4-*  (Ajr°cos  ut  4 Ay*  slim/)  slimy/  4 


4*  A-~-4-A— < ! — cos  \*J  vos  ut)  -f 

4- r [—  “TP  + 4-  ~r  ) cos  ui  4 


cos<y  cos/i/. 


Ay,  =*  (Ay*  cos  ut  — Ax*  sin  «/)cos«y  4 
4 -*  (Ay* cos  ut  — A t0  sin  «/)sln  u\jt  4 
. Aflr  — r Am.u  . , . . 

4— — ^ - ros<Vsln«/4 

. An,—  rSm-u 

-\ 5 ( I — COS  i \,t  cos  ut)  — 


(5.317) 


The  third  equality  (5.316)  does  not  change. 

The  exoressions  (5.317)  for  Ax^  and  5y^  are  projections  of  the 
total  error  vector  6r^  on  the  x and  y axes  of  the  xyz  trihedron 
rotating  with  the  earth  (the  z axis  coinciding  with  f'e  earth’s  axis 
of  rotation).  Fxnrossions  (5.2G3),  on  the  other  hand,  are  projections 
of  the  vector  6rj  on  the  axes  of  a fixed  trihedron.  In  order  to 
distinguish  these  trihodra,  wo  denote  the  latter  by  x’y’z’ . The 
relative  position  of  the  x,  y,  z and  x’  , y’  , z’  axes  will  then  bo 
determined  by  the  following  direction  cosines: 

x'  y s' 

COS  ut  Sill  ut  0 

si:»y/  tosii/  o (5.318) 

0 0 1. 


X 

y — 

l 
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In  formulas  (5.37)  Am  , Am  , An  , An  are  constant.  If  in 

x y x y 

the  first  two  equalities  (5.263)  we  substitute  in  place  of  Am  , Am  , 

**  J 

An  , An  the  following  quantities 

x y 

Am'  « A mt  cos  nt  — A mf  sin  ut, 

Am'  « Am,  sin  ut  -f  Amy cos  ut. 

An;  = An,  cos  ut  — Any  sin  ut, 

An;  = A nt  i>.>ut  -f-  A«y  cos  ut 

and  integrate,  we  find  Ax’3  and  Ay’3.  If  we  now  convert  from  Ax’-j 
and  Ay'-j  to  Ax3  and  Ay3  in  accordance  with  the  formulas  deriving 
from  table  (5.318) 

AXj-t-cJcosHf-HyJsInwf.  A)'a=  -•  K sin  </H  Ayjcos  «/ 

and  take  into  account  the  fact  that  u is  small,  we  arrive  at  equali- 
ties (5.317) . 

Let  us  turn  to  formulas  (5.294),  (5.288)  and  (5.275)  defining 
the  errors  Ax-j,  Ay3,  6z3  in  the  case  of  motion  at  constant  velocity 
along  an  arc  of  a great  circle,  and  compare  them  with  formulas  (5.316) , 
qiving  the  same  errors  for  the  case  of  motion  alonq  an  arbitrary 
parallel  (along  an  arc  of  a small  circle) . 

The  third  formula  (5.316)  differs  from  (5.275)  only  in  that  it 

I 

has  Anz  + 2rAmyu  cos <p  in  place  of  Anz.  The  term  2rAmyu  cos<p  may  be 

ignored  here,  and  so  the  third  formula  (5.316)  coincides  with 
formula  (5. 375) . 

According  to  the  first  two  formulas  (5.316)  , the  errors  Ax3  and 
Ay3  consist  of:  constant  components,  oscillations  at  two  close 
frequencies  + u simp  and  o)q  - u simp,  resulting  in  pulsations  at 

a frequency  u sin  ?,  oscillations  at  a frequency  u and  components 
which  increase  exponentially.  Moreover,  the  expression  for  Ax3 
contains  the  comnonent  rcostp  (Am  cos » + Amzsimp)t,  which  increases 
linearly  with  time.  Formulas  (5.294)  and  (5.288)  differ  from 
expression  (5.316)  for  Ax3  and  Ay3  not  only  in  the  coef f icients , but. 
also  by  the  presence  of  pulsations  at  the  two  close  frequencies 
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wQ  + u sin<?  and  u>Q  - u sinv,  and  also  by  the  fact  that  the  exoo- 
nential  terms  in  the  case  of  motion  along  a parallel  enter  into  both 
6X3  and  673,  while  in  the  case  of  motion  along  a great  circle  they 
enter  into  expression  (5.294)  for  6X3  only,  and  are  absent  from 
formula  (5.288)  for  dyj. 


The  latter  difference  is  the  more  significant,  since  for 
extended  operation  of  the  inertial  system  it  is  the  exponentially 
increasing  terms  which  give  rise  to  the  largest  error.:  The  numerical 

calculation  carried  out  in  §5.5.2  for  the  oreceding  case,  i.e., 
motion  along  a great  circle  of  a fixed  sphere  surrounding  the  earth, 
showed15that  these  terms  begin  to  decisively  influence  6X3  in  only 
30-35  min  from  the  moment  at  which  the  system  begins  to  function 
(for  an  object  which  is  stationary  relative  to  the  earth  at  the 
equator).  The  same  time  period,  obviously,  aoplies  to  motion  along 
a parallel,  since  the  angle  ut  remains  small  (<7.3  • 10-5  x 35  • 60  = 
0.15  rad)  , such  that  we  may  consider  cos  ut  = 1,  and  sin  ut  = ut. 
Taking  this  into  account,  and  also  that,  as  a rule, 


n<|Aw, |.  ( An, | y-> rn ) V»i,|.  ( A/i,| 

I I - r"  I 

formulas  (5.316)  may  be  simplified  to  the  form 


6.v,  *=>  -5-  f r0'|’y  •+  r Am,/  -|-  (<Vv*  - V'tsi*,/  f 
•'Vj  \ / 

+ Aii sin  ,,J  - \t, / + 

o.j  H Hi 


-t  \'2  /]  , 

-.1  J 


6v j — — — H)1,  — r Am,/  I (<\\‘" I 

Av®  fill7  sill  If  i«»S  If  f \ I it  1 

---slii.V  I — t I ' I- 

Mj  9i’j  -*V  / 

-i  "V/- , *'"h  "V  1^2 /] 

l j 


'/-I- 


(5.319) 


(5.320) 


The  first  formula  (5.320)  coincides  with  formula  (5.294),  if 
in  the  latter  we  set  = u cos, ; the  second  formula  (5.320)  differs 
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n=" 


— >■ 


•W" 


from  equality  (5.289)  or  from  the  second  equality  (5.274)  in  its  final 
term,  the  coefficient  of  which  contains  the  square  of  the  rate  of 
rotation  of  the  earth. 

It  is  evident  from  relations  (5.320)  that  the  exponential 
terms  influence  6y3  to  a lesser  extent  than  6x^,  and  so  the  operational 
time  of  the  system  will  be  limited  during  motion  along  a parallel  by 
the  allowable  magnitude  of  6x^. 


Approximate  formulas  for  the  orientation  errors  may  be  obtained 
from  expressions  (5.311),  if  values  for  <5x,  6y,  6x3  and  are 
substituted  into  them  in  accordance  with  equalities  (5.164),  (5.320) 
and  (5. 315) . Then 

0^-7(T+(V“T)C<'‘^  + 

+ »i!„n<.v+*£i£»i2 !ix 


•Cl 


. . . Jt'?  ^ 

4 s!n«y : X 


x i|)* ^ • 

0,«=  -0?,  — Am,/-)  4 -W  + 

-f — / av>  — cos <y  t —sin <y  ~ 
[(^°+ "^i  + 


21  2 W CQ9«P  I 


(5.321) 

As  is  evident  from  these  expressions  for  the  projections  0 , 

0 and  9 , they  all  contain  terms  which  increase  exponentially  with 

y ^ 

time.  Quantitative  analysis  of  formulas  (5.321)  may  be  carried  out 
in  a manner  analogous  to  the  analysis  of  formulas  (5.316)  and  (5.320) 
for  6x.j  and  6y3< 
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5.5.4.  Keplerian  motion  of  an  object.  The  case  of  an  elliptic 
orbit  with  a small  eccentricity.  Let  us  consider  the  relation  between 
errors  in  the  determination  of  coordinates  and  orientation  errors,  on 
the  one  hand,  and  instrument  errors  and  errors  in  initial  conditions, 
on  the  other,  for  Keplerian  motion  of  an  object.  We  will  confine  our- 
selves here  to  the  case  of  elliptical  orbits,  for  which  a solution  to 
the  first  group  of  the  error  equations  was  obtained  in  S5.5. 


We  note  first  of  all  that  for  the  special  case  of  a circular 
orbit,  this  question  has  already  been  considered  in  the  analysis  of 
errors  for  the  case  of  motion  at  constant  velocity  alonq  an  arc  of  a 
great  circle  on  a fixed  sphere  surrounding  the  earth.  The  projections 
Sx^ , 6y j,  6z3  of  the  error  vector  6r3  on  the  axes  of  an  orbital 
trihedron  are  expressed  for  the  case  of  motion  in  a circular  orbit 
by  the  formulas 

6.r,=*ft.r  -f  rftlr,  t>y,  = Ay  — #0„.  1 

hi  h.  I 

(5.322) 

where  5x,  Sy,  6z  are  given  by  equalities  (5.177),  and  and 

by  equalities  (5.60)  with  replaced  by  w0.  Expressions  for  the 
errors  Q^,  0 , 9z  in  the  determination  of  the  orientation  parameters 
are  given  by  formulas  (5.300): 


(5.323) 


For  constant  instrument  errors,  the  formulas  for  the  determina- 
tion of  6Xj,  6y3  and  reduce  to  formulas  (5.298),  (5.290)  and 
(5.287),  and  the  formulas  for  the  determination  of  Qx,  0 , 0^  reduce 
to  formulas  (5.309).  Expressions  (5.298),  (5.290),  (5.287)  and 
(5.309)  are  characterized  by  the  fact  that  they  do  not  contain  expo- 
nentially increasing  terms. 

The  error  5y-  in  the  determination  of  the  location  of  the  object 
in  a plane  normal  to  the  orbital  plane,  is,  according  to  equality 
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(5.290)  , a harmonic  oscillation  at  a frequency  w0  about  some  displaced 
equilibrium  position.  The  error  6z^  in  the  determination  of  the 
distance  to  the  center  of  the  earth,  as  follows  from  relation  (5.287), 
includes,  in  addition  to  harmonic  oscillations  at  a frequency 
a component  which  increases  linearly  with  time:  2Anxt/wQ.  The  error 

(Sxj,  given  by  formula  (5.298),  contains  the  linearly  increasing  com- 
ponent (-3<5x°  - 66z0o)q  - 3rAniy  - 2An2/u>Q)t,  as  well  as  the  component 

-3Anxtz/2,  proportional  to  the  square  of  time. 

The  error  0^  in  the  orientation  of  the  object  in  the  plane  normal 
to  the  plane  of  motion,  according  to  the  first  formula  (5.309)  is, 
like  Ay-*,  a harmonic  oscillation.  The  error  0 is  determined  by  the 
second  formula  (5.309).  It  contains  linear  and  quadratic  functions  of 
time.  The  error  02  coincides  with  the  corresponding  error  for  the 
case  of  a stationary  object. 

For  an  elliptic  object  with  arbitrary  eccentricity,  the  general 
formulas  (5.322)  and  (5.323),  of  course,  remain  valid,  except  that 
Ax,  Ay , <5z  must  be  replaced  by  their  expressions  (5.258)  , in  which 
the  matrix  elements  Ai ^ , B^,  D^..  and  E^  are  determined  by  equalities 

(5.239),  (5.240),  (5.251)  and  (5.252).  Initial  values  x?  are  related 

to  fix’,  6y°,  6z°,  Ax° , 6y°,  6z°  by  equalities  (5.255)  and  (5.256), 
and  r and  v are  soecified  as  functions  of  time  by  formulas  (5.216) 
and  (5.221) . 

Formulas  (5.322)  and  (5.323)  also  corttain  the  picjections  0^x# 

°1  ' °lz’  GXPresGi°n  f°r  given  by  the  second  formula 

(5.71).  As  regards  0^x  and  0^2,  they  are  obtained  from  formulas 

(5.771  , if  in  them  w is  replaced  by  v,  in  accordance  with  the  second 
formula  (5 . 227) . 

From  the  formulas  for  the  matrix  elements  A^j,  D^^and  E^j 

it  follows  that  Ay^  and  0^  will  be  periodic  functions  of  time,  Az^  and 
0 will  contain  linearly  increasing  terms,  and  Ax,  and  0 will  contain 

/.  J Y 

linear  and  quadratic  functions  of  time. 


510 


! 


The  quantitative  analysis  of  formulas  (5.322)'  and  (5.323)  for 
the  case  of  motion  in  an  orbit  with  arbitrary  eccentricity  qives  rise, 
in  general,  to  considerable  difficulties,  since  the  integrals  in  the 
right  sides  of  formulas  (5.258)  and  (5.77)  even  for  constant  instrument 
errors  may  be  taken  only  in  series. 


Let  us  consider  the  case  in  which  the  eccentricity  of  the 
elliptical  orbit  is  small.  We  then  find  from  equality  (5.221), 
retaining  only  those  terms  on  its  right  side  containing  e to  the  first 
degree : 

*in£ « sill .W (I  -t  f cos .11).  (5.324) 


I 

Setting  K ( t Q ) = vftg)  = 0,  we  obtain  Mq  = 0,  and  from  the  first 
relations  (5.216)  and  equality  (5.324)  it  follows  that 


Sin/.'rr  Sill  V(/  - /0>  1 1 4-  < cos  \ (/  — /u)l 


(5.325) 


For  the  sake  of  simplicity  we  will  henceforth  consider  that 
tQ  = 0,  i.e.,  that  at  the  initial  moment  the  object  is  located  at  the 
perigee  of  its  orbit  (this,  clearly,  does  not  limit  the  generality  of 
the  analysis).  Instead  of  (5.325)  we  will  have: 


from  which 


ii«£'  = »lnW<l  -f-rcosv/). 


cos  t:  — cos  \/  rsln’v/. 


It  now  follows  from  the  fourth  formula  (5.216)  that 

r-n(\  ccossf). 


and  from  the  second  equality  (5.227)  we  obtain 


(5.326) 

. 

(5.327) 

(5.328) 


* V ( I f 


(5.329) 


Integrating  the  latter  equality  and  noting  that  v(0)  = 0,  we 

f ind : 


(5.330) 
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Formulas  (5.239),  (5.240),  (5.251)  and  (5.252)  for  tho  matrix 


elements  A^j,  n^j,  D^,and  F^j,  contain  the  functions  sin  v and  cos  v. 


On  tho  basis  of  formula  (5.330)  wo  obtain  tho  following  oxDressions 
for  them: 


iint’u<ln\/‘{-<  sin?v/.  cos:1  IVsin’s/ 


(5.331) 


Those  expressions  may  also  be  obtained  from  relations  (5.326), 
(5.237)  and  tbo  next  to  the  last  equality  (5.216). 


We  now  substitute  r,  sin  v,  cos  v and  t0  = 0 into  expressions 
(5.239).  Then,  retaining  only  terms  containing  e to  the  first  degree, 


we 


arrive  at  the  following  values  of  A^: 


A„  ..  — v,)- , 4lt*?2s|n\/4  -jfsinJw. 


y4,,T*2cusw  — r(l  f 3 sin7*/).  * — fcuixt; 

3 \t 


A2l  ra  \ — e (cos\/  4 ^p*lnv/J.  /I*|*"*  —cos v/ 
An  f s!a  2v/. 


/1j,  »-*=  --^(1  -t- frost/),  ^ ~ v (cos  xt  f cos  2v/), 


--  v(sin\/  \ fSloCv/),  vf  sin  v/; 

An  *=  v [ A}~  -F  t (,1s/  cos  \l  — -^— )]  , 

/t„=r  — v (sin  \/  4 sin  Jv/J  , 

— - v|cns\/|  r (i os'  x!  — 0 sin1  v/)|. 

— v(l  -(  r fnssY). 


(5.332) 

Analogously,  from  expressions  (5.240),  (5.328)  and  (5.331)  we  find: 


/!„  3!-ci>ssf  — f (1  I sin’s/),  /*,,^sins/  | -jSlnJs/; 
II, , -j.  \(slri\/  | «i»JiVI.  II,-,— v(cnsv/  | censi’v/) 


(5.333) 


Furtlier,  from  equalities  (5.251),  (5.328)  and  (5.331)  we  obtain: 
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nu**0.  0„  = 2(l  4-2/co»v/). 

/)„  = i(l  f«c°ivO,  D„  = ^slnv/; 

/)„  r=  ilu \l  4- /sin  2vt,  Dn  — cos \l  4- / (cos  2 \t  4-  cos’  v/). 
(2 cnjvf — 3/sln1  \Y),  />„=  | (xi.nY  4- / tin  2vf ); 

Dj,  »=acosv/— 2*  sin*  v/,  Ojj  =»  — sin  W 4-  / |3vl  — -j  sin  2vfJ, 
Du  i [—  2 sin  v/  4-^  (3W  — -j  sin  2vf  j j , 

D„  «*  i |cos  vY  4-  / (cos  v/  — 3 — sin’  vf)J; 

D„  c — I.  /)„  t=3\Y  4-  2/  ( 3 vY  cos \l  — linvOI. 

Ou  ea  i I'HY  4-  / (3v/  COS  Vf  — 2 Sill  V/)|. 

D„  — V I - 2 4-  3f  (v/slnxf  4-  cos  vf)|. 


(5.334) 


Finally,  from  formulas  (5.252),  (5.328)  and  (5.331)  we  find  the 
following  approximate  expressions  for  E^: 

i=tcusv/  4-  / (I  — 2sin*\Y), 
i'u  =»  — 7 [sin  vf  -f  -j  slu  2v/j ; 

/■„  = till \f  4 /sill  2vf. 

i*7i  = -j  fcos \f — / ( 14  sin’s/)). 

(5.335) 

In  order  to  obtain  expressions  for  6x,  6y,  6z,  it  is  necessary 
to  substitute'*  the  values  (5.332)  — (5.335)  of  the  elements  A^ ^ , 

Bij,  E^ j of  the  matrices  A,  B,  D,  E into  the  right  sides  of 

equalities  (5.258)  and  integrate  them  (as  previously,  we  will  confine 
ourselves  to  the  case  of  constant  instrument  errors) . 


The  integrands  of  formulas  (5.258)  contain,  in  addition  to  the 
elements  of  matrices  D and  E,  the  projections  Anx,  Any,  Anz,  Amx , 

Am  , Am  of  the  instrument  error  vectors  An  and  Am  on  the  axes  of 

y z 

the  orbital  trihedron  xyz,  the  magnitude  r of  the  radius  vector  r, 
its  time-derivative  r,  and  the  angular  velocity  oiy  of  tie  orbital 
trihedron.  Formulas  (5.258)  also  contain  the  quantities  Xj , which 

are  expressed  in  terms  of  the  initial  values  6x°,  6y°,  6z°,  6x°, 

6y°,  6z°  by  equalities  (5.255)  and  (5.256). 


i 


The  value  of  r is  determined  by  expression  (5.328),  from  which 
it  follows  that 


r « 


— 4rv&ln\/. 


(5.336) 


Performing  the  indicated  substitutions  and  the  integration  on 
the  right  sides  of  formulas  (5.258),  we  arrive,  after  the  appropriate 
transformations,  at  the  following  relations: 


tx  = bx°  + — (4  sin  v/— 3v/)  4 f>  6*ft(sln  \7— v/)  + 
+2^(cosv/-l)4-^(-^-4-4(l-cosvo)  + 

4-  (S|„  v/  v/)  + (s,n  v/  ~ v0  + 

4 f[Anx(--^cosv/  — ^-sIdv/4  ^rc°sv/  — 

- i + jr  »•"’  w)  + An*  (-  T ” T cos  W + 

4 2^  si"  v/  4 -^r  s'"  2W  - sin  W cos  2v/)  + 

4-2n  Awiy  | — G/  — 6/ cos  W 4-  sin \7  4* 

4-  sin  2\l  — ^ sin  v/  cos  2vf]  4 6jf°(  I -cos  \l)~ 
_iirl(W  •)  v/  cos  \7  — sin  2\7)  — 

— 3 bz°  (S\7  f-  2 v/  cos  v/  — sin  2 \7  — 4 sin  v/J  4 

4 ifl(l  4 cos*  v/  — 2 cos  v/)J  . 
6y  = — ' -*■  ( 1 - cos  vO  4 Ay”  cos  \7  (- 

4 ill slu \i  + c[ -p--  ( I — cos \7  4-  s lu’v/  — 

_ l\l  sin  v/J  4 ■£^“(cosW — I — Sill*  v/ 4 \7  si n v/) 4 
4 lAfi(v/iosv/— slnv/)  46y"(cos\7—  I—  Mn’v/)  )- 
4 -i-  ( - sin  v/  ■(  sin  \7  cosvf)J  . 
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bz  = 2(t',+v-VN.>1.( I -cos  V/)  iizn(-« -3 CON v/)  + 
-f-^siii>7-|  ^i-(\7-slnv/)-(- -p'  (l-cos\7)  + 

+ *[•'»,(  — Kl"v/ Jv-  i-^.rvinW- 

— ^ shl 2v/)  -(-All, (-  sill \7  )~Mii7\7- 

— cosv/  -•  sl"’  v/  cos  v/J  -I- 

-|-2«  A*y|—  4/sln\7  - “Ciwv/  | 

+ 7 sl»:  V/  \ £ COS  V/  cos  2v/)  I ( I - CO'V  /— 

— s 1 11  v/J  | A*n(  - Gv/ sin v/  | 10 — IUchsy/-}- 

-(  6 slu7  \7)  (-  (sin  2\7  — 2 sin  v7)] . 


(5.337) 


The  terms  in  formulas  (5.337)  which  do  not  contain  the  orbital 
eccentricity  e as  a factor,  characterize  the  errors  fix,  fiy,  fiz  for 
the  case  of  motion  in  a circular  orbit.  These  terms  differ  from  formu- 
las (5.118)  above  only  in  that  formulas  (5.337)  contain  v in  place  of 
wQ.  For  motion  in  a circular  orbit  Wg  = v. 

The  expression  in  brackets  in  formulas  (5.337)  characterize, 
clearly,  the  dependence  of  the  errors  fix,  fiy,  6z  on  the  eccentricity 
e of  the  orbit.  Examination  of  these  expressions  shows  that  they 
do  not  contain , the  time  t to  a oower  hiqher  than  the  second,  and  that 
t?  is  contained  in  the  square  brackets  of  the  expressions  defining 
fix  and  fiz  as  a multiplier  of  Anx>  For  the  case  of  motion  in  a circular 
orbit,  t?  enters  only  into  the  expression  for  5x. 

If  we  comnare  the  expression  for  fix  for  the  case  of  a circular 
orbit  with  the  first  formula  (5.337),  we  see  that  it  is  easily 
demonstrated  that  the  extent  to  which  the  orbit  differs  from  circular- 
ity, i.e.,  its  ellipticity,  does  not  give  rise  to  a significant  chnnqe 
in  the  dependence  of  fix  on  time.  As  for  the  case  of  a circular  orbit, 
Cor  the  case  of  an  elliptical  orbit  the  time  functions  enter  as  factors 
in  the  corresponding  instrument  errors,  are  analogous  in  the  sense 
that  they  contain  time  (outside  of  the  trigonometric  functions)  to 
the  same  powers.  The  same  is  not  true  with  regard  to  Ay  and  fiz. 
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Thus,  the  expression  for  6y  for  the  case  of  a circular  orbit  contains 
time  only  in  terms  of  a trigonometric  function.  For  the  case  of  an 
elliptical  orbit,  on  the  other  hand,  the  expression  for  6y  contains 
the  term  eaAmxt  cos  vt.  (It  should  be  noted  that  for  the  case  of  a 
circular  orbit,  6y  in  general  is  not  a function  of  Amx>)  It  is 
evident  from  the  third  formula  (5.227)  that  for  the  case  of  ah 
elliptical  orbit,  for  all  of  the  instrument  errors  and  errors  in  initial 
conditions  of  which  6 z (after  subtraction  of  6z°)  is  a function,  the 
time  t appears  to  a power  greater  by  1 than  for  the  case  of  a circular 
orbit. 


Let  us  now  turn  to  the  integration  of  the  right  sides  of 
expression  (5.71)  for  the  case  of  motion  in  an  elliptical  orbit  with 
small  eccentricity.  The  first  and  third  expressions  are  to  be 
integrated,  since  the  formula  for  0^  does  not  differ  from  the  formula 
derived  previously  for  the  case  of  a stationary  object.  The  first 
and  third  formulas  (5.71)  are  equivalent  to  formulas  (5.77).  Let  us 
substitute  for  on  the  right  sides  of  formulas  (5.77)  its  value  from 
equality  (5.329)  and  consider,  as  before,  the  instrument  errors  Amx 
and  Am  to  be  constant.  Then,  noting  that 

I 

j u,  dt  = \t  -f  2r  sin \t, 

(5.338) 

and  therefore  that,  with  accuracy  to  within  terms  of  the  first  order 
of  smallness  relative  to  e, 

I 

sin  j o,  dt  sin  v/  *-  f sin  Jv/. 
n 

l 

cos  j iiif  dt  *=■  cm  v/  — 2t  sin  vc. 


we  find  formulas  for  G^x  and  P^y  in  the  following  form: 


Oi, I = 0?. cos \!  ~ 0?,siii\/  I “ sinv.* — 

— — cos\/)  t-c|  Sft'.Mn’v/— 0T,siii2v/  {- 

0„  = 0i,slnv'-i  0?,cos\f  ).  (|  _ cosW)  f- 

-)  '7'.  sinv/  )■  r [ll.,  Mills/  i-nj, sin’s/  4- 
• ■+  (l ~ ’ ■'Bl»  ('  t'  )]• 


(5.339) 
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(5.340) 


The  terms  in  formulas  (5.340)  which  do  not  contain  e characterize 
the  errors  0^x  and  0^  for  the  case  of  motion  in  a circular  orbit. 

If  we  now  substitute  expressions  (5.337)  and  (5.340)  together 
with  equality  (5.328)  and  the  value 


°""0?'  + AV  (5.341) 

into  formulas  (5.322)  and  (5.323),  we  will  find  the  relations  between 


y ez 


the  total  coordinate  errors  Sx3,  Sy3,  and  the  errors  0} 

in  the  determination  of  the  orientation  parameters  for  motion  in  an 
elliptical  orbit  with  small  eccentricity. 


Notes 


1.  Lur'ye,  A.  I.  Analiticheskaya  mekhanika  ( Analytic  Mechanics), 
Fizmatgiz,  1961;  Appel',  P.  Teorcticheskaya  mekhanika  (Theoretical 
Mechanics) , vol.  2,  Fizmatgiz,  1960. 

2.  Compare  for  example,  Gursa  [Goursat] , E.  Kurs  matematicheskogo 
analysis  (Course  in  Mathematical  Analysis),  vol.  2,  Gostekhizdat , 1933. 

3.  Mcrkin,  D.  P.  Giroskopichesk  ye  sistemy  (Gyroscopic  Systems), 
Gostekhizdat,  1956. 

4.  Compare,  for  example,  C'letayev,  N.  G.  Ustoychivost 'dvizheniya 
(Stability  of  Motion) , Gostekhizdat,  1955. 

5.  Bulgakov,  3 . V.  Kolebaniya  (Oscillations),  Gostekhizdat,  1954. 

6.  Thomson,  W.  and  Tait,  P.  Treatise  on  Natural  Philosophy,  vol.  1, 
Cambridge  University  Press,  1879. 

7.  This  property  of  dynamic  systems  is  sometimes  called  in  the 
literature  "stability  in  a finite  interval  of  time"  or  "technical 
stability" . 

0.  Compare,  for  example,  Bulgakov,  B.  V. , op.  cit. 

9.  Compare,  for  example,  Gursa,  E. , op.  cit. 

10.  A detailed  statement  of  the  Theory  of  Keplerian  motion  can  be 
found  in  Subbotin,  M.F.  Kurs  nebesnoy  mekhaniki  (Course  in  Celestial 
Mechanics) , vol.  2,  ONTI , 1937;  Duboshin,  G.  N.  Hebesnoy  mekhanika. 
Zadachi  i metody  (Celestial  Mechanics,  Basic  problems  and  Methods), 
Fizmatgiz,  1963. 


517 


11.  Compare,  for  example,  Stepanov,  V.  V.  Kurs  differential 'nykh 
uravneniy  (Course  in  Differential  Equations)  , Gostekhizdat,  1953. 

12.  Lur'ye,  A.  I.  Free  fall  of  a mass  point  in  a spacecraft  cabin, 
Prikladnaya  matematika  i mekhanika,  vol.  xxvii,  Issue  1,  1963. 

13.  Andreyev,  V.  D.  Integration  of  error  equations  of  an  inertial 
navigation  system  for  Keplerian  motion  of  the  object,  Prikladnaya 
matematika  i mekhanika,  vol.  xxix.  Issue  2,  1965. 

14.  Schuler,  M.  The  disturbance  of  pendulum  and  gyroscope  apparatus 

by  the  accleration  of  the  vehicle,  Physikalische  Zeitschrift,  vol.  24, 
Jahrgang  No.  16,  Leipsig,  1923. 

15.  See  pp.  495-8. 


Y 


Chapter  6 


INERTIAL  NAVIGATION  ON  THE  SURFACE  OF  THE  EARTH 
§6.1.  General  Considerations 

In  the  preceding  chapters  the  theory  of  autonomous  inertial  systems 
was  presented.  These  systems  determine  the  parameters  of  motion 
required  for  purposes  of  navigation  on  the  sole  basis  of  the  readings 
of  inertial  sensing  elements:  newtonometers  and  gyroscopes.  No 
additional  information  is  used  for  this  purpose,  with  the  exception, 
of  course,  of  the  initial  conditions,  which  are  considered  as  known. 

The  equations  describing  the  ideal  operation  of  an  inertial  system, 
i.c.,  the  algorithms  on  the  basis  of  which  the  functional  diaqrams 
an  inertial  system  are  constructed,  as  well  as  the  error  equations, 
i.c.,  the  equations  describing  the  perturbed  operation  of  the  inertial 
system,  were  obtained  for  arbitrary  motion  of  the  object.  Ho  limita- 
tions were  imposed  on  the  trajectory  parameters.  The  only  condition 
which  might  in  a certain  sense  be  considered  as  a limitation,  was  the 
assumption  that  the  flight  trajectory  was  sufficiently  close  to  the 
earth  so  that  gravitational  attraction  on  the  sensitive  masses  of 
the  new tonometers  caused  by  all  celestial  bodies  exceDt  the  earth 
could  be  ignored.  This  limitation,  however,  is  insignificant,  since 
it  leads  to  vanishingly  small  errors  even  for  the  case  in  which  the 
distance  from  the  moving  object  to  the  surface  of  the  earth  is 
comparable  to  its  radius.  In  addition,  this  restriction,  which  we 
used  in  deriving  the  fundamental  equation  (1.88)  of  inertial  navigation, 
is  not  fundamental  in  nature.  As  was  demonstrated,  it  could  just  as 
well  not  have  been  introduced. 

In  the  preceding  chapter  the  operational  stability  of  an  inertial 
system  was  investigated,  and  solutions  to  the  error  equations  for 
several  types  of  motion  were  obtained.  These  solutions  give  the  rela- 
tionship between  the  errors  in  the  determination  of  the  navigation 
parameters  and  instrument  errors  and  errors  in  initial  conditions. 
Analysis  of  the  solutions  to  the  error  equations  showed  that  operation 
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of  an  inertial  system  of  unlimited  duration  is  impossible  if  a given 
level  of  accuracy  in  its  determination  of  the  navigation  parameters 
is,  in  the  general  case,  to  be  maintained.  The  total  errors  in  the 
determination  of  coordinates  and  orientation  increase  with  time. 

For  motion  at  low  velocities  the  coordinate  errors  increase  exponen- 
tially, and  for  Keplerian  motion  they  increase  as  a quadratic  function 
of  time.  Errors  in  the  determination  of  the  orientation  parameters 
increase,  at  best,  as  linear  functions  of  time. 

Let  us  assume  that  certain  requirements  have  been  placed  on  an 
inertial  system  with  regard  to  its  level  of  accuracy  in  the  determi- 
nation of  coordinates  during  some  specified  period  of  continuous 
operation.  Then,  knowing  how  the  functional  errors  of  the  system 
depend  on  the  instrument  errors  and  the  errors  in  initial  conditions, 
it  is  possible  to  impose  requirements  on  the  operational  accuracy  of 
the  system  elements  and  on  the  accuracy  of  the  initial  conditions, 
such  that  they  will  guarantee  a given  level  of  accuracy  in  the  operation 
of  the  inertial  system,  taking  into  account  the  increase  in  the  errors 
over  time.  However,  these  requirements  on  the  accuracy  of  the  system 
elements  and  the  initial  conditions  may  be  so  rigid  that  they  cannot 
be  satisfied. 

This  difficulty  may  be  avoided  by  adducing  additional  information, 
i.e.,  through  correction  based  on  external  sources  of  information 
This  information  could  be  the  height  of  the  object  above  the  surface 
of  the  earth,  as  measured  by  means  of  a barometric  altimeter  for 
a radioaltimeter,  the  velocity  of  the  object  relative  to  the  surface 
of  the  earth,  measured  by  a Doppler  velocity  meter,  the  coordinates  of 
the  object  relative  to  the  earth,  as  determined  by  a radio  navigation 
system  or  a panoramic  radar,  etc.  Correction  of  the  operation 

of  the  gyroscopic  devices  in  an  inertial  system  may  be  based  on 
astronomical  correction,  i.e.,  comparison  of  the  orientation  of  the 
gyroscopes  with  bearings  to  stars,  planets,  or  artificial  satellites, 
on  the  basis  of  bearings  to  orienting  points  on  the  earth's  surface. 

In  the  simplest  case  additional  information  may  be  used  in  the 
following  manner.  From  time  to  time  the  readings  from  the  inertial 
system  are  compared  with  the  values  of  the  navigation  parameters  as 
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derived  from  other  sources,  and  are  corrected  on  the  basis  of  these 
values.  In  this  case,  the  sources  of  error  and  the  dynamic  processes 
in  the  inertial  system  do  not  affect  one  another.  The  interval 
between  corrections  is  determined  by  the  time  during  which  the  increase 
in  the  system  errors  does  not  exceed  allowable  limits.  In  this 
mode  of  correction  the  inertial  system  becomes,  essentially,  a device 
which  stores,  for  a certain  period  of  time  (usually  short) , precise 
information  on  the  navigation  parameters  obtained  from  the  external 
sources.  Continuous  correction  has  no  significance  in  this  case.  Of 
course,  this  correction  procedure,  i.e.,  simple  periodic  correction 
of  the  readings  of  the  inertial  system,  does  not  in  any  way  lead  to 
new  effects  in  its  operation. 

Of  much  greater  interest  are  other  means  of  using  additional 
information,  in  which  such  information  is  actually  used  to  alter  the 
operational  algorithm  of  the  inertial  system.  The  primary  result  of 
this  approach  is  that,  in  addition  to  the  algorithm  (the  equations 
describing  ideal  operation) , the  structure  of  the  error  equations 
changes,  i.e.,  the  basic  character  of  the  dependence  of  the  errors  on 
instrument  errors  and  errors  in  initial  conditions  changes.  Such 
correction  procedures  assume,  of  course,  continuous  use  of  external 
information  during  a relatively  extended  time  period  or  even  throughout 
the  entire  operational  time  of  the  inertial  system. 

Let  us  consider  the  following  instance.  We  assume  that  an  inertial 
system  is  determining  the  curvilinear  coordinates  x 1 , , x3  of  an 

object.  Let  us  further  assume  that,  on  the  basis  of  auxiliary 
information  on  board  the  object,  one  of  the  coordinates,  for  example 
the  coordinate  x1,  may  bo  continuously  computed.  It  is  then  possible, 
clearly,  to  use  this  value  of  the  coordinate  for  the  formation  of  the 
terms  in  the  equations  describing  the  ideal  operation  of  the  inertial 
system  in  which  it  appears.  Dy  differentiating  x1,  we  may  also  form 
terms  containing  the  derivative  x1.  Conversely,  if  the  derivative 
* ! is  known  from  external  information  sources,  the  coordinate  x1  may 
be  found  by  integrating  this  value. 


Two  possibilities  arise  here.  All  of  the  terms  in  the  ideal 
equations  containing  x1  may  be  formed.  In  this  case  the  task  of  the 


inertial  system  becomes  two-dimensional.  Generally  speaking,  the 
newtonometer  the  direction  of  whose  axes  of  sensitivity  is  normal  to 
the  coordinate  surface  x‘  = const.,  becomes  superfluous.  This  newtono- 

i 

meter  may  be  eliminated  from  the  system.  The  equation  containing 
fix1  then  falls  out  of  the  error  equations.  In  the  two  remaining 
equations  the  terms  containing  <5x  1 and  fix1  move  to  the  right  sides. 

Tnoy  are  now  known  functions  of  time. 


It  is  possible,  on  the  other  hand,  to  use  auxiliary  information  not 
to  form,  in  the  ideal  equations,  all  of  the  terms  containing  x1  and  x1, 
but  rather  only  certain  of  them,  namely  those  giving  rise  to  terms 
containing  fix'  and  fix1  in  the  error  equations  and  lending  these 
equations  properties  which  it  is  useful  for  one  reason  or  another  to 
avoid.  In  this  case  the  system  remains  three-dimensional,  i.e.,  all 
three  newtononeters  are  necessary.  The  system  of  equations  describing 
errors  in  the  determination  of  the  coordinates  retains  its  order.  The 
only  difference  will  be  that  now  some  cf  the  terms  containing  6x*  and 
6x 1 move  to  the  riaht  side  and  no  longer  enter  into  the  homogeneous 
error  equations.  It  proves  to  be  the  case  that  both  means  of  contin- 
uous use  of  auxiliary  information  on  the  magnitudes  of  x1  and  x1  may 
lead  to  interesting  results. 


It  was  assumed  above  that  information  on  the  coordinate  x1  was 
known  from  external  sources.  Clearly,  the  problem  is  in  no  way 
different  if  a relation  between  the  three  coordinates  of  the  form 


‘I'Cx1,  k’,  x\  /)  1=0. 


is  known  from  external  sources  of  information. 


(6.1) 


Clearly,  this  relation  may  be  regarded  as  a specification  of  one 
of  tlie  coordinates,  for  example  x1,  as  a function  of  the  other  two. 


The  basic  characteristics  of  this  means  of  using  auxiliary  informa- 
tion in  the  operation  of  an  inertial  system  are,  as  has  already  been 
noted,  the  continuous  participation  of  this  information  in  the  formation 
of  the  equations  describing  the  ideal  operation  of  the  inertial  system 
and  the  dependence  of  the  structure  of  the  error  equations  on  the 
moans  of  using  this  information.  The  problem,  therefore,  is  not  so 
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much  that  of  tho  correction  of  an  inertial  system,  as  of  the  operation 
of  a "complex"  system,  which  includes  devices  by  means  of  which 
auxiliary  information  is  obtained  from  non-inertial  sources.  In  the 

t 

general  case,  a system  of  this  sort  loses  tho  independence  characteristic 
of  a purely  inertial  system. 

Systematic  analysis  of  tho  problems  involved  in  tho  correction  of 
an  inertial  system  is  not  part  of  our  task  hero*.  There  is,  however, 
a extremely  important  special  case  of  the  use  of  auxiliary  information, 
in  which  tho  system  remains  autonomous  and  purely  inertial:  the  case 

of  motion  along  tho  surface  of  the  ocean,  i.e.,  the  surface  of  the 
terrestrial  spheroid.  This  case  includes,  for  example,  the  motion  of 
marine  vessels  of  all  typos. 

For  motion  along  tho  surface  of  the  terrestrial  spheroid  tho 
position  of  the  object  in  space  is  determined,  clearly,  by  two  coordinates 
on  the  spheroid.  Tho  throe  spatial  coordinates  of  tho  objects  are 
related  by  an  equation  of  the  form  (6.1),  which  is  the  equation  for  a 
spheroid. 

In  terms  of  the  rigid  earth  body-axis  coordinate  system,  £,  n» 

C ( n , n , n ) (with  the  £ axis  along  tho  axis  of  symmetry  of  the  earth) , 
the  equation  of  a spheroid  has  the  form: 

•I'U.  >!■  t)  ~;r- -!  > - 1 “ "■  ’ (6.2) 

Tho  spheroid  is  symmetrical  about  the  £ axis,  and  the  vector  u 
of  tho  earth  rate  may  be  considered  as 

coinciding  with  the  r,  axis.  Therefore,  if  tho  r,  and  r,*  axes  are 
considered  as  superposed,  equations  (6.2)  retains  its  form  in  the 
coordinates  £*,  n*,  r*. 
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Below  we  will  also  require  spheroidal  equations  in  spherical 
(geocentric  and  geodetic)  and  geographic  coordinates.  In  the 
geographic  coordinates  r,  <?,  X,  the  spheroidal  equation  has  the  form: 


(6.3) 


This  equation  is  found  from  relations  (2.20)  and  (2.21)  or 
(2.20)  and  (2.23),  if  in  these  relations  h = 0.  It  gives  r in  terms 
of  the  geocentric  latitude  <y. 

“ (6.4) 

II  ^ 

In  order  to  obtain  the  spheroidal  equation  in  the  geodetic 
coordinates  r,  S,  z,  we  have  only  to  substitute  for  cos* 9 in  equality 
(6.4)  an  expression  in  terms  of  S and  z.  The  third  equality  (3.303) 
may  be  used  for  this  purpose.  According  to  this  equality 

tlnv  iSflCm/imS  t-A„c»w>,|nS  (6.5) 

Finally,  the  spheroidal  equation  in  geographic  coordinates  h, 

X,  has,  clearly,  the  simplest  form: 


(6.6) 


Relations  (6.2),  (G.3)  and  (6.6),  relating  the  coordinates  of 
the  surface  of  the  spheroid,  enable  us  to  express  one  of  those 
coordinates  in  terms  of  the  other  two  in  the  equations  describing 
the  ideal  operation  of  the  inertial  system. 


We  note  that  for  motion  along  the  surface  of  a spheroid  the 
distance  r of  the  object  from  the  center  of  the  earth  becomes  a 
function  of  the  coordinates  of  the  object  on  the  spheroid.  In  our 
analysis  of  the  error  equations  it  was  shown  that  the  greatest 
difficulty  from  the  point  of  view  of  guaranteeing  the  operational 
stability  of  an  inertial  system  arise  as  a result  of  the  fact  that 
nart  of  the  task  which  the  inertial  system  must  perform  is  the 
determination  of  r.  The  composition  (in  the  ideal  equations)  of  the 
gravitational  field  strength  of  the  earth  on  the  basis  of 
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the  magnitude  of  r determined  by  the  inertial  system  itself  is 
orecisely  the  factor  which  results  in  the  appearance  in  the  solutions 
to  the  error  equations  of  rapidly  growing  exponentially  and  power 
functions  of  time.  We  will  see  below  that  use  of  relations  (6.2), 

(6.3)  and  (6.6)  will  permit  us  to  alter  the  ideal  equations  sufficiently 
such  that  these  difficulties  may  for  the  most  part  be  avoided. 

§6.2.  Systems  With  Two  and  Three  Newtonometers 


6.2.1.  Derivation  of  the  ideal  and  error  equations  on  the 
assumption  that  the  earth  is  a homogeneous  sphere.  Let  us  determine 
the  character  of  the  changes  which  may  be  introduced  into  the  structure 
of  the  ideal  equations  and  the  error  equations  for  motion  along  the 
surface  of  the  earth.  In  order  to  avoid  unwieldy  calculations,  it 
is  expedient  to  first  consider  this  problem  under  the  assumption  that 
the  surface  of  the  earth  is  a sphere  of  radius  r0,  and  that  its 
gravitational  field  is  spherical,  i.e.,  that  the  strength  of  the 
gravitational  field  is 

(6.7) 

Both  of  these  assumptions  are  equivalent,  clearly,  to  the 
assumption  that  the  earth  is  a homogeneous  sphere.  Under  this 
assumption,  motion  along  the  surface  of  the  earth  is  equivalent  to 
the  condition 

r e>  const 

(6.8) 

and  there  is  no  longer  any  need  to  determine  r. 


We  will  make  use  of  this  fact  in  order  to  vary  the  structure  of 
the  ideal  equations.  There  are  two  possibilities  in  this  regard^ . 

The  first  possibility  derives  from  the  fact  that  two  of  the  newtono- 
meters of  the  inertial  system  are  located  in  a plane  tangent  to 
the  surface  of  the  earth,  while  the  third  is  completely  superfluous. 

In  the  second  case,  all  three  newtonometers  are  retained  in  the  system. 
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.and  no  restrictions  are  placed  on  their  orientation,  but  the 
strength  of  the  gravitational  field  is  formed  in  accordance  with 
the  known  value  of  r = r^,  i.e.,  in  accordance  with  equality  (6.7), 
it  is  assumed  that 


If  all  three  newtonomctors  are  retained  in  the  system,  the 
ideal  equations  retain  the  form  that  they  have  for  the  case  of 
general  motion,  except  that 


p»d  v =*  — T-  ■ 
r0 


(6.10) 


It  was  shown  earlier  that  the  error  equations  for  an  arbitrary 
inertial  system  with  throe  newtonometers  reduced  to  equations  (5.1) 
(5.9),  equations  (5.1)  being  the  projections  on  the  x,  y,  z axes  of 
the  first  vector  equation  (5.17): 


tr  . m t>r  \\r  3r  Ar 

Sir-+—> ,-r— 7»- 


» n k v,  dr  , vy  rfA m 
• X-jj-+rX~3j-  • 


(6.11) 


In  deriving  this  equation,  terms  containing  variations  of  the 
non-spherical  component  of  the  earth's  gravitational  field  were 
considered  sufficiently  small  to  be  ignored.  This  means,  essentially, 
that  in  our  analysis  of  the  error  equations  the  gravitational  field 
of  the  earth  was  considered  to  be  spherical.  In  the  present  case, 
this  assumption  is  introduced  from  the  beginning. 

If  Tq  is  used  only  in  the  formation  of  the  quantity  u/r q in 
the  ideal  equations,  and  it  is  precisely  this  variant  which  we  are 
now  considering,  then  in  equations  (6.11)  the  only  term  which  changes 
Is  the  last  term  on  the  left  side,  containing  the  factor 


A l J ) I I 3,  Al 

6 It?  / ” T7~FW  ~ h •=  - — 


(6.12) 


This  term  will  now  be  equal  to  0.  Equations  (6.11)  therefore 
akes  the  form: 


(6.13) 
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In  terms  of  projections  on  the  x,  y,  z axes  of  the  moving 
trihedron,  the  z axis  of  which  is  directed  along  the  vector  r,  we 
obtain  the  following  equations: 

t'x  4 (1.1J  — ii>!  — n)J)4.tc  4 (•'>,<■>,  — “,)*y  — 

— Jo),  by  •)  4 4 — 

a A/i,  — A mfrt  — Am,  — Am,. 

»y  4 K <■’])*>  + ("V"i — '">) 6* — 

— 2<ii,  4:  4 (<■>,",  4 •O 4 2">,  Af  = 

» A/i,  4 A m,rt  — v*»  4«, — Vi  l'mr 

*i  4(<aJ  — — “!)6/  + — “,)*■*"" 

-Sw,4.r  -»  (<•>,<•',  4<0*y  f 2u,Ay« 

a Ad,  4 2r  («•>,  Am,  +■  w.  Am,). 


where 


(6.14) 


mj  **  |i/rj. 


It  is  evident  that  the  remaining  error  equations  of  the  system, 
except  for  the  first  group  of  equations  obtained  above,  do  not  change, 
since  they  do  not  contain  the  gravitational  field  strength. 

Let  us  now  turn  to  the  second  alternative  approach  to  the  con- 
struction of  an  inertial  navigation  system  for  the  case  of  motion 
along  the  surface  of  the  earth,  namely,  to  systems  using  two  newtono- 
meters  oriented  in  the  plane  of  the  horizon,  i.e.,  in  the  plane  normal 
to  the  vector  r.  Without  decreasing  the  generality  of  our  analysis 
we  may  consider,  clearly,  that  the  missing  newtonometer  is  the  one 
oriented  along  the  axis  coinciding  with  the  vector  r. 

Let  us  consider  the  cases  of  the  determination  of  Cartesian  and 
spherical  curvilinear  coordinates. 

In  the  first  case,  the  ideal  equations  are  easily  found  from  the 
general  equations  (3.59)  — (3.65).  If  we  consider  that  the  z axis 
of  the  platform  of  the  inertial  system  coincides  in  the  unperturbed 
position  with  the  direction  of  the  radius  vector  r,  then  we  must 
introduce  the  following  changes  into  equations  (3.59)  — (3.65): 
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at 


we  must  everywhere  set  x = y = 0,  z = drop  equations  (3.65)  and 
the  third  equation  (3.59);  set  gx  = = 0,  and  vz  = 0 in  the  first 

two  equations  (3.59),  in  accordance  with  equality  (6.7).  Equations 
(3.59)  will  then  take  the  form: 


»« *=  J (n,  f 4-  V/((i), 

0 

t 

vt  ■=/<"»- til  + v,  (0). 
0 

V,  ■=  =■  - 


(6.15) 


Equations  (3.60),  (3.61)  and  (3.64)  do  not  change,  since  they  do 
not  contain  x,  y,  z.  Relations  (3.62)  will  take  the  form: 

t. -«,/»•  n.=«.M'o  (6.16) 

Relations  (3.63)  will  change  in  an  analogous  fashion: 

>1  p (6.17) 

For  the  case  of  spherical  curvilinear  coordinates,  in  order  to 
obtain  the  ideal  equations  we  may  also  use  the  general  equations 
obtained  in  53.2.  For  oblique  curvilinear  coordinates,  these 
will  be  equations  (3.172),  (3.163)  or  (3.174)  and  table  (3.173). 

For  orthogonal  curvilinear  coordinates,  equations  (3.210)  — (3.213) 
should  be  used.  If  the  basic  system  is  a maneuverable  gyroplatform 
with  fixed  newtonometers , relations  (3.205)  and  (3.207)  by  means  of 
which  the  controlling  moments  are  determined,  should  be  used  in  place 
of  equations  (3.213). 


For  spherical  curvilinear  coordinates,  for  the  case  of  motion 
on  a sphere,  we  nay  take 


-r  =rv, 

sucli  that  relations  (3.39)  may  now  be  written  in  the  form: 


(6.18) 


V r /'(/.’.  y.  , r). 


(6.19) 


where  the  functions  fs  are  the  direction  cosines  of  the  radius 
vector  r in  relation  to  the  axes,  and  x ? and  x3  are  the  curvi- 
linear coordinates  of  the  sphere. 
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For  the  case  of  obliaue  curvilinear  coordinates  the 

newtonometcrs  n , n , n are  oriented  along  the  vector  rs. 

L1  e2  °3  _ 

In  accordance  with  equality  (6.18),  the  vector  r'  has  the  same 

direction  as  the  vector  r^  and,  consequently,  the  vector  r.  For  the 

case  under  consideration,  the  newtonometer  ng  is  absent.  In 

equations  (3.172),  therefore,  the  first  and  fourth  equations  for 
r and  r,  respectively,  drop  out.  In  the  second  and  third  equations 
(3.172)  the  sums 

c-imv  (6.20) 

also  drop  out,  since  they  are  equal  to  zero,  according  to  conditions 
(6.9).  Equations  (3.172)  therefore  take  the  form: 


“ / K ~ (*'  £ ln  ^ + 

+ r-s-;* + sir.;* + r^)]  at + 

9 

*'  = (jr=5f ) I'a”".  h*  » j x'i//  + h’  (0). 


X*  =»  f0,  X1  =s  0. 

where  s takes  on  the  values  2 and  3. 


(6.21) 


As  a result  of  equalities 

grid'  l'i|J  =»  0,  cud'  l'i|)  — 0 


(6.22) 


S k . 

the  need  to  compute  and  n falls  avay,  and  therefore  equations 

(3.163)  drop  out  of  the  ideal  equations.  Table  (3.173)  retains  its 

form,  except  that  now,  as  in  equations  (6.21),  the  index  s takes 

on  only  the  values  2 and  3. 


For  the  case  of  orthogonal  curvilinear  spherical  coordinates, 
the  changes  in  the  ideal  equations  are  analogous.  The  first 
equations  from  groups  (3.210)  and  (3.212)  drop  out,  equations  (3.211) 
drops  out  entirely,  and  the  three  first  equalities  of  equality  (3.213), 
i.e.,  those  corresponding  to  s = 1,  drop  out.  Relations  (3.205)  and 
(3.207)  remain  unchanged. 
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As  an  example,  let  us  write  out  the  ideal  equations  for  geo- 
detic coordinates  and  the  coordinates  o1,  o2,  examined  in  §3.3. 

For  geodetic  coordinates,  when  the  basis  of  the  functional  diagram 
is  a maneuverable  gyroplatform,  by  returning  to  equations  (3.308), 
setting 

t'  = e 1 = 0,  r = r,.  rt=o 

(6.23) 

and  dropping  the  first  equation  (3.308),  we  obtain  the  system: 


vt  ■=  J + 1 >,<«,)  dt  + v,  (0). 


— <H„cos»  — 6„«m*cosS—  | 

J [cow  cos*'  M 

— ftjjilnfsInSjjdf  -4  SO), 

i 

t rs  j | — <0,  -f-  m(  — ^ii  ^In5  -f-6J?cos5)J<//  4*  * (0). 

0 

ilnif  ^ftji  (os  z cos.’'  -t  i4,cos7slii.S-f  6aslnr. 
o,  = c,  IK  i t-  —j  (*  ,|  cos  S -f  sin  S). 

Al',  =»  — //u)«.  All,  = //(>>,.  All,  =» //m,. 


(6.24) 


If  in  formulas  (6.24)  we  set  633  = 1,  i$31  = 632  = 0 and  sub- 
stitute v and  X for  z and  S,  respectively,  we  obtain  the  equations 
describing  the  ideal  operation  of  a system  determining  geocentric 
coordinates . 


In  order  to  obtain  the  ideal  equations  for  a system  with  two 
newtonometers  in  the  curvilinear  oblique  angle  coordinates  c^,  a2 
on  a sphere,  the  simplest  procedure  is  to  turn  to  equations  (3.344) 
Dropping  the  first  and  fourth  of  these  equations,  setting  r = r^ 
and  r = 0 in  the  others,  and  taking  into  account  equality  (6.22), 
we  arrive  at  the  equations: 


I 


I 

a _ ffSLJ — (o. COSO, COSO,  + 

°l  ■=  I lr,  ^lln'o,  - co»‘o,  ' ‘ 1 

-{■oJ«!no1slno,),ji//  -)-O|(0), 

i.-jlS+FSSaSs1' 

-t  OjCoto^nsnJ’jrff  + o,(0). 

a,  «=  J o,  dt  -f  o,  (0).  o,  «=  J o,  dt  + o,  (0). 


(6.25) 


We  must  add  to  these  equations  the  table  of  direction  cosines 
between  the  unit  vectors  e ^ and  e^  of  the  axes  of  sensitivity  of  the 
newtonometers  nj»  n-j  and  the  axes  £*»  n*  and  £*,  deriving  from 
(3.350) : 


(•  ^l.  t» 

r,  —slnn,  coin,cl|;o,  clg  n,  ^jin’o,  — cos*o,  [ 
cosn,clgdj  —slnn,  cl go,  j'sin'o,— cos’ o,.  | 

(6.26) 


Lot  us  now  obtain  the  error  equations  for  systems  with  two 
newtonometers.  The  first  group  of  error  equations  in  terms  of  pro- 
jections on  the  axes  of  the  moving  trihedron  xyz,  the  z axis 

of  which  coincides  with  the  radius  vector  r,  may,  clearly,  be 
obtained  immediately  from  equations  (6.14).  In  order  to  do  this  we 
lust  drop  the  third  of  these  equations  and  set  5z  = 0 in  the  first 
:wo.  We  then  obtain  a system  of  two  fourth-order  differential 
quations : 


6r  "ij—  ‘'‘i)**  t '''»)  Ay  — 2''',  Ay  = 

■=  An,  — A/ii,f„  — w,  — 
fty 4 (w'  — •■’J  — '-’’JAy  | + = 

« An,  f Am/,  — Am,r0  — n,  \m,r0  £7) 

There  is  one  point  which  needs  to  be  clarified  with  regard  to 
these  equations.  We  obtained  them  by  setting 

A i 0 

(6.28) 

in  the  first  two  equations  (6.14). 
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This  equality  is  valid  for  small  values  of  6x  and  dy,  such  that 
their  squares  (like  the  square  of  6z)  may  be  ignored.  Indeed,  from 
the  identity 


it  follows  that 


'{ = 4 y*  4 i1 


(6.29) 


from  which,  if  5x?,  6y*, 


A*’ 4- Ay’  f Ai’  t-  2^  A;  =0, 

6z?  are  dropped,  equalities  (6.28) 


(6.30) 

follows. 


If  more  than  a first  approximation  is  desired,  the  following 
non-linear  system  should  be  used  in  place  of  equations  (6.27): 


A*  4 (o>2  — wj — *"J)Ar  (•(".«,  — — 

— 2m, Ay  | O'l.M,  4 m,)A*  4 Aj  s 

«=  A/i,  - Am — t»,  A/n/„ — m.  Am/,, 

Ay  4 (•■•2  - <•>}  — mJ)  Ay  -I  • («,«,  4 «,)  6 r 4 
4 2m,  Ax  (m,m,  — m,)A?  — 2h’,a1  =s 

= An,  |-  Am , r„  — m,  Am/,,  — w,  \/n,/'o. 

Av?  ) Av’4  A.»!  | 2r,A.-  -,0.  ( 

6.2.2.  Motion  on  the  surface  of  a terrestrial  ellipsoid. 

Taking  into  account  the  non-sphericity  of  the  earth's  gravitational 
field.  We  will  now  discard  the  assumption  that  the  earth  and  its 
gravitational  field  are  spherical  in  form,  and  consider  the  case  of 
motion  on  the  surface  of  the  Clairaut  ellipsoid  given  by  equations 
(6.2),  (6.4)  and  (6.6)  and  the  expressions  for  the  strength  of  the 
regularized  gravitational  field  of  the  earth  obtained  in  Chapter  2. 

Let  us  again  begin  with  a system  using  three  newtonometers. 

Here,  clearly,  the  ideal  equations  may  be  retained  in  the  same  form 
as  for  the  case  of  arbitrary  motion,  the  only  change  being  in  the 
moans  of  forming  the  projections  of  the  strength  of  the  gravitational 
field.  Thus,  for  example,  for  the  determination  of  Cartesian  coordi- 
nates equations  (3.59)  — (3.65)  remain  valid.  The  only  difference 
in  that  now  in  equations  (3.65)  for  the  formation  of  the  spherical 
component  of  the  earth's  gravitational  field  the  value  for  r obtained 
from  equations  (6.4)  or  equivalent  equations  must  be  used.  We  must 

• • P s 

proceed  in  the  same  fashion  in  the  formation  of  the  sums  grad 
for  the  case  of  curvilinear  coordinates.  If  in  the  first  group  of 
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error  equations  we  ignore  small  variations  in  the  non-sphorical 
component  of  the  gravitational  field,  as  we  did  previously  in 
deriving  equations  (5.1),  then  the  error  equations  will  be  the  same 
equations  (6.14)  as  in  the  case  of  motion  on  a sphere,  except  that 
now  r from  relation  (6.4)  must  be  substituted  for  Tq.  Since  the 
products  of  the  instrument  errors  tines  the  square  of  the  eccentri- 
city of  the  Clairaut  ellipsoid  are  quantitites  of  the  second  order 
of  smallness,  it  is  permissible  to  substitute  r = a for  Tq. 

We  will  illustrate  these  considerations  by  means  of  two  examples. 
The  first  example  is  that  of  a three -newtononeter  system  determining 
geodetic  coordinates.  Let  us  assume  that  this  system  is  constructed 
on  the  basis  of  a maneuverable  platform  such  that  in  the  unperturbed 
Dosition  the  orthogonal  trihedron  xyz  of  the  platform  along  whose 
axes  the  newtonometers  are  oriented  is  a moving  trihedron 
of  the  geodetic  reference  grid  (the  z axis  of  which  is  directed 
along  the  vector  r) . The  ideal  equations  are  then  obtained  from 
equations  (3.308),  if  in  the  integrands  on  the  right  sides  of  the 
first  three  equations  (3.308)  in  the  functions  g1  (r,  9)  and  q3(r,  9) 
r is  expressed  in  terms  of  <p  by  means  of  formula  (6.4). 

The  functions  g1  (r,  <?)  and  g3  (r,  9)  are  the  projections  of  the 
strength  of  the  earth's  qravitational  field  on  the  axes  of  the 
geocentric  moving  trihedron: 

e'(r.  »)  = !»,..  /:V.T)  = r>,.  (6.32) 

where  F?2  and  Fy2  are  determined  by  equalities  (2.98). 

In  order  to  get  rid  of  r in  the  arguments  of  the  functions  Fz 2 
and  Fy^ , we  must  substitute  into  the  right  sides  of  equality  (2.9C) 
the  expression  for  r in  terns  of  ; given  by  formulas  (6.4).  However, 
we  may  also  use  results  which  have  already  been  obtained:  bv  turning 
to  formulas  (2.111)  and  setting  h = 0,  we  obtain 

£,(<P)=3  — £#[l  — 4 -j  -f 

+ **  (—  4s,,',T— 

+ (~  W sln’  T+  |TT  SI"?2,p)]  • 

g'(<P)~  7 £,(?  — e?)sln2i|>[l  — 7^r  + <,,f^=7?j!>,',,2'p]. 
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(6.33) 


Considering,  for  the  sake  of  simplicity,  only  terms  of  the 
order  of  e2 , we  will  have; 


g i (<j>)  a - g,  [ 1 -f  q 4- 1 (3?  - «3>stn>q>j  . 

g*('p)  ■,  (in  2(f. 


(6.34) 


On  the  basis  of  these  equalities,  equations  (3.308)  take  the  form 

i 


r«=  J («,  + », 

- g,  («  + 9 + 7(3?  - '2)*ln>)] 'll  d-  r (0) . 

I 

«,*=  J \ns  + VjU,  — rwt  + 

0 

+ Si (?  — *?)sln <T( — AJ1  sin  S cos  5))  *//  ^ v, (0), 

i 

0 

-f  • (f  — **)  Sln  ‘P  ( _ *31  Sln  2 C0S  “ “ 

— ftM  slii  / sln  S + ftj]  cos  *)|  <lt  vy (0). 

i 

f . V, 

rt=  J rdf  + '■(*’)•  = — y i <'V — >*  • 

II 

1 

5 - J hS?  “ <A«C0S  * - b« 5lM  * cos  5 - 

U 

— AJ?sln/sln5)|  dt-\  5(0), 

, > 

l c=  J I — Mr-f-«( -ft,|SlnS-(-ft.i3c°sS)]i//-|  *(0). 

u 

sln rp -■=  ft,, cos / cos 5 -{  ftj.coszslnS -{-ft.,, sln/, 

0),  <■>,  Ik  z + (ft,,  cos  S f ft„ sln S). 

-//in,.  ,M,'r  = //.!,,  Al?,  = //<•>,. 


(6.35) 


Setting  6^3  = 1*  ^3^  = 632  = 0 and  replacing  S and  z by  X and 
v,  respectively,  we  see  that  equations  (6.35)  convert  into  equations 
for  the  determination  of  geocentric  coordinates. 

We  will  take  as  our  second  example  a system  determining  the 
geographic  coordinates  h,  X,  <p'.  Here  we  can  begin  with  equations 
(3.333).  For  the  case  in  question,  they  retain  their  basic  form. 
Only  the  terms  containing  g^  and  g^,  in  which  we  must  set  h = 0, 
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are  different.  Since  g^  and  g^  are  projections  of  the  strength 
of  the  earth's  gravitational  field  on  the  x,  y,  z axes  of  a geo- 
graphic moving  trihedron, 


> r . n1  = /■ 
V »o  r>/ 


(6.36) 


where  IJj  and  F are  determined  from  equalities  (2.117).  Setting 
in  equalities  (2.117)  the  altitude  h = 0 and  retaining  only  terms 
containing  eJ  and  q,  we  obtain: 


i'i  ™ — c,| i i v f- (ty  — f’jsin’ij'j . 
*in  &r*. 


(6.37) 


Substituting  these  expressions  into  the  first  and  third  equali- 
ties (3.333)  and  leaving  the  rest  unchanged,  we  obtain  the  equations 
describing  the  operation  of  a three -newtonometer  system  determining 
geographic  coordinates. 


We  emphasize  again  that  both  the  system  operating  in  accordance 
with  equations  (6.35)  and  the  system  structured  in  accordance  with 
equations  (3.333)  and  (6.37)  have  as  their  first  group  of  error 
equations  the  system  of  differential  equations  (6.14)  or  the  equiva- 
lent vector  equations  (6.13),  while  equations  (3.308)  and  (3.333) 
correspond  to  the  vector  error  equations  (6.11).  This  difference  in 
the  error  equations  arises  as  a result  of  the  fact  that,  when  equations 
(6.35),  (3.333)  and  (6.37)  are  used,  the  quantitites  r and  h,  computed 
by  the  inertial  system,  do  not  take  part  in  the  formation  of  the 
projections  g1,  g3,  g^,  g^  of  the  strength  of  the  earth's  gravita- 
tional field,  as  is  the  case  in  equations  (3.308)  and  (3.333). 


The  claim  that  equations  (6.14)  are  to  a first  approximation 
the  error  equations  of  the  systems  in  question  derives  from  the 
following  considerations.  Equations  (6.35),  (3.333)  and  (6.37)  for 
the  case  of  motion  on  the  surface  of  a spheroid  differ  from  equations 
(G.24)  (and  the  equations  deriving  from  then  for  qeographic  coordi- 
nates) in  that  the  former  contain  terms  of  the  first  order  of  smallness 
(containing  the  factor  e?).  The  variations  of  these  equations  will 
therefore  differ  by  terms  of  the  second  order  of  smallness,  i.e., 
they  will,  to  a first  approximation,  coincide.  This  consideration 
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is,  of  course,  easily  supported  by  formal  calculations.  We  will 
not,  however,  perform  these  calculations  here,  since  we  have  analyzed 
this  question  in  detail  elsewhere,  in  an  analysis  of  inertial 
navigation  on  the  surface  of  the  earth  as  a special  case  of  navigation 
close  to  the  earth’s  surface  with  altimeter  correction. 


Let  us  now  consider  the  operation  of  two-newto nometer  systems 
for  motion  on  the  surface  of  the  terrestrial  spheroid,  namely  the 
operation  of  systems  in  which  the  newtoncmeters  are  situated  either 
in  the  plane  of  the  geocentric  horizon  (a  plane  normal  to  the  radius 
vector  r)  , or  in  the  plane  of  the  geographic  horizon  (a  plane - 
tangent  to  the  Clairaut  ellipsoid).  The  general  case  of  the  deter- 
mination of  Cartesian  spherical  curvilinear  coordinates  may  be  , 
regarded  here  in  the  same  way  as  the  case  of  motion  on  a sphere. 

We  will  therefore  not  deal  with  the  general  formulas,  but  will  cite 
them  only  for  the  most  important  cases,  geodetic  and  geographic 
coordinates. 


For  geodetic  coordinates  the  ideal  equations  are  obtained  from 
equations  (6.35),  dropping  the  first  and  fourth^equations  and  sub- 
stituting in  the  remaining  equations  for  r and  r the  expressions  for 
these  quantities  deriving  from  equality  (6.4).  Thus,  for  this  case 
we  obtain  the  following  equations; 

I 

V,  = J I",  (-  «•/■>,  - f- 

0 

+ g,  (?  — »’)  sill  *1  c — A.,,  sin  S -4  f>j,  CHS  S)1  ill  -f  i>,  (0). 

I 

«,  ■=  J K - ;V"<  t- t- 

b 

-4-  /?,  (V  — «•*>  si"  1 C Aj,Miiico«S  - 
— A„  sin  : sin  S -|  A,, cus  i It  t vy  (0). 


I I-  cwi3  f 

iln^caftjjcos  2 cos  5 -f-  6wcos  zs!n5-f-6Milnf. 
V,  V. 


S“|[TS7-7^7<A»to”-*»,ln?C05S-  J 

— A,,  sin*  sin  S)]  rf/-f  S(0). 

I 

#*=  J I— m,  -(-«.(  -A11sln54-AJ1Cf.5.V)|rf/q-/((i), 

n 

W,  = H, Ik <f  4~-;  (A„  cm  S -t  AJ; sin  5), 

b;  — Al|,  tr»  //o»y,  Af|,  //|i»#. 


I 


536 


(6.38) 


Let  us  now  assume  that  the  coordinates  being  determined  are 
the  geographic  coordinates  X and  ? ' , and  that  the  x and  y axes  of 
the  platform  of  the  inertial  system,  along  which  the  newtonometers 
are  oriented,  are  situated  in  the  plane  of  the  geographic  horizon. 
The  ideal  equations  are  then  obtained  from  equations  (3.333)  and 
(6.37).  Dropping  the  first  and  eighth  equations  (3.333),  setting 
h = 0 in  the  remaining  equations  and  substituting  for  g^  in 
accordance  with  the  second  equalities  (6.37),  we  obtain  the  ideal 
equations  in  the  following  form: 


«,«=*  j («,  4-t>, + v,(0), 

0 

j 4-^s'»V]<« 4- MO). 

V 

“1--77  • 

« . «<»—*>  - 


f ' =*  — J w,  4-  f'(0). 

0 

u,  = u,  f'. 

4t|, ' * t ! 1 “ /A.*,.  X 1 1 , - - /A.*,* 


+ ?.(0). 


(6.39) 


Because  e?  is  small,  we  may  expand  the  right  sides  of  the  fifth 
and  sixth  equations  (6.39)  into  series  in  powers  of  e7 . Retaining 
only  terms  of  the  order  of  c7 , we  obtain  the  approximate  expressions: 


f,r=o(l  i ^ f’sln’cp')  . 

r,  *•’( -j  tin1 9'  — lj]. 


(6.40) 


1 


. I 


These  allow  us  also  to  write  the  third  and  fourth  equalities 
(6.39)  in  the  following  form: 


“ VI1  +,,(‘  — v sln''(')j • 

•”r=  y (■  “ 3»,sln?T'). 


(6.41) 
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Analogously,  the  third  equality  (6.39)  may  be  replaced  by  the 
approximation 


t 


= 0(1  — -j-f’tln’tf)  . 


(6.42) 


after  which  substitution  the  fifth  and  sixth  equalities  (6.38)  reduce 
to  the  following  forms: 


y11"’1?)’  V ('  + T (6.43) 

In  the  preceding  subsection,  in  which  we  considered  inertial 
navigation  on  the  surface  of  the  earth  under  the  assumption  that  the 
earth  is  a homogeneous  sphere,  the  first  group  of  error  equations 
(6.27)  were  obtained  for  two-newtonometer  systems.  These  equations 
will  be  to  a first  approximation  the  error  equations  for  motion  on 
the  surface  of  the  terrestrial  spheroid,  independent  of  whether  the 
newtononeters  are  oriented  in  the  plane  of  the  geographic  or  geo- 
centric horizon.  This  fact  derives  from  considerations  analogous 
to  those  presented  above  with  regard  to  three-nnwtonometer  systems 
used  for  navigation  on  the  terrestrial  sphere  and  ellipsoid. 

56. 3.  Schuler  Gyroscopic-Pendulum  Systems 

6.3.1.  The  compound  Schuler  pendulum.  We  will  use  the  term 
compound  pendulum  to  denote  a solid  body  having  an  axis  of  dynamic 
symmetry  and  suspended  from  a noint  on  this  axis  not  corresponding 
to  the  center  of  mass,  which,  clearly,  also  lies  on  the  axis  of 
dynamic  symmetry. 

If  the  suspension  point  of  the  pendulum  moves  arbitrarily  in  a 
coordinate  system  the  axis  of  dynamic  symmetry  will  at 

each  moment  of  time  occupy  in  this  coordinate  system  a position 
determined  by  the  initial  conditions  of  the  motion  of  the  pendulum, 
its  parameters,  the  gravitational  field  of  the  earth,  and  the  law  of 
motion  of  the  suspension  point  of  a pendulum. 

Max  Schuler,  investigating  the  plane  motion  of  the  suspension 
point  of  a pendulum  at  a constant  distance  from  the  center  of  the 
earth,  under  the  assumption  of  the  centrality  of  the  earth's 
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gravitational  field,  established^  that  the  axis  of  dynamic  symmetry 
of  a pendulum,  given  that  its  parameters:  have  been  selected  in  a 
specific  fashion,  may  lie  on  a line  passing  through  the  center  of 
the  earth  at  all  times  during  its  motion,  if  it  lay  on  this  line  at 
the  moment  at  which  its  motion  began.  A number  of  works  were  devoted 
to  the  generalization  of  this  theorem  of  theoretical  mechanics  to 
the  case  of  arbitrary  motion  of  the  point  of  support  of  a pendulum, 
including  works  by  B.  V.  Bulgakov  and  A.  Y.  Ishlinskiy.  Ishlinskiy 
gave  a rigorous  solution  to  the  problem  for  arbitrary  motion  of  the 
suspension  point  at  a constant  distance  from  the  center  of  the  earth.^ 


The  Schuler  theorem  was  the  source  of  the  ideas  on  which  inertial 
navigation  is  based.  Inertial  navigation  systems  developed  at  first 
as  mechanical  devices  modeling  Schuler's  physical  pendulum.  The 
classical  examples  of  this  type  of  model  are  the  Anschutz-Heckeler  , 
pitch  control  gyrocompass  and  the  twin  vertical  gyro.  ® 


It  is  obvious  that  a mechanical  device  givino  an  alignment  to 
the  center  of  the  eartn  is  equivalent  from  the  point  of  view  of  final 
results  to  the  two-newtonometer  inertial  systems  considered  in  the 
preceding  section.  Indeed,  knowing  this  alignment,  it  is  possible 
to  solve  the  problem  of  navigation  on  the  surface  of 
the  earth.  For  this  ourpose  it  is  necessary  only  to  include  in  the 
system  gyroscopes  for  determining  the  orientation  of  the  alignment 
to  the  center  of  the  earth  in  the  0^*ri*C*  coordinate  system,  and, 

;or  navigation  in  an  earth  body-axis  coordinate  system,  a 
timer,  in  order  to  compute  the  change  in  time  of  the  position  of  the 
0l^*rUr*  coordinate  system  relative  to  the  earth.  These  two  approaches, 
however,  are  more  than  superficially  similar.  The  analogy  between 
them,  as  we  will  see,  proves  to  be  much  deeper. 


Lot 

problems 


us  now  consider  Schuler's  compound  pendulum.  We  have  two 
to  solve:  to  determine  the  conditions  under  which  the 
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pof ition  of  the  axis  of  dynamic  symmetry  of  the  pendulum  coinciding 
with  the  alignment  to  the  center  of  the  earth  is  a position  of 
relative  equilibrium,  and  to  investigate  the  motion  of  the  axis  of 
dynamic  symmetry  about  the  posit  on  of  relative  equilibrium. 


Let  us  consider  the  first  of  these  problems.  Let  us  attach 
to  the  body  of  the  pendulum  the  trihedron  Oxyz  (Figure  6.1),  the 
origin  of  which  we  place  at  the  suspension  point  0,  and  the  z axis 
of  which  we  align  along  the  axis  of  dynamic  symmetry  of  the  pendulum 
away  from  the  center  of  mass  C,  which,  therefore,  will  have  the 
coordinates 


*c  = yf  = o.  (6.44) 

The  x,  y,  z axes  arc  aligned  along  the  major  axes  of  the  ellip- 
soid of  inertia  of  the  pendulum,  which  is  an  ellipsoid  of  revolution. 
The  moments  of  inertia  of  the  pendulum  are  therefore  equal: 

j,,  =* Jri J, , o,  rv a,  (6.4  5) 

The  equations  of  motion  of  the  pendulum  are  most  conveniently 
formulated  in  the  0C*n*C*  coordinate  system,  the  origin  of  which 
coincides  with  the  point  0,  and  the  orientation  of  the  axes  of  which 
coincides  with  the  orientation  with  the  axes  of  the  coordi- 

nate system,  i.e.,  fixed  relative  to  bearings  to  distant  stars.  In 
formulating  the  equations  of  motion  we  will  use  the  moment  of 
mcrr'ntum  theorem.  Since  the  coordinate  system  0£*n*C*  moves  by 
translation  in  inertial  space,  the  moment  of  momentum  theorum  leads  to 
the  well-known  Euler  equations  (in  terms  of  projections  on  the  x,  y, 
z axes)  : 
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' — (C  — •= 


(6.46) 


Here  w , u , t re  projections  of  the  absolute 
x y ^ 

rate  of  rotation  of  trihedron  xyz  about  its  axis,  and  Mx,  My,  Mz 
are  projections  on  these  same  axes  of  the  tctal  moment  about 
point  0 of  the  forces  applied  to  the  pendulum. 

Since  the  coordinate  system  *£*,  in  which  the  equations 
of  motion  have  been  written,  is  mobile,  the  inertial  forces  of 
translational  motion  and  Coriolis  forces  should  be  taken  into 
account,  in  addition  to  gravitational  forces  and  the  reaction  force 
of  the  fulcrum,  in  calculating  the  moments.  The  moment  of  the 
reaction  force  of  the  fulcrum  is  equal  to  zero,  since  the  linear 
action  of  the  force  passes  through  point  0 (we  will  consider  the 
fulcrum  to  be  frictionless).  The  Coriolis  forces  are  also  zero, 
since  the  motion  of  the  OT,*n*C*  coordinate  system  is  translational. 
For  this  reason  the  inertial  forces  acting  on  the  elementary  masses 
of  the  pendulum  are  parallel  to  one  another  and  reduce  to  the  single 
force  Q,  applied  to  the  center  of  mass  C. 


We  will  consider  the  earth's  gravitational  field  to  be  homo- 
geneous within  the  amplitude  of  the  pendulum.  The  gravitational 
forces  reduce,  therefore,  to  the  resultant  force 

f = (6.47) 

ipplied  at  the  center  of  mass  C of  the  pendulum  and  directed  along 
ho  strength  vector  g of  the  gravitational  field  at  point  0 
m denoting  the  mass  of  the  pendulum) . 


Taking  into  account  these  remarks  and  equalities  (6.44)  we 
1 ind  the  following  expressions  for  the  moments: 

/i, ~ tv,).  ,u,  , a(r,\Q,).  .<1,^0.  (6.48) 
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Let  us  now  assume  that  the  axis  of  dynamic  symmetry  of  the 
pendulum  always  coincides  with  the  direction  to  the  center  of  the 
earth,  that  the  point  0 moves  freely  on  the  surface  of  the  earth, 
taken  as  a sphere  of  radius  r^ , and  that  the  earth's  gravitational 
field  is  central.  Then 


It  is  obvious  that 


where 


= V»°- 


Q,  = — »»,.  Q,  «=  — nui,.  Q,  *=  — mm,. 


(6.49) 


(6. 50) 


V,  <=  V,  + 10, V,  - »,v, . V,  «=  V,  -)  ■ — l„,V,. 

v,  =»  i',  — urv,. 


(6.51) 


Since  the  z axis  coincides  with  the  direction  to  the  center 
of  the  earth,  and  rQ  = const,  it  follows  that 


v,  = ?(/•>,,  v,  = -rj*,,  v,  — 0. 


(6.52) 


Substituting  equalities  (6.49)  — (6.52)  into  expressions 
(6.48)  and  also  into  equations  (6.46),  we  arrive  at  the  following 
equations  describing  the  equilibrium  of  the  physical  pendulum; 


M - «»ro)(4r-  ~ “ n- 

{A  — marj[*~  -f  <v>,)  - C'V",  ~ "• 


(6.53) 


Equalities  (6.53)  should  be  satisfied  identically.  For  arbitrary 
u’x,  <*iy , this  can  occur  if  the  following  conditions  are  satisfied 

at  the  same  time: 


Afmas^  r0.  C 0. 


(6.54) 


The  first  condition  is  the  well  known  Schuler  condition:  the 
reduced  length  of  a compound  pendulum  should  be  equal  to  the  radius 


of  the  earth.  The  second  condition  requires  that  the  entire  mass 
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of  the  pendulum  be  situated  on  its  axes.  This  condition  may  be 
replaced  by  another  one.  For  C ^ 0,  it  follows  from  the  third 
equality  (6.53)  that 

• con  jl.  (6.55) 

If  we  now  take  = 0,  the  first  two  equalities  (6.53)  are 
satisfied  only  if  the  first  condition  (6.54)  is  observed  for  arbitrary 
C.  In  this  case  the  projection  of  the  absolute  rate 
the  rotation  of  the  pendulum  on  its  axis  is 

u,  = *>;  = o. 

Condition  (6.56)  and  the  second  condition  (6.54) 
into  a single  condition: 

= =o. 

We  note  that  condition  (6.56)  has  to  do  with  the 
the  initial  conditions  of  the  motion  of  the  pendulum, 
analogous  conditions  should  be  added  to  it:  a)  at  the 
of  time  the  z axis  should  coincide  with  the  direction 
of  the  earth,  and  b)  the  projections  and  w®  of  the 
angular  velocity  of  the  pendulum  at  the  initial  moment  of  time  should 
be  such  that  the  rare  of  change  in  orientation  of  the  z axis 
of  the  pendulum  should  coincide  with  the  initial  velocity  of  the 
change  in  the  orientation  of  the  radius  vector  r from  the  center  of 
the  earth  to  the  suspension  point  of  the  pendulum. 


of 

(6.56) 

may  be  combined 

(6.57) 

selection  of 
Two  additional 
initial  moment 
to  the  center 
absolute 


Let  us  now  consider  perturbed  motion  of  a Schuler  pendulum, 
i.e. , swinging  of  the  pendulum  about  its  position  of  relative  equili- 
brium. This  swinging  occurs  if  the  parameters  of  the  pendulum  or 
the  initial  conditions  do  not  precisely  satisfy  the  conditions  cited 
above. 


Let  us  designate  the  trihedron  xyz,  attached  to  the  pendulum  at 
its  unperturbed  position,  by  x0yQz0.  The  perturbed  position  of  the 
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pendulum  (or,  equivalently,  the  trihedron  xyz  attached  to  it)  we 
will  define  by  means  of  the  angles  a,  8,  and  y (Figure  6.2).  The 
direction  cosines  between  the  x,  y,  z and  Xq,  yQ,  Zq  axes  will  then 
form  the  table: 


M$  €0*  d CO*  ¥ - tin  O »tn  l »h'  V -tomilny  ci*»  a co*  y ♦ »ln  o ce%  0 •>»  y 
>*  co»  6 V * »»n  n tin  0 to*  y co»oco*y  tin  0 »»n  y - tin  a rot  0 cr»  y 

•%  ~ «©•  • 0 Um  • (oi  a ««•  0 


(6.58) 


Let  us  consider  first  the  case  of  small  a,  8 and  y,  for  which 
table  (6.58)  simplifies  and  takes  the  form: 


* y 

JT0  I -V 

y»  v i 

*0  —I*  0 


(6.59) 


To  describe  the  perturbed  motion  of  the  pendulum,  it  is  suffi- 
cient to  obtain  equations  satisfied  by  a , B#  and  y.  We  will  use 
equations  (6.46)  for  this  purpose. 


7f 


vf/\ 

vkJ  ^ 


Figure  6.2 

Let  us  denote  the  projections  of  the  absolute  angular  velocity 

of  trihedron  xnynzn  on  its  axes  by  u , w , and  w , respectively, 
u u u xo  y0  0 

In  accordance  with  table  (6.59)  we  then  obtain: 


“<  =w,,  + ’’V,V  — 

W,  r:  — l.l|,V  4"  (i),ad  4" 

— o'„«  y. 


(6.60) 
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To  calculate  the  moments  Mx,  My  and  on  the  right  sides  of 
equations  (6.46),  wo  require  the  projections  wx,  u>v  and  uz  of  the 
acceleration  of  point  O on  the  x,  y,  2 fixes.  They  are: 


•1  *=»>,  — •’.JI+tl'y.Y. 

■=  *»,'+  »,.*  - tP,,Y, 

•1  =>  — *,.a  + 

(6.61) 

where,  in  accordance  with  equalities  (6.51)  and  (6.52), 


'9  (<"»,  + W.JU, ,). 


= W„+0>, 


(6.62) 


Further,  assuming  that  the  earth's  gravitational  field  is  central, 
we  find: 


(6.63) 


From  expressions  (6.48),  (6.50),  (6.61),  (6.62)  and  (6.63), 

we  obtain  the  following  values  of  the  moments  M„,  M„  ar.d  M : 

x y z 


At,  _ aP,a  + onr0(^/t  + mj,)«  + «„<■>,.)  V. 

At,  «=  «F,1P4-«'"',o(MJ,+wJ,)l'if- 

4-amr0(  — <’o,,4- iii,  ,1.1,,)  V. 


At.  «=0. 


tf.64) 


Let  us  now  substitute  the  values  (6.64)  of  the  moments,  together 
with  expressions  (6.60)  for  the  projections  wx,  and  «z  in 
equations  (6.46).  Performing  the  obvious  groupings  and  ignoring 
terms  of  the  second  order  of  smallness  in  a , 8 and  y,  we  obtain  the 
equations: 

(A  - - Vi.)  + + A { V + 

+ %, V-'1', ,P  4 ")  1 (C-/t)(  -*|J«  *•  + 

-1  U„Y  - Y H»L|  f >■',?)’“  «r,tt  4 
+ amroK  * '"’„)  i {i\  h 

(A  — niari  km,,  + <•>..<•*,.)  — + 

4-  A ( «.,Y  - “..Y  t «,,«  4-  <•'.,<>  4-  A)  — 

— (C  - A)(  -»,»!«  f i.ij  A 4 i.i,  v f 

+ 01  ^'..V t “,.“)  ™ -t-wJJP  4 

t t w, .m,,)  Y. 

C 7/  (“*  — "V .«  + < >.J1  4 V)  ~ 0. 
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(6.65) 


The  last  equation  (6.65)  is  integrable.  From  it  we  obtain  for 
C ft  0: 


4 <•>,/  4-  V =«*,  = 1^. 

(6.66) 

where  the  superscript  "0"  designates,  as  before,  the  initial  value 
of  (oz. 


Now  let  the  parameters  of  the  pendulum  satisfy  conditions  (6.54). 
The  following  equations  then  follow  from  equations  (6.65): 

a 4-  K - < - O « - (“„  4 P - 2w,.P  " 0.  J 

t(“,1—V,J“42«J.a  = 0.  J (6  6? 

where 


•4— 


(6.68) 


For  a spherical  gravitational  field,  such  that 


the  expression  for  uijj  takes  the  form: 


(6.69) 

(6.70) 


If  the  parameters  of  the  pendulum  satisfy  the  first  condition 
(C.54)  and  condition  (6.56),  the  following  equations  are  obtained 
in  place  of  equations  (G.67): 


P 4 ('"S-'QP  =0-  I (6.71) 

Equations  (6.67)  and  (6.71)  have  trivial  solutions.  This 
demonstrates  once  again  that  the  conditions  derived  above  guarantee 
the  existence  of  a oosition  of  relative  equilibrium,  in  which  its 
axis  coincides  with  the  direction  to  the  center  of  the  earth. 


At  first  sight  equations  (6.67)  and  (6.71)  arc  different.  In 
fact,  however,  they  are  the  same,  but  written  in  terms  of  projections 
on  different  axes.  Indeed,  the  orientation  of  trihedron 
in  terms  of  projections  on  the  axes  of  which  equations  (6.67)  are 
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written,  is  not  subjected  to  any  conditions  other  than  the  require- 
ment that  the  z axis  of  this  trihedron  should  coincide  with  the 
direction  to  the  center  of  the  earth  at  the  fulcrum  point  of  the 
pendulum.  Trihedron  *oyOzO'  on  the  other  hand,  in  terms  of  pro- 
jections on  the  axes  of  which  equations  (6.71)  are  written,  was 
selected  such  that  the  projection  u of  its  absolute  rate  of 


rotation  on  the  z axis  is 


t,»  r-a  m m — Mj  Jl  — V, 

* ” (6.72) 

which  follows  from  equalities  (6.66)  and  (6.56).  It  is  evident 

that,  if  expression  (6.72)  is  substituted  into  equations  (6.67) 

in  place  of  u and  only  terms  of  the  first  order  of  smallness  in 
z0 

a , 8 and  Y and  their  derivatives  are  retained,  equations  (6.71) 
are  obtained. 


Equations  (6.67)  and  (6.71)  describing  the  motion  of  the 
pendulum  about  its  position  of  relative  equilibrium  were  obtained 
under  the  assumption  that  the  angles  a,  B and  y are  small,  i.e. , 
these  equations  describe  free  swinging  of  the  pendulum  near  its 
position  of  relative  equilibrium.  Let  us  now  derive  the  equations  for 
natural  oscillation  of  the  pendulum  for  finite  magnitudes  of  angles 
a,  6 and  y. 

Let  us  define  angle  y by  the  position  of  trihedron  xoYozo' 
i.e.,  we  will  consider  that  the  position  of  trihedron  xyz  relative 
to  trihedron  XqYqZq  is  defined  by  angles  a and  B only.  This  does 
not  diminish  the  generality  of  our  analysis.  We  will  then  have  in 
place  of  table  (6.58): 


x y t 

xn  cusp  0 sill  f. 

y«j  sin  <r  sin  p COSH  — Kin  in  us  p 

—cos  ii  sin  p sin « cosh  cos  p.  73) 

As  before,  let  u , w and  u be  the  projections  of  the 
x0  y0  z0 

absolute  angular  velocity  of  trihedron  on  its  axes.  Trihedron 

x0y07.0  if*  now  not  attached  to  the  pendulum  at  its  unperturbed  position, 
since  angle  y is  defined  by  the  position  of  this  trihedron.  But  this, 
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as  will  become  evident  below,  will  not  constitute  a difficulty  in 
derivation  of  the  required  equations. 

In  accordance  with  table  (6.73)  we  may  write: 


w,  4*  tit,,  sin  a sin  — 

~ mucosa  ship  - acosp, 
<4>y  r=  mv#cos  a -f  M,,  shill  \ p, 
oi,  ss  c»*4#  sin  p — sin  it  cos  p 4- 

4 n,,  cos  a cos  p f-usinp. 


(6.74) 


Analogously, 


F.+Q,  = <?,,  co«  (>  + <?„  sinuslnp  — 

~(f«.+  9,l)f<u|lsinp. 

F,-i  <?,  = <?,/ o»» + (/’,, -4 


(6.75) 


Let  us  assume  that  conditions  (6.54)  are  satisfied.  We  then 
obtain  from  relations  (6.46),  (6.75),  (6.74),  (6.89),  (6.70), 

(6.50),  (6.51)  and  (6.52)  the  following  equations  for  the  motion  of 
the  z axis  of  the  pendulum  about  its  position  of  relative  equilibrium: 


a cos  (l—  5iip  slnp  f ?p(  woinp  f- w^slna  cosp — 

— cos  a cusp)  J Hi,(cusp  — cos  a)  4- 
-f  sin  n sin  p *■>,,  cos  n *.ln  p4* 

-f  («.>J  — i.i]f  (I  — cos ii  cus p)  — 

— lit*' cos  it  cos  |l)  shi  tt  wJ#M^cosa  slnp  — 

— W|0>/,slnn sin p f 

4-My,M/l(sln?KCOSp  COS7  ft  COS  P } - l‘OS  ft)  0. 
p 4-  a7  s»*i  p cos  p f-  p cos  p ~ 

— <iiyi  sin  n cos7  p -f-  m,,  cos  u cos7  p)  \ 

4 «•»», (cos ii  — cos p)  4 slim  | <•»,, sinn sin p4- 
-f  (i«»7  — tii^  t ns  a c os  p — i.J)siiipcnsi*4 
.4  i,,*#(ci,sP  cos  11) sin p (•t7^vin7ii Mnpcos p f- 
4 *'*l|i,>l#(sin7p  cos7  p) sin  ii  { 

4 m ,,1.1,,  (cos7 puts u cos p siii  pioso)  {• 

cnsu  tosp  — l)Mintsinp  =»0. 


(6.76) 


It  is  evident  that  for  small  a and  6,  equations  (6.76)  reduce 
to  equations  (6.67).  Equations  (6.67)  obtain  if  conditions  (6.54) 
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are  satisfied.  For  the  case  in  which  the  first  condition  (6.54) 

and  condition  (6.56)  are  satisfied,  the  corresponding  equations  are 

obtained  from  equations  (6.76),  if,  for  u>  , the  following  expression, 

z0 

deriving  from  (6.56)  and  the  third  equality  (6.74),  is  substituted: 

| i)  (6.77) 

6.3.2.  Schuler's  gyroscopic-pendulum  systems.  In  §6.3.1  we 
obtained  conditions  (6.54)  and  (6.56)  for  the  existence  of  a position 
of  relative  equilibrium  for  a compound  pendulum  under  the  assumption 
of  motion  of  its  fulcrum  on  the  surface  of  the  earth,  regarded  as 
a sphere  of  radius  Tq.  If  the  non-sphericity  of  the  earth  is  taken 
into  account,  the  distance  from  the  center  of  the  earth  to  the  fulcrum 
of  the  pendulum  will  be  variable. 

If  in  the  first  condition  (6.54),  rQ  is  assumed  to  be  variable 
(henceforth  denoted  by  r) , then  A should  also  be  a variable,  i.e., 
in  this  case  the  pendulum  is  not  regarded  as  a rigid  body,  but  as  a 
variable  mechanical  system.  As  a result  of  the  variability  of  A, 
the  following  equations  must  take  the  place  of  equations  (6.46): 


h,  ( ) t ' (C  — - /I)  l y.i,  — .11,. 

~jl  ('l'1*,)  - (C — /b'V",  **  41,. 


(6.78) 


From  equations  (6.78)  and  (6.48)  — (6.51)  and  the  equalities 


V, 


(6.79) 


analogous  to  equalities  (6.52),  we  obtain  in  place  of  equations  (6.53) 
the  following  equations  for  the  conditions  for  the  existence  of  a 
position  of  relative  equilibrium: 


Am,  | (/I  — rtnr ) (<.»,  -i-yi,)  -f  0-y.»#  — 2 ram  »r  *=»  0, 
Am9  {-  | «•*,«•».)  CVy-i, — 'Jrut;iMy  rjs  0, 

C<«i,  0. 


(6.80) 
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If 


A * - nuir,  Cm4  =*  0, 

(6.81) 

then  in  each  of  the  two  first  equalities  (6.80)  there  remains: 


A - 2ram  — 0, 


(6.82) 


or 


d 

-jj  (««f)  — + ratn  -■=* 0. 

Equalities  (6.83)  may,  of  course,  be  satisfied, 

a — kr  i 

Conditions  (6.84)  complements  the  conditions 

Acs  mar,  Cm,  =*0 

obtained  above. 


(6.83) 
9 

if  we  take 

(6.84) 

(6.85) 


The  simultaneous  fulfillment  of  requirements  (6.84)  and  (6.85) 
insurer,  the  existence  of  a position  of  relative  equilibrium  when 
r is  variable,  which  is  the  case,  specifically,  for  motion  on  the 
surface  of  the  terrestrial  spheroid. 

Let  us  now  generalize  the  foregoing  analysis  by  considering  an 
arbitrary  mechanical  system  suspended  on  a moving  object  in  a three- 
degree-of- freedom  suspension  such  that  the  center  of  mass  of  the  sys- 
tem does  not  coincide  with  the  center  of  the  suspension.  We  will  denote 
the  variable  distance  between  the  center  of  the  suspension  and  the 
center  of  mass  of  the  system  by  a.  The  system  may  include  various 
mechanical  devices  which  move  relative  to  one  another,  including 
gyroscopes.  Therefore,  a system  of  this  sort  may  be  termed  a 
gyroscopic-pendulum  system.  The  compound  pendulum  analyzed  above  is 
a special  case  of  a system  of  this  sort.  Such  well  known  devices  as 
the  Anschutz-IIeckeler  pitch  control  gyrocompass  and  the  multi-verti- 
cal gyro  fall  into  this  class. 
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Let  us  attach  to  this  system  a trihedron  Oxyz 
(Figure  G.l),  with  its  origin  at  the  center  of  the  susnension,  and 
the  7.  axis  along  the  line  connecting  the  center  of  mass  with  the 
center  of  the  suspension,  directed  away  from  the  center  of  mass.  The 
coordinates  of  the  center  of  mass  will  then  be: 

•-«!.  xc  yc  -rs  0.  (6.86) 

lr  us  find  the  conditions  under  which  the  z axis  of  the  system 
in  the  position  of  relative  equilibrium  will  coincide  with  the 
direction  from  the  center  of  the  earth,  and  also  let  us  study  the 
perturbed  motion  of  the  z axis  about  this  position.10 

Let  us  apply  the  moment  of  momentum  law  to  the  system  as  a whole 
in  its  motion  about  the  center  of  mass: 

(6.87) 

As  before,  in  calculating  the  moments  we  will  consider  the 
gravitational  pull  of  the  earth  as  reducing  to  the  action  of  the 
force 

<•'  ■-*  n J'l  V. 

(6.88) 

applied  to  the  center  of  mass  of  the  body  and  coinciding  in  direction 
with  the  direction  of  the  gravitational  field  strength  . point  O. 

We  will  ignore  the  non-homoqeneity  of  the  oravitational  field  within 
the  compass  of  the  system.  Adding  to  the  moment  of  the  gravitational 

force  the  moment  of  the  inertial  forces  of  translational  motion,  as 

* 

well  as  an  artificially  formed  moment  M , wo  obtain: 

JM  = ox[/'  m ] t Ar.  (6.89) 

Here,  as  previously,  r denotes  the  radius  vector  of  point  0 
from  the  center  of  the  earth  and  a denotes  the  radius  vector  of 
the  point  C from  point  0. 
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Substituting  equations  (6.89)  into  equalities  (6.87),  we  obtain 
the  following  equations: 


■£]+«•. 


(6.90) 


We  will  denote  the  trihedron  xyz  at  the  position  of  relative 
equilibrium  by  x0y0zQ.  Then 

Ar  = .u*  r 4 + 1 

(6.91) 

where  xQ,  yQ,  zQ  are  the  unit  vectors  of  the  corresponding  axes. 


Since  at  the  point  of  relative  equilibrium  vector  a is  collinear 
with  vector  r,  we  find  from  equations  (6.90): 


o X "i  rfjl-  * (.11,, — aT ,,).r,  f- 


(6.92) 


m «=»  - a r,,.  .'il,*— a ru.  a:’, — o. 
Equality  (6.92)  then  cakes  the  form: 

i IK  ,/> 

-a r— 

We  now  require  that  the  condition 


(6.93) 


(6.94) 


(6.95) 

be  fulfilled,  i.e.,  wo  require  that  the  distance  from  the  center  of 
mass  of  the  system  to  the  center  of  the  suspension  should  change 
proportionally  to  the  change  in  the  distance  to  the  center  of  the 
earth.  For  this  to  occur,  of  course,  the  system  must  receive  infor- 
mation regarding  the  vector  r.  For  the  case  of  motion  on  the  surface 
of  the  terrestrial  spheroid,  this  information  will  be,  for  example, 
a priori  knowledge  of  relation  (6.4)  between  r and  the  latitude f . 

If  condition  (6.95)  is  satisfied,  then  in  the  position  of  rela- 
tive equilibrium 


a—  kr. 


(6. 96) 
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which  moans  that 


*L  - = o 

dt  * .it  u* 


and  therefore  equality  (6.94)  may  be  written  in  the  form 


#-*-*('**)■ 


(6.97) 


(6.98) 


Thin  expression  may  now  be  integrated,  as  a result  of  which  we 
obtain : 


K - kmr  X -jj-  A. 


(6.99) 


ere  h is  a constant  vector. 


Setting  h = 0,  introducing  the  designation  v = dr/dt  and  pro- 
jecting equality  (6.99)  on  the  Xg,  yg , Zg  axes,  wo  find: 


K„-|  -nap.,  = 0.  Ky,  «««■„  n.  K>.  "• 


(6.100) 


Conditions  (6.100),  (6.93)  and  (6.95)  will  be  sufficient  for 
the  existence  of  a position  of  relative  equilibrium  for  an  arbitrary 
gyroscopic-pendulum  system,  the  ?.  axis  of  which  coincides  with  the 
direction  to  the  center  of  the  earth. 

From  these  conditions  we  obtained  the  above  conditions  of  rela- 
tive equilibrium  for  a compound  Schuler  pendulum,  as  well  as  analogous 
conditions  for  a twin  vertical  gyro  and  a pitch  control  gyrocompas. 

hot  us  now  derive  the  equations  describing  the  oscillation  of  an 
arbitrary  gyroscopic-pendulum  system  satisfying  conditions  (6.93),  (6.95) 
and  (6.100),  about  its  position  or  relative  equilibrium.  To  do  this 
wo  will  again  use  the  moment  of  momentum  lav/.  Varying  equation 
(6.87)  in  the  vicinity  of  the  position  of  relative  equilibrium,  we 
obtain: 


(6.101) 
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Let  us  find  expressions  for  the  variations  6lS  and  6M.  The  moment 
of  momentum  K of  the  system  should  be  formed  in  accordance  with 
equalities  (6.99),  and  therefore 

**  - km  kr  X ~ \ kmr  X ~ , (6.102) 

where 


r r-r  f/0,  u *— s ft.rXj  t 0%  -f 
A.v5  -|  Ay1  -f  -f-  IV  A/  =3  0. 


(6.103) 


To  obtain  an  expression  for  6M,  we  must  take  into  account  that 
the  variation  of  the  moment  is  determined  only  by  the  variation  6a, 
and  also  by  the  variation  6M  of  the  corrective  moment.  Therefore, 
taking  into  account  relations  (6.89),  we  obtain: 


+ MT. 


(6.104) 


In  this  equality  6a  may  be  expressed,  in  accordance  with 
equality  (6.96),  in  terms  of  6r: 


i\*i  -s  — h'r. 


Differentiating  equality  (6.102)  and  noting  that 


we  obtain: 


. illr  , */r  . . i Ir  , </ 


,Jj[,  l tarx^-. 


(6.105) 


(6.106) 


(6.107) 


We  must  now  substitute  exnression  (6.104)  and  (6.107)  in 
equations  (6.101).  Before  doing  this  we  can  simplify  expression 
(6.104)  for  the  variation  of  the  moment.  To  begin  with  we  may  ignore 

, -k  * 

the  variation  M of  the  moment  M , which  corrects  for  the  action  of 
the  horizontal  component  of  the  gravitational  field.  Further, 
turning  to  the  first  equality  (6.91),  we  find  that 


u,  'F  -tax I /(.y,  I /',/! 


(6.108) 


On  the  riqht  side  of  this  expression  we  can  ignore  the  product 
of  6a  times  the  sum  of  the  first  and  second  terms  in  parentheses, 
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since  this  product  is  of  the  second  order  of  smallness.  With  the 
same  level  of  accuracy  we  can  set 


F,.  *=»  — ■ 


(6.109) 


Then 


6A1  -Aa  X - n • 


(6.110) 

Substituting  here  expression  (6.105)  for  6a,  we  obtain  the  formula 


AM 


» m*  V X — 


(6.111) 


Let  us  now  substitute  expressions  (6.111)  and  (6.107)  in 
equations  (6.101).  After  combining  and  grouping  terms  using  the 
first  equality  (6.10'J)  we  obtain: 


(6.112) 


This  equation  is  a vector  equation  describing  the  oscillations  of 
the  z axis  of  a gyroscopic-pendulum  system  satisfying  the  generalized 
Schuler  conditions  (6.93),  (6.95)  and  (6.100)  about  its  position  of 
relative  equilibrium. 


To  obtain  the  scaler  form  of  these  equations,  we  must  substitute 
into  (6.112)  the  expressions  for  r and  6r  from  equality  (6.103)  and 
project  the  resulting  vector  relation  on  the  xQ  and  y^  axes.  In 
doing  this  we  must  take  into  account  the  equalities 


ife., 

dt  ■*< 

fit... 

dt 


~*V  •^r*.'=':,h  + <VV 

»•  dl * 1 h v 


(6.113) 


in  which  u 


a)  and  e designate  the  projections  of  the  absolute 

Jh  r 


0 J,0  “0 
angular  velocity  of  trihedron  XqY07q  on  a>:os 


Performing  the  indicated  transformations,  after  obvious  simpli- 
fications and  groupings  of  terms,  we  arrive  at  the  equations: 
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(6.114) 


**  + (>»  - < - A * 4 - <•>,,)  iy  - 

~ 2w,. Ay  ( f- <•>,>'*  4-?',>„A.;  =>0. 

*>  +(>J  - -"i. Ay  4- 4 +- 

-J-Jw,,*.*  - 2m,, a)  . ! (j, 

Ajt*  4-  Ay’  -f-  A/’  4-  "Jr  A/  = 0. 


If  in  equations  (6.114)  we  retain  only  terms  which  are  linear 
in  5x,  6 y and  5z,  then,  according  to  the  third  equality  (6.114), 

Sz  = 0,  and  in  the  first  two  equations  (6.114)  the  last  two  terms 
drop  out.  Equations  then  take  the  form: 


Ai  f(“i-  wj,  - u],)  At  + (MMr<  - Ay  - A>:  -=  0. 

*y  4 (;‘f 6v  4-('V,r.  ♦-«,,)** 4- '*•,/*  n. 


(6.115) 


§6.4.  The  Analogy  Between  Gyroscopic-Pendulum  Systems  and  Inertial 
Systems  with  Two  Newtonometers 


At  the  beginning  of  the  preceding  section  it  was  stated  that, 
from  the  point  of  view  of  final  results,  Schuler  pendu’um  systems 
are  analogous  to  inertial  systems  using  two  newtonometers.  Both 
types  of  systems  permit  determination  of  the  bearing  to  the  center 
of  the  earth  at  the  current  position  of  the  object,  i.e.,  the  vertical 
at  this  point. 


Now  that  the  enuations  describing  the  perturbed  motion  of 
Schuler  gyroscopic-pendulum  systems  have  been  compiled,  we  can  see 
that  this  analogy  reaches  much  further. 


Let  us  compare  the  first  group  of  the  error  equations  for  an 
inertial  system  with  two  newtonometers  and  the  equations  describing 
the  perturbed  motion  of  a Schuler  pendulum  system  about  its  position 
of  relative  equilibrium. 

Let  us  begin  with  equations  valid  to  a first  approximation.  For 
the  general  case  of  pendulum  systems,  these  will  be  equations  (6.115), 
for  a compound  pendulum,  equations  (6.67),  and  for  an  inertial  system 
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with  two  horizontally  oriented  newtonometers , equations  (6.27). 

It  is  evident  that  the  homogeneous  equations  (6.27)  and  equations 
(6.115)  coincide  fully.  It  remains  to  be  demonstrated  that  equations 
(6.67)  for  a compound  pendulum  are  also  equivalent  to  equations 
(6.27)  or  the  homogeneous  equation  (6.115).  To  do  this  it  is  suffi- 
cient to  perform  the  following  change  of  variables  in  (6.67): 

l,  6.v  = — rji.  (6.116) 

Since  in  equations  (6.67)  rQ  is  constant,  this  substitution 
immediately  reduces  them  to  equations  (6.27)  and  (6.115). 

Let  us  now  compare  equations  (6.114)  and  (6.76)  with  equations 

(6.31).  Equations  (6.114)  are  exact  equations  for  the  natural  oscillations 
of  a Schuler  pendulum  system  under  conditions  of  arbitrary  motion  of 
its  point  of  support  and  under  the  assumption  that  the  earth's  gravi- 
tational field  is  spherical.  Equations  (6.31)  are  exact  error 
equations  derived  under  the  same  assumptions  for  an  inertial  system 
with  two  newtonometers.  Equations  (6.114)  and  the  homogeneous  equa- 
tions (6.31)  fully  coincide.  Since  (6.114)  describe  the  natural  vi- 
brations of  an  arbitrary  gyroscopic-pendulum  system  about  its  position 
of  relative  equilibrium,  they  clearly  also  encompass  equations  (6.76)  for 
the  oscillations  of  a compound  pendulum.  It  is  therefore  clear  that 
equations  (6.76)  are  also  equivalent  to  the  homogeneous  equations 

(6.31).  To  demonstrate  directly  that  this  is  the  case,  it  is  suffi- 
cient to  perform  the  following  change  of  variables  in  equation  (6.31): 


f\x  3=  r0Cf*usiii|t.  Ay  *3  — rnsiiiu, 
A/  f„(tUMICOSA  — 1). 


(6.117) 


the  geometrical  significance  of  which  is  obvious.  After 
solvina  for  dcosS  and  6,  the  homogeneous  equations  (6.31)  reduce 
to  equations  (6.76). 


It  was  noted  above  that  equations  (6.114)  and  (6.31)  are  exact 
equations  if  the  earth's  gravitational  field  is  considered  to  be 
spherical.  The  significance  of  this  remark  is  as  follows.  Equations 

(6.31)  and  (6.114)  were  derived  for  a non-spherical  gravitational  field. 
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Later,  however,  variations  of  the  non-spherical  component  of  the 
gravitational  field  strength  were  disregarded  on  the  basis  of  their 
smallness.  The  disregarding  of  these  terms  has  the  same  character 
in  each  case.  It  can  be  shown  that  retention  of  the  variation  of 
the  non-spherical  component  of  the  gravitational  field  in  equations 
(6.31)  and  (6.114)  leads  to  the  appearance  in  these  equations  of 
additional  terms  which  are  totally  identical,  such  that  the  analogy 
between  pendulum  systems  and  inertial  systems  with  two  newtonometers 
according  to  the  error  equations  remains  complete  in  this  case  as 
well. 


The  comparison  was  made  above  between  the  equations  describing  the 
natural  oscillations  of  pendulum  systems  and  the  homogeneous  error  equa- 
tions of  an  inertial  system.  This  comparison  is  the  only  one  which  has 

significance.  If  we  take  into  account  the  instrument  errors  of 
12 

pendulum  systems,  then  the  right  sides  of  equations  (6.67),  (6.76), 
(6.114)  and  (6.115)  assume  a form  which  differs  from  that  of  the 
right  sides  of  equations  (6.27)  and  (6.31),  since  the  sources  of 
error  are  different.  It  is  useful  to  recall  in  this  regard  that  the 
right  sides  of  equations  (6.27)  and  (6.31)  are  also  to  a certain 
degree  conditional,  since  they  contain  only  the  instrument  errors 
of  the  sensing  elements. 


We  further  note  the  following.  Equations  (6.114)  and  (6.115), 
and  equations  (6.27)  and  (6.31),  characterize  the  errors  6r  in  the 
determination  of  the  vertical  (the  direction  to  the  center  of  the 
earth)  at  the  current  location  of  the  object,  since  in  both  cases  the 
error  in  the  modulus  |r|  is  assumed  equal  to  zero.  This  is  especially 
clear  from  equations  (6.67)  and  (6.76)  for  the  motion  of  a physical 
pendulum,  in  which  ex  and  6 are  the  angles  of  the  deviation  of  its 
7.  axis  from  the  direction  to  the  center  of  the  earth.  In  §4.5  it 
was  also  shown  that  the  angles  0x  and  0^  of  the  deviation  of  the 
7.  axis  of  the  platform  of  an  inertial  system  are  related  to  the 
erro*"-,  6x  and  5y  by  the  equalities 


- ft),  r.  Ay.  ,0,  ~ A.V. 

which  are  fully  analogous  to  equalities  (6.116). 


(6.118) 
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Equations  (6.27)  and  (6.31)  are  only  the  first  group  of  the 
error  equations.  There  is  in  addition  to  them  a second  group 
characterizing  the  errors  in  the  orientation  of  the  gyroscopes  of 
the  system.  Thus,  the  total  errors  in  the  determination  of  the 
coordinates  consist  of  the  errors  in  the  determination  of  the  vertical 
and  of  gyroscope  errors  (drifts). 

It  has  already  been  noted  that  a single  pendulum  system  is 
insufficient  for  the  determination  of  the  coordinates  of  the  object. 
This  requires  that  gyroscopes  be  added  to  the  pendulum  system.  The 
angles  formed  by  the  vertical  (the  z axis  of  the  pendulum  system) 
and  the  fixed  axes  of  the  gyroscopes  will  define  the  coordinates. 
Consequently,  the  total  coordinate  errors  will  contain  the  errors  in 
the  orientation  of  the  gyroscopes,  i.e.,  the  same  second  group  of 
the  error  equations.  A pendulum  system  without  gyroscopes  cannot 
determine  a reference  bearing  in  the  plane  of  the  horizontal,  for 
example,  the  meridian.  A gyroscopic-pendulum  system  can  do  this. 

An  example  of  a system  of  this  sort  is  the  pitch  control  gyrocompass. 
In  this  case,  the  error  in  the  determination  of  the  bearing  to  the 
north  will  be  determined  by  the  gyroscope  and  vertical  errors, 
as  in  the  case  of  an  inertial  system  using  newtonometers. 

The  above  discussion  implies  a complete  dynamic  analogy  between 
a navigation  system  based  on  a Schuler  gyroscopic-pendulum  system 
and  an  inertial  system  using  two  newtonometers.  These  systems  are 
theoretically  equivalent.  Indeed,  although  the  pendulum  system 
does  not  contain  newtonometers  as  such,  the  pendulum  itself,  the 
axis  of  which  coincides  with  the  direction  to  the  center  of  the 
earth,  is  a two-component  newtonometer  measuring  horizontal  accel- 
erations. Integration  is  also  effected  by  the  pendulum  system  itself 
as  a result  of  its  motion,  since  motion  represents  the  integration 
of  the  differential  equations  which  describe  it. 

§6.5.  Analysis  of  the  Error  Equations  of  Two-Newtonometer  Systems 

6.5.1.  General  properties.  Analysis  of  stability.  As  has 
already  been  noted,  the  second  group  of  error  equations  for  two- 
ncwtonometer  systems  is  the  same  as  for  three-newtonometer  systems, 
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and  therefore  the  results  obtained  in  §5.2  are  valid  here  also. 


The  problem  reduces,  consequently,  to  analysis  of  the  first 
group  of  the  error  equations,  i.e.,  equations  (6.31),  in  which  r is 
to  be  substituted  for  Tq,  considering  r to  be  given  by  equalities 
(6.4).  They  then  take  the  form: 


~ "’2) A v I (»,«,  — "■,)  fiy  — 

— Ay  -f  (mjm1  j 

Art,  — A nifr  — A mtr  — A m tt , 

*V  1 (;r  - - <-'])  fty  -t-  + 

-f-  2u,  A j (- (">,m,  — u,)A/  — Ji.i,  A/ 

■»  A*,  -)-Am,r  — *>,  Am/  — w,  Am,/, 
Av’-fAy  f A*’4-2rfv=.0. 


(6.119) 


To  a first  approximation  these  equations  reduce,  as  las  already 
been  noted,  to  the  equations 


bx  -t  (,"t  — «» — «j)4.v  + («,»,  — <\)'\v  — 

— 2m#  Ay  « An , — A m fr  — m,  \mtr  ■ - t»#  Aw , / . 

fty  ♦ (>V  — -**])*»  I (••,<>,  -«,)**  + 

-f- ;<•>,  Av  — Aw,  4 An/  ••>,  A m,r  — m,  Am,/. 


(6.120) 


Equations  (6.119)  and  (6.120)  retain  their  form  under  rotation 

of  trihedron  xyz  through  an  arbitrary  angle  9 about  the  z axis,  i.e., 

13  . 

allow  a group  of  rotations  about  this  axis.  ' This  property  derives 
directly  from  the  fact  that  equations  (6.119)  and  (6.120)  describe 
the  deviation  of  the  z axis  of  the  platform  of  the  inertial  system 
from  the  direction  to  the  center  of  the  earth.  This  may  also  be 
demonstrated  directly  by  performing  the  change  of  variables 

Av  • A f'  Cos  0 — A/'  sin  ft. 

Ay  uAiV'it  f Ay’coiO. 

A.*  =-A/’ 


(6.121) 
V 

of  the  vectors  o'),  Am,  and  An  on  the  xyz 


and  simultaneously  converting  from  the  projections  o>x,  o^,  o>z, 
Amx,  Amy,  Am?,  Anx,  A ny 

Amz , , Anx,  and 


axes  to  the  projections  <iix,  , , o)z,,  Amx,  , Am^ , , 

An^,  of  these  vectors  on  the  x' , y',  z'  axes,  rotated  relative  to 
the  x,  y,  z axes  through  an  angle  3 about  the  z axis.  The  formulas 


5G0 


for  tho  conversion  from  the  projections  u^,  <y#  Am^,  Amy'  ^nx  and 

An,  to  the  projections  w , , u , , Am  , , Am  , , An  , , and  An  , are 
y x y x y x y 

analogous  to  formulas  (6.121)  for  the  conversion  from  6x  and  6y  to 
fix'  and  6y'.  The  conversion  from  and  Amz  to  toz , and  Am  , , 
respectively,  is  given  by  tho  relations 


u,  Am,' 


(6.122) 


This  property  of  equations  (6.119)  and  (6.120)  permits  selection 
of  the  orientation  of  the  xyz  trihedron  relative  to  the  points  of 
the  compass  in  such  a way  as  to  facilitate  the  analysis  as  much  as 
possible. 


The  most  interesting  of  the  possible  orientations  of  this 
trihedron  is  the  azimuth-free  trihedron,  for  which 


I _ — H,  H.1K  U,'  Cl  0. 


(6.123) 


For  example,  conversion  to  this  trihedron  causes  equation  (6.120) 
to  reduce  to  the  following  equations: 


tx'  4-  ( JV  — <•>’.)  fix'  -j  Ay'  =. 

»=>  An,'  — Am,- 1 — tv  A m,r, 
by'  + ( ,t  — *■'] ) Ay'  4 <*>,.<,>,.  A t'  c 

«=*  At,  J Am,'  r — A mtr. 


(6.124) 


These  equations  are  obtained,  clearly,  from  equations  (6.120), 

if  in  the  latter  w = 0.  Equations  (6.124)  are  distinguished  by 

the  absence  in  them  of  the  projection  uz,  which  can  be  large  even 

for  small  velocities  of  the  object  over  the  surface  of  the  earth. 

The  quantities  u,  and  u , are  related  to  the  horizontal  projections 
x y 

v , and  v , of  tho  velocity  of  the  object  by  the  equalities 
x 1 

IV  «#*»»,  , ty  ** 

(6.125) 

and  as  a result  are  always  bounded.  This  permits  the  use  of  approxi- 
mation methods  in  solving  equations  (6.124). 


In  the  general  case  of  arbitrary  motion  on  the  surface  of  the 
earth,  equations  (6.119),  (6.120)  and  (6.124)  are  equations  with 
variable  coefficients  and  their  analysis  entails  insuperable  diffi- 
culties. Let  us  consider,  for  example,  motion  along  the  equator. 

If  the  x axis  is  directed  along  the  equator,  then  w = u2  = 0 and 
the  homogeneous  equations  (6.120)  take  the  form: 


(£-"•;)  A*  ~n. 


(6.126) 


For  special  selection  of  the  range  of  w (t) , the  first  equation 

y 14 

(6.126)  can  be  reduced,  for  example,  to  the  Mathieu-Hill  equation  . 
In  the  case  of  more  general  motion  the  equations  can,  of  course,  be 
even  more  complex. 


It  is  possible  to  fully  analyze  equations  (6.119)  and  (6.120) 
only  for  the  case  of  motion  at  a constant  velocity  vQ  along  a parallel 
of  latitude,  for  which  the  coefficients  of  these  equations  may  be  con- 
sidered as  constant.  Indeed,  if  the  xyz  trihedron  is  oriented  to 
the  points  of  the  compass,  with  the  y axis,  for  example,  directed 
toward  the  north, 

01,  t=0,  m,--hihh'  f ■—  = io.isl,  i 

(.»,«=«  Mil <(>+•£  l(|,f  -.COIIM,  i1--:,..' =0,1,51.  j 

1 (6.127) 

and  the  coefficients  of  equations  (6.119)  and  (6.120)  in  fact  become 
constant. 


Lot  us  analyze  the  stability  of  a two-newtonometer  inertial 
system.  To  do  this  we  will  beqin  by  using  the  first-approximation 
equations  (6.120).  Those  equations  are  linear.  For  motion  at 
constant  velocity  along  a parallel,  they  take  the  form: 


f - 

|o*  to 

y * 

).V  V. 

",  Ay  — 

- A/t, 

\wvr 

Aw  , 

f y t ("’’ 

-,)•'>•  1 

‘JuyVv 

s=-  A nf 

t Aili,  r 

<ov  A mtr 

(6. 128) 
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Here  the  coefficients  are  constant. 


The  characteristic  equation  of  the  homogeneous  system  (6.128) 
is  the  biquadratic  equation 

p'  + + 2">;)  i (6.129) 


For  the  motion  to  be  stable  (of  course,  only  non-asymptotic 
stability  is  being  considered  here) , it  is  necessary  that  the  roots 
of  the  characteristic  equation  (6.129)  be  zero  or  purely  imaginary. 
For  this  it  is  necessary  that  the  roots  of  the  quadratic  equation 


f}  -h  9 (2“2  — "*J  + 2l"J)  4-  («J— <■>])  (‘'J  — oj  — oj)  =■  0 


(6.130) 


be  real  and  non-positive.  This,  in  turn,  will  be  the  case  if  the 
discriminant  A of  equation  (6.130)  is  non-positive: 


A *=•  JmJwJ J-  — < 0. 

at  the  same  time  that  it's  coefficients  are  non-negative: 


(6.131) 


2ti>J  — uj  -f-  ^ 0.  I 

K -'•'!) ('"2  - ^ — «•*)  > o.  I 

(6.132) 


Let  us  consider  the  plane  of  the  parameters  and  u*  (Figure 
6.3).  It  follows  from  equalities  (6.132)  that  the  first  coefficient 
of  equations  (6.130)  is  positive  above  the  line 


and  equal  to  zero  on  this  line. 


(6.133) 


The  second  coefficient  is  positive  above  the  line 


beneath  the  line 


and  equal  to  zero  on  these  lines. 


(6.134) 

(6.135) 
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The  equality  (6.131)  divides  the  plane  of  parameters  oi2  and  w* 

y z 

into  three  regions.  The  curve  forming  the  boundaries  of  these 
regions  is  the  hyperbola 


M*  . 

* »K  *•) 

The  asymptotes  of  the  hyperbola  are  the  lines 


(6.136) 


■ Si  + i. 

4 T » 


(6.137) 


One  of  the  branches  of  the  hyperbola  passes  through  the  point 
0,  e>*  = 0)  and  lies  in  the  lower  half-plane.  The  second  branch 


Figure  6 . 3 

lies  entirely  in  the  upper  half-plane  and  is  tangent  to  the  line 
o2  = u0  at  t*1G  P0*nt  where 


w. 


(6.138) 


The  discriminant  (6.131)  of  equations  (6.130)  is  non-positive 
in  the  region  between  the  branches  of  the  hyperbola.  Considering 
that,  in  view  of  the  fact  that  oiy  and 

j2  — w2 

y z 

conclusion  that  the  motion  defined  by  equation  (6.128)  can  be  stable 


only  in  the  first  quadrant  of  the 
conclusion  that  the  i 
only  in  two  regions. 


or  are  positive,  we  are  interested 
or  — oii  plane,  we  arrive  at  the 


Region  1 (Figure  6.3)  is  bounded  by  the  lines 

wj  *3  0,  mJ  0, 

and  is  defined  by  the  inequality: 


(6.139) 
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Ill’  — wj  — wj  > 0. 


(6.140) 


Rcqion  2 is  bounded  by  the  lines 


•*-<  (6.141) 

and  by  part  of  the  upper  branch  of  the  hyperbola  between  the  points 
( 2o)q  , ™)  and  (4<j’,  u}q)  . 

Within  these  regions  the  roots  of  the  characteristic  equation 
(G.129)  are  purely  imaginary. 

At  the  boundaries  of  the  regions  of  stability  at  the  point 

U'.’  = 0,  w’  = 0) , 


Pi.t  — Pn  =»  ± M. 


i.e.,  two  double  imaginary  roots  appear. 


On  the  section  of  line  w*  = 0 between  the  points 


we  obtain: 


uj  =■  o,  mJ  .-=  wj 


/>,. , ~ * /<"„•  P,. . « + J 


i.e.,  distinct  imaginary  roots. 


At  the  point 


wc  obtain: 


lil’  0 liijc=(ii’ 


P\.t—  ' Mb  Ps.t  =o. 


i.e.,  a double  zero  root  appears. 


On  the  line  segment 


(6.142) 


(6.143) 


(6.144) 


(6.145) 


(6.146) 


— 0.  0 < III’  < m’, 


(6.147) 


Pi.t.  v«  t .t «,), 


(6.148) 
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i.e.,  here,  as  on  segment  (6.143),  the  roots  are  imaginary  and 
distinct . 


At  the  point 

1*1*  rs  0,  «]  rsx 

the  roots  are  the  following: 
i.e.,  another  double  zero  root. 


(6. 149) 


(6.150) 


Further,  on  the  line 

— <>J — w]  *=  o 

between  the  points  (0,  Uq)  and  (Wq,  0),  we  obtain: 


(6.151) 


(6.152) 

i.e.,  a double  zero  root  and  two  imaginary  conjugate  roots. 


Let  us  now  consider  the  half  line 


™ 0.  > »>». 


(6.153) 


Here 


Pi. }.  j.  « ± y("’u  T 


i.e.,  all  of  the  roots  are  distinct. 


On  the  segment 


“'l  ~ o < cj  < <,„». 


we  have: 


At  the  point 


Pi  ,i  5=1 0.  P.i,,  — - J \ 'l*>j  — <»• . 


(6.154) 


(6.155) 


(6.156) 


-i  — c. 


clearly , 


Pi. !.  3.  < -* 


i.e.,  a quadruple  zero  root. 


(6.157) 


(6.158) 
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In  all  cases  in  which  multiple  roots  appear  it  is  necessary  to 
check  whether  the  elementary  divisors  of  the  characteristic  matrix 
of  system  (6.128)  remain  linear. 

Using  the  normal  procedure  for  finding  the  elementary  divisors 

15 

of  a characteristic  matrix,  we  arrive  at  the  following  results. 


The  portion  of  the  boundaries  of  the  region  of  stability  formed 
by  the  lines  = 0 and  u’  = 0 with  the  exception  of  the  point 
(Wy  = a)’,  w*  « 0)  , is  included  in  the  region  of  stability,  since 
linear  elementary  divisors  correspond  to  the  multiple  roots. 


The  boundaries  by  the  hyperbola,  the  straight  line  w*  = Wg 
with  the  exception  of  point  (0,  Wg)  and  the  straight  line 
oig  - <*y  “ <*>£  = 0,  with  the  exception  of  the  same  point,  do  not  fall 
within  the  region  of  stability.  On  the  hyperbola  the  multiple  roots 
(6.160)  correspond  to  second-degree  elementary  divisors  of  the  char- 
acteristic matrix;  on  the  line  o>*  = ml,  the  null  root  (6.156) 

z u 

corresponds  to  second-degree  elementary  divisors;  on  the  line 
Ug  - ojy  - w’  = 0 there  is  also  a double  zero  root  with  second-degree 
elementary  divisors.  At  the  point  (4o>g,  Wg)  the  quadruple  zero  root 
corresponds  to  second-degree  elementary  divisors. 


In  analyzing  the  stability  of  the  system  according  to  equations 
(6.128),  it  is  possible  to  avoid  analysis  of  the  characteristic 
equation  and  the  characteristic  matrix  by  making  use  of  the  fact 
that  equations  (6.128)  may  be  regarded  as  equations  describing  two- 
dimensional  motion  in  the  vicinity  of  the  equilibrium  position 
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fix  = 0 and  fiy  = 0 of  a mechanical  system  under  the  influence  of 
potential  and  gyroscopic  forces. 

In  this  case  the  force  function  will  have  the  form: 

U**  — “J— *£)(**>’ +(*$— “J)(*V)’|-  (6.  161) 

The  gyroscopic  forces  may  be  represented  by  the  expressions 


I 

s 


— 2w,  Ay.  2wJAr.  (6.162) 

If  we  discard  the  gyroscopic  forces  in  the  homogeneous  system 
(6.128),  only  potential  forces  will  remain.'  For  equilibrium 
stability  under  the  influence  of  only  potential  forces,  the  force 
function  (6.161)  should  have  a maximum  at  the  equilibrium  point. 

In  this  case  a maximum  will  occur,  clearly,  if 

•$  >o.  (6.163) 

If  this  condition  is  satisfied,  the  system  is  stable  even  with 
the  addition  of  gyroscopic  forces,  as  follows  from  the  well-known 
Kelvin  theorem. ** 

Comparison  of  inequality  (6.163)  with  the  results  obtained 
previously  from  direct  analysis  of  the  characteristic  equation  (6.129) 
shows  that  condition  (6.163)  is  only  one  of  the  two  regions  of 
stability  found  from  analysis  of  the  characteristic  equation. 


The  second  region  appears  as  a result  of  the  gyroscopic  forces 
(6.162) . 

The  following  statement  is  valid:  if  the  degree  of  instability 

of  a system  under  the  influence  only  of  potential  forces  is  even, 

then  the  introduction  of  appropriate  gyroscopic  forces  may  render  the 
17 

system  stable. 
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But  the  second  region  of  stability  obtained  as  a result  of 
analysis  of  the  characteristic  equation,  satisfies,  in  addition  to 
the  other  conditions,  inequality  (6.165).  This  shows  that  it  appears 
as  a result  of  the  gyroscopic  forces. 

The  above  stability  analysis  was  carried  out  on  the  basis  of 
equations  (6.120).  These,  however,  are  linearized  first  approxi- 
mations. The  characteristic  equation  has  zero  or  purely  imaginary 
roots  in  the  regions  of  stability  obtained  as  a result  of  this 
analysis.  Therefore,  we  cannot  draw  any  final  conclusions  with 
regard  to  stability  on  the  basis  of  this  first  approximation.  The 
conditions  of  stability  obtained  from  these  equations  are  only 
necessary  conditions.  To  obtain  the  sufficient  conditions,  we  must 
analyze  the  exact  equations  (6.119). 

Here  we  can  use  the  analogy  with  Sfchuler's  compound  pendulum, 
i.e.,  we  can  analyze,  instead  of  the  homogeneous  equation  (6.119), 
equations  (6.76),  which  for  the  case  of  motion  of  an  object  along  a 
parallel,  take  the  form: 

o cos  |l  - slnp  f 

2|i(tir, slnd  105 p into  cosp) -f- 

+ K (1—  cos  u to*  p)  — chinos  p|  sinn  -f 
-f  «,/'»*.  (si  n7  a on  p — on* « c os  p f-  cos  o ) .=2  (I, 
p-f  a1  sin p cos  p — 2u(o»/(  *hiucos7p  — 

— 6)ltfos<ico$7p)  i — nj^cosacosp  — <o*)X . 

X slnpcnsu  — slop  cosp  f 

-f-  m m (2  cos a cosp  — I ) sin  ct  slnp  « 0. 

(6.166) 
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Equations  (6.166)  have  a first  integral  — the  energy  integral. 
To  obtain  it  it  is  sufficient  to  multiple  the  first  equation  (6.166) 
by  A*  the  second  by  dcostf,  and  then  to  add  them.  Integration  of  the 
sum  yields: 


V «=  (a  cosf)1  -P  p1  — Ji.i’cosa  cos  p (- 
-f  w^cos’acos’p  (■<i)Ji(iln,acos,(l-(-2cosucoj(l)  + 
+ (sin a ccs p - slim  cos « cos’ p)  =s  cons!. 


(6.167) 


The  function 


tr^y-  i/(0) 


(6.168) 


nay  be  taken  as  a Lyapunov  function  for  purposes  of  analysis  of  the 
lability  of  the  position  of  relative  equilibrium. 


• • 

Expanding  the  function  W in  a series  of  powers  of  a , (5,  a and  8, 
we  find  that  the  expansion  begins  with  the  quadratic  terms: 

r-u'  tfi’i  «’(S  -wO  + P’K- <-'<)+•••  (6.169) 


The  quadratic  form  on  the  right  side  of  this  equality,  and  also, 

18 

therefore,  the  function  W,  will  be  positively  defined  if  the  condition 


<-.J  -<»J  -wj>n. 


(6.170) 


is  fulfilled. 

At  the  same  time  the  total  time-derivative  of  the  function  W is 
equal  to  zero  by  virtue  of  equations  (6.166).  Therefore,  conditions 
(6.170)  will  be,  according  to  the  well-known  Lyapunov  theorem,  a 
sufficient  condition  of  stability. 

Condition  (6.170)  coincides  with  condition  (6.140)  and  (6.163). 
In  the  plane  of  the  parameters  w*  and  wy*  the  area  defined  by 
condition  (6.170)  coincides  with  the  first  region  of  stability 
obtained  from  analysis  of  the  characteristic  equation  (6.129).  The 
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second  region  cannot  be  obtained  from  stability  analysis  on  the 
basis  of  the  Lyapunov  function  and  the  energy  integral.  The 
appearance  of  this  region  is  associated,  as  was  noted  above,  with 
gyroscopic  forces  which  do  not  enter  into  the  energy  integral,  since, 
according  to  the  definition  of  gyroscopic  forces,  they  do  not  perform 
work  over  real  displacements. 


Let  us  compare  the  results  of  the  stability  analysis  of  the  two- 
newtonometer  system  with  the  results  of  the  analysis  of  the  three- 
newtonometer  system  performed  in  S5.3. 

Stability  of  a three-newtonometer  system  for  motion  along  a 
parallel  requires  that  the  following  conditions  be  satisfied: 

*$—  *>J  — ♦$<<*•  I 

f > n I (6.171) 

The  first  of  these  conditions  excludes  a region  of  the  — u* 
plane  which  is  important  for  certain  applications  (region  1 in 
Figure  6.3).  The  fulfillment  of  condition  (6.171)  renders  stability 
attainable  only  by  means  of  gyroscopic  forces. 


The  two-newtonometer  system  is  stable  in  the  region 


> i». 


(6.172) 


1° 

and  stability  is  guaranteed  here  by  potential  forces.  " This  system 
also  has  a second  region  of  stability,  in  which  stabilization  is 
guaranteed  by  gyroscopic  forces. 


It  is  necessary  in  this  regard  to  note  the  following.  It  is 
20 

well  known  that  if  a system  under  the  influence  of  potential  forces 
is  unstable,  and  its  stability  (for  an  even  degree  of  instability) 
is.  guaranteed  by  gyroscopic  forces,  then  the  resulting  stability  is 
disturbed  by  forces  of  overall  internal  dissipation.  This  stability 
i:c!T. , therefore,  an  intermittent  character,  as  distinct  from  stabili- 
zation by  potential  forces,  for  which  stabilization  has  a permanent 
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character.  In  the  latter  case  the  presence  of  forces  of  overall 
internal  dissipation  results  in  increased  stability. 

The  introduction  of  forces  of  overall  internal  dissipation  into 

the  error  equations  (5.121)  of  a three-nowtonometer  system  therefore 

estroys  the  region  of  stability  characterized  by  (6.171),  and  the 

ntroduction  of  dissipation  into  equations  (6.120)  results  in  the 

estruction  of  the  second  region  of  stability  of  the  two-newtonometer 

21 

ystem.  To  demonstrate  this  we  may  use  the  Hurwitz  criterion  or 
he  direct  Lyapunov  methods,  taking  as  the  Lyapunov  function  the 
nergy  integral  and  introducing  a dissipation  function  into  the 
malysis. 

On  the  basis  of  the  fact  that  energy-dissipating  forces  act  on 
a particle  system  over  any  real  displacement,  regions  of  stability, 
in  which  stabilization  is  guaranteed  by  gyroscopic  forces,  are  some- 
times ignored.  It  is  necessary  here  to  keep  in  mind,  however,  that 
for  small  dissipative  forces  and  limited  system  operating  time,  the 
process  of  the  disruption  of  gyroscopic  stability  may  not  be  able 
to  develop. 

6.5.2.  Solution  of  the  second  group  of  error  equations  for  the 
case  of  notion  of  an  object  along  a parallel.  Let  us  solve  the  error 
equations  of  the  first  group  for  motion  along  a parallel,  i.e.,  equa- 
tions (6.128),  in  which  the  coefficients  are  given  by  relations  (6.127). 

If  the  condition 

,.,5  _ > 0 

is  satisfied,  the  characteristic  equation  (6.129)  of  system  (6.128) 
has  two  pairs  of  purely  imaginary  conjugate  roots: 


whore 


Pi.t*"*  1 /h.  r i.  . = -t  h. 


(6.173) 


I*saj-y  + 4- *4  \ 


V = — -j  4-  »;  t- <-•;  - 


■a 


- l^ii'  ~ - *< ’)  - H '0 {*•■’ ~ “"i  — *'*J) 


(6.174) 


The  following  functions,  therefore,  constitute  the  general 
solution  to  the  homogeneous  equations  (6.128): 


tx  *=  yj  jy-  (ty  COS  Vf  — flVtOS  |t/>  -f- 

4"*7~^T  (It 5,11  '(  — v *•"  1*0  +■ 

4- 1>~—  (»  sin  v/  — a sin  |i/)  + 

«y  “ (l‘  ■ v<  — v sin  |*/)  + 

4-  p — (ftv  cos  |if  — D|i  cos  \l)  + 

4 t<  i'^  <«»  M<  — C05  VO  + 

4 »jr^7(*klni''—a‘lnv,J' 


(6.175) 


Here  C^,  Cj,  and  are  arbitrary  constants  corresponding 
to  fix0,  fiy°,  fix0,  fiy°.  The  quantities  a and  b are  expressed  in  terms 
of  the  moduli  (6.174)  of  the  roots  of  the  characteristic  equation 
and  the  coefficients  of  the  initial  system  (6.128): 


. V t i *£-■?-** 

2|m,  ’ 4w», 


(6. 176) 


The  solution  to  the  non-homoqeneous  system  (6.128)  may  be 
obtained  from  formulas  (6.175)  by  varying  the  arbitrary  constants 
C^,  C2,  Cj  and  C^.  It  has  the  following  form: 

I 

J «-0f*vlnv(*-01+ 

w 

4 I |COS|l(f  -1)  — C»SV(f  — l)|Jrft4- 

4-  -^*77  (0* 105  vf  — ov  f ■ l'/)  4* 

4 t-- — (>sln\f  — osln|if)4 

. *V  ~<l|l 

4-  ■i*,*<*7 (I* slnvf  — vsln |i/)  |- 

«;*.»  , (6.177) 

4 -j— ' (COS  |l/  — cos  vf). 
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4y=  / { fv','l7!cn,i'<'-’)-co"('- ■»!  + 

+ ■jj'rjr  I* i'll l< P — 0 - a sin  »•(/  — 1)1  j rft  4- 

lyl 

+ jTtrjj,  III  - aii  f 05  V/)  + 

+ *T->‘a.~(6  ,ln M<-a5lnv0-H 
+ <»*  *'nvf  — v tin  pi)  -f- 

A»*  . . 

+ <cos  I'/  — cos  v/). 

(6.177) 

whore  fj  and  f2  denote  the  right  sides  of  equations  (6.128),  such 
that 


/,  tn  An,  — A mfr  — - 

/a  t=»  A*y  -f-  ^nttr  — SmtMfr  — Nm^r. 


(6.178) 


If  <oz  = 0,  as,  for  example,  in  the  case  of  motion  along  the 
equator,  then,  according  to  relations  (6.173)  and  (6.174), 


i'  = ,V  v = i'.V  _ mJ  . 

Noting  that , according  to  equalities  (6.176) 

Iiiii  a s-s  0,  lim  A -a  oot 

«•*,  0 fjH) 


(6.179) 

(6.180) 


by  passage  to  the  limit  in  formulas  (6.177)  we  obtain  in  this  case 
the  following  expressions  for  *x  and  6y: 


JjtaJj’ins)  'j  - <"f  I < 

Hi"  ( , Sm"  , — . 

I'  -77=7'  =fl4l">  "u  — ‘ "T'  -+ 

v 

I 

-f  -p^Lr-J  f An^ltM.I  I'iiJ  (7l/  — 5)l/t- 
V • \|  ‘‘‘jr  •* 

I 

— r j*  Am,  (t)cut  V"’0 

b 

Ay  " r A m* 

(,y  ■=*  A^'COS  i«v  t t i 

i 

-f  J- J ( A/I,  \m#r)sln I.\,(/  — 

»• 

t 

■r'  J Am,0)aisi.\,(f  — t)</i. 


(6. 181) 
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For  constant  A nx,  Any,  Amx,  Am^  and  Amz,  formulas  (6.181) 
reduce  after  intergration  to  the  following  expressions  for  5x  and  6y: 


tx  + (4t*  ~ + 


A/i.-u/Aa. 
= <. 

•» 


- ^6/  — — — -A--jcoi(^/  4-  ~ sin  (>\t. 


(6.182) 


Finally,  if  the  object  is  fixed  in  the  coordinate 

ystem,  then  wy  = 0.  It  then  follows  from  expressions  (6.181)  that 

ft* -3  cot  mi  4 jl slne^-t- 


~hj 


I 

—rj  Am, (i)coto^(/  _ t)rfT, 


ty  _ flyo  cos  cV  4 


Ajr 0 — r A*i 


-slnu^-f 


i 

+ JJ  J A<i,(t)slnc\,(/  — i)rft4 


+'  I Am,  (t)  cos  o\,(/  — t)dT. 

(6.183) 

and  for  constant  instrument  errors  we  correspondingly  obtain: 


/hr 

1! 

H 

<■ 

|Av0 

— — j{nSS>„/  )• 

l*L 

‘V 

A nt 

tyr---J-  I 
*\> 

(V 

(6.184) 


If  Uy  = 0,  but  wz  / 0,  equations  (6.182)  reduce  by  the  change 
variables  (6.121)  to  the  form  which  they  have  when  uz  = 0. 


Although  the  exact  solution  (6.177)  to  equations  (6.128)  for 
the  case  of  motion  along  an  arbitrary  parallel  can  be  inspected,  it 
is  extremely  unwieldy.  If  we  assume  that 


(6. 185) 
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v/c  can  obtain  a simpler  approximate  solution  to  equations  (6.128) 
which  is  analogous  to  the  solution  to  equations  (5.121)  obtained 
in  §5.3. 


I 


Performing  in  equations  (6.128)  the  change  of  variables  (6.121), 
e obtain  the  system  (6.1<*2).  Since  it  follows  from  conditions  (6.185) 


l.r  , |.t*  i-%* ,,  (t;  j i t .«.»  , I 

j 1 • u ^ f •>  i t i I 


(6.186) 


o may  consider  the  following  equations  as  a first  approximation: 


6*'  -f* — A wf.r  — «#.  A«i/ . | 

a?  I w/.  j (6.187) 

We  note  that  the  use  of  equations  (6.187)  as  a first  approxi- 
mation is  also  possible  for  arbitrary  motion,  for  which  wx,  a»y  and 
l>7  are  not  constant,  but  rather  functions  of  time.  This  requires 

only  that  conditions  (6.186),  which  apply  also  to  variable  u>  , u , 

x y 

and  w , be  satisfied.  This  is  an  especially  useful  possibility, 
because,  for  motion  on  the  surface  of  the  earth  or  in  the  immediate 
vicinity  of  its  surface,  velocities  are  generally  low. 

If  f^  and  fi,  designate  the  right  sides  of  equation  (6.187), 
the  solution  to  those  equations  may  be  obtained  in  the  form 

t 

*■*'•=  j /« — *)«<»-+- 

U 

-I-  ft* '“cos <<>J  (-  —■  Jl ||  i,\J , 

I 

A/*=>  J /J(t)ilnH,(l 

0 

4- Ay'0ios I V | slmy. 

.i, 

According  to  equalities  (6.121),  here 

A »'"=•-  A Ay'»=Ay".  1 

Ai'» Ai"  ( Av’-C.  Ay'"  - Ay"  — A I (6.189) 


(6. 188) 


Nov/  converting  back  from  6x’  and  6y’  to  6x  and  6y,  we  obtain 
the  following  approximate  solutions  to  equations  (6.128)  for  the 
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f 


case  of  motion  of  an  object  at  constant  velocity  along  a parallels 


-*/ 


|/i(t)f0«w,(f  - 1)4- 


— i)l*lm.))(<  -t)dt  4 
4-  (A  «° c 01  u,l  - f-  A/  si n *»J)  cm  <*Jt  + 

-f  ~ 1(4.1*  -f 

4-(A>*  • Ajr<Vi,Wln»,/|itniV, 

i I 

4y=J-Jj|-/,(t)ii"«.(/-i)4 

4- /,(t)coiM,(f  — i)|slni.^((  -i)rfi  -)- 
4-  ( — A*°  I In  «,/  4 A/  coi  <‘',0  toiii^  -J- 
4-^j-l,— (Ai*4-AA>J)»|n«J/4  J 

4-  (A/  - #A»,)(C»  »ln  V.  , 


(6.190) 


We  will  show  that  formulas  (6.190)  may  be  obtained  by  direct 
simplification  of  the  exact  solution  (6.177)  to  equations  (6.128). 
Without  loss  of  generality  we  may  here  limit  ourselves  to  the  case  of 
an  object  which  is  motionless  relative  to  the  earth,  for  which 


ii, n sin  ij-. 


(6.191) 


For  9=0)  i.e. , on  the  equator,  equations  (6.128)  split: 
n = Wq,  v = /oig  - u?  The  corresponding  solution  is  obtained  from 
relations  (6.177)  by  passage  to  the  limit,  since 


5 -.o  l-»° 


(6.192) 


For  9 = it/2,  i.e.,  at  a pole, 


|t  =i  f u,  v « - U , 

A|i  — av  = Av  — a|i  = 2c»J(  a b =3  | . 


(6.193) 


Expansion  of  expressions  (6.174)  for  p and  v in  powers  of 


I*.  V = .^l  - y 

± 1'ii’i.i'vif  - 'in1  Mii*i|  i7is' v t-  lfii"„\iifv 


(6.194) 
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The  second  term  under  the  radical  is  small  relative  to  the 


sum  of  the  first  and  third,  since 


i 0*1*  .in1*  v I _ r'"’ 
nux  —5 — 3 — — r J - ttt 
| Ifr^sli.Vf  I U*\i 


his  maximum  is  reached  at 


(6.195) 


‘k’  <r  *■ 


(6.196) 


The  first  term  of  the  expression  under  the  radical  influences 
he  magnitude  of  the  root  only  when  the  object  is  in  the  immediate 
’ icinity  of  the  equator,  whore  equations  (6 . 128),  split.  It  is 
therefore  possible  to  retain  only  the  last  term  under  the  radical, 
iiftor  which,  and  also  having  disregarded  the  second  term  in  paren- 
theses before  the  radical,  wo  obtain: 

ii.  v-*m,  ± M mi -f.  (6.197) 


If  we  now  substitute  these  expressions  for  u and  v into 
equalities  (6.176)  and  then  into  solution  (6.177)  and  retain  only 
the  first  terms  of  the  expansions  of  the  coefficients  of  solution 
(6.177)  in  powers  of  u/uq,  wc  obtain  expressions  for  6x  and  6y  which 
r'iffor  from  solutions  (6.190)  only  in  that,  u sin  9 will  replace 
z,  as  required. 

To  conclude  our  analysis  of  motion  along  a parallel,  we  will 
'ite  out  the  approximate  solution  (6.190)  for  constant  instrument 
'rors,  for  which,  according  to  equalities  (6.178), 

/,  =»  Ait,  — Am  l 

/,  = An,  — A"i/i ,r  — AmfM,r.  | (6.198) 

To  simplify  the  formulas  wo  will  assume  that,  in  addition  to 
inequality  (6.185),  the  condition  is  satisfied.  Then 
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bx 


by- 

+ 


. ( I _ cot  ,,yjt  CO,  „.,o  - 

•t 

, A»,-A"vy  -Lm ’■¥.«,!  ,v  + 

*4 

-f* A** cm «•>/ {•  Ay°cm<<\/slnii>,/  4* 
+ — -,lnc.y  <:«,(.>,/  4-  ~ tlniV'I'i"'/. 

= — CO,  l.y  ,lll  li>,f  4 

*4 

A«, -A»vy~  .'v/,.  , j.  I 

— ’ ^ ' — (I  — co,i%/  CO,  1.1,04- 


4 Aj'cn,(.y cfi, (,>,/  At'umV'In'V  4 
4 — - sin  < ,\J  co,  m ,/  — ~-1-  slmv*  ,!•'  • 


(6.199) 


6.5.3.  Tho  relation  between  inertial  system  errors  and  instrument 
errors  and  errors  in  initial  conditions.  Tho  only  difference  between 
the  error  equations  of  two-newtonomotor  inertial  systems  for  the  case 
of  motion  on  tho  surface  of  the  earth  and  the  error  equations  of 
threc-nowtonometcr  systems  for  arbitrary  motion  lies  in  the  error 
equations  of  tho  first  group.  Specifically,  in  place  of  equations 
(5.1),  equations  (6.27)  or  (6.31)  were  obtained.  Tho  remaining  error 
equations  are  the  same.  Therefore,  the  difference  in  the  dependency 
of  the  total  errors  in  the  determination  of  coordinates  and  errors 
in  tho  orientation  parameters  on  instrument  errors  and  errors  in  the 
initial  conditions  occurs  in  these  two  cases  only  as  a result  of 
different  solutions  to  the  first  grouo  of  error  equations.  Wo  may 
therefore  confine  ourselves  here  to  comoarison  of  the  solutions  to 
the  first  group  of  the  error  equations. 

Equations  (5.1)  indicate  tho  instability  of  the  three -nowtonometor 
system,  at  least  in  the  practically  important  region 

'•']  > n- 

Among  the  roots  of  the  characteristic  equation  of  system  (5.1)  for 
motion  along  a parallel,  there  is  a positive  root  which  is,  at  low 
velocities,  close  to  the  value  <,)Q/2.  As  a result  the  errors  5x, 

6y  and  grow  exponentially,  rapidly  moving  away  from  the  initial 
values.  The  numerical  evaluations  carried  out  in  §5.6  indicate  that 
maintenance  of  a level  of  accuracy  comparable  with  that  of  the  initial 
conditions  is  possible  here  only  for  a period  of  10--15  min  from  the 
time  at  which  tho  system  begins  operating. 
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In  the  case  of  the  two-newtonometer  system  the  problem  of 
stability  is  solved  much  more  easily.  The  region 

- ■••J  — <■>’:>» 

emerges  here  as  the  region  of  stability.  Within  this  region  the 
roots  of  the  characteristic  equation  of  system  (6.27)  are  purely 
imaginary.  At  low  velocities  they  are  close  to  iiug.  The  errors 
4x  and  fy  therefore  have  an  oscillatory  character.  There  are  no 
exponentially  increasing  terms  in  them. 

Thus,  in  the  two-newtonometer  system  the  most  unacceptable  errors 
for  extended  operation  are  those  deriving  from  the  solutions  to  the 
second  group  of  equations,  i.e.,  those  associated  with  the  gyroscope 
errors  Amx,  Amy,and  Amz*  These  errors  lead  to  the  appearance  of 
components  of  the  total  errors  in  the  determination  of  coordinates 
which  grow  linearly  with  time.  Errors  ir.  the  initial  conditions  lead 
only  to  harmonic  oscillations.  The  instrument  errors  in  the  newtono- 
metcrs  are  integrable  with  the  weights  sin  Wg(t  - t),  cos  wQ(t  - t) , and 
for  constant  values  of  the  newtonometer  instrument  errors  lead  to 
harmonic  oscillations  in  the  errors  in  the  determination  of  the 
coordinates  about  certain  constant  average  values  of  these  errors. 

We  will  limit  ourselves  here  to  the  above  remarks.  A detailed 
analysis  of  the  difference  between  two-  and  three-newtonometer  systems 
may  be  performed  by  direct  term-wise  comparison  of  the  solutions  to 
equations  (5.1)  obtained  in  §5.3,  and  the  solutions  to  equations 
(6.27)  obtained  in  §6.5.2. 

§6.6.  Analysis  of  the  Error  Equations  of  Three-Ncwtonometer  Systems 

6.6.1.  General  properties.  Stability.  Let  us  consider  the  first 
group  of  error  equations  for  a system  with  three  arbitrarily  oriented 
newtonometer s , using  in  the  ideal  equations,  for  the  case  of  motion 
on  the  surface  of  the  earth,  relation  (6.4)  between  r and  the  latitude 
ip  for  the  formation  of  the  quantity  g/r\ 

It  was  shown  in  §6.2  that  the  error  equations  (6.14)  are  in  this 
ease  equivalent  to  the  vector  equation  (6.13) 


Tfr  + > =.  An  - 2 Am  X -f  r X -J,"  . 

(6.200) 

in  which  the  differentiation  is  performed  in  the  coordinate 

system,  and  Wq  may  be  considered  constant  for  motion  on  the  surface 
of  the  earth. 

The  simplest  form  of  the  scaler  equations  corresponding  to  the 
vector  equations  (6.200)  is  obtained  by  projecting  it  on  the  £*»  n*» 
t;*  axes: 

*1. + =*  - 2 + 

+ n.A",.-t.Amv 

H + HiH  -4*^-2  (A m.'i, - Anut.)  + 

-K  4m, 

it,  + - 4«u  - 2 (Amun.  - An  J.)  + 

-tt.4m^  — n.A«u 

(6.201) 

The  left  sides  of  equations  (6.201)  represent  harmonic  oscilla- 
tions. Non-asymptotic  stability  is,  therefore,  obvious  here.  The 
stability  of  equations  (6.14)  for  arbitrary  wx,  and  o>z,  i.e.,  for 
the  case  of  arbitrary  motion  on  the  surface  of  the  earth,  also  follows 
from  equations  (6.201). 

If  ux,  Wy  and  u>z  in  equations  (6.14)  are  constant,  stability 

appears  even  without  reference  to  equations  (6.201).  Let  us  consider, 

for  example,  the  case  of  motion  along  a parallel,  for  which  u>x  = 0, 

w = const,  and  w = const.  In  this  case  the  homogeneous  equations 

y z 

(6.14)  take  the  form: 


ta  f(w'  i i-  — i-ij) a - ?"y'y  i ?i»,4.-  - o. 

»y  t K 

/it  4 — iV)A.-  i ••1,'iyty 


(6.202) 


These  equations  may  be  treated  as  the  equations  of  motion  of  a 
mechanical  system  near  the  equilibrium  position 

(6.203) 

under  the  influence  of  potential  forces  with  a force  function 
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u = ~ V IK  - - -;)<Ajr  >’  f K - -*• 

4-  («J  — uJ)(Ai)'  -f-  2«fMf  Ay  Ai)| 

and  the  gyroscopic  forces 


(6.204) 


— ?i<*,  ft>'  4 2*iiy  6:.  ?<*!  hx,  — Vi«>,  A i\ 


(6.205) 


For  the  system  to  be  stable,  the  force  functions  should  have  a 
maximum  at  the  equilibrium  point.  Application  of  the  Sylvester 
criteria  of  positive  definiteness  to  the  quadratic  form  on  the  right 
side  of  expression  (6.204)  shows  that  the  condition  for  a maximum 
of  the  force  function  reduces  here  to  the  single  inequality 


K — > °- 


(6.206) 


Outside  of  the  region  defined  by  inequality  (6.206),  the  degree 
of  instability  is  even  and  equilibrium  is  stabilized  by  the  gyro- 
scopic forces.  This  is  easily  demonstrated  by  examining  the  charact- 
eristic equation,  which,  if  written  in  terms  of  the  square  of  the 
unknown  p7  = q,  has  the  form: 


<i'  + (3..J  + ?<..’)  4-  (3... ‘-f  ■»•)  v 4-  "‘5  K-'"’/  -=•  o. 


where  for  brevity  the  rotation 


«•**  =*s  ,.r  ^ i.»j. 


(6.207) 


(6.208) 


is  introduced. 


Polynomial  (6.207)  satisfies  the  Hurwitz  conditions,  since  it  is 
always  the  case  that 


p*$4  4-  «**)  — > 0. 


(6.209) 


The  discriminant  A of  the  cubic  equation 

yM  3Ay  » •<{  =o. 

deriving  from  equations  (6.207)  by  the  substitution 


,1..'  (.'A’ 
— r — ■ 


is  non-nos itive: 


(6.210) 


(6.211) 


A --  -*f  .">‘(<M’-",'),  <n 
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If 


u y.  0,  <mJ  — «■>’  0.  / 0. 

(6.213) 

then  equation  (6.207)  has  three  distinct  real  negative  roots. 

C nscquently,  the  characteristic  equation  of  system  (6.202)  has 
t ree  pairs  of  distinct  purely  imaginary  roots. 


For 


«»•*  i -2  hP 


(6.214) 


;<  uation  (6.207)  has,  in  addition  to  two  real  negative  roots,  a 
zi ro  root,  and  the  characteristic  equation  of  system  (6.202), 
consequently,  has  a multiple  zero  root. 


If 


*>  -=«  o, 


(6.215) 


then  equation  (6.207)  has  the  triple  root 

i (6.216) 

and  the  characteristic  equation,  correspondingly,  has  a pair  of 
conjugate  imaginary  roots  of  the  same  multiplicity. 


(6. 217) 


Finally,  for 

— «■>’  <=  o 

equation  (6.207)  has  the  multiple  root 

(6.218) 

the  characteristic  equation  has  a pair  of  imaginary  multiple 
ts . 


It  is  easily  demonstrated  that,  in  all  of  the  cases  cited  above 
vhich  the  roots  of  the  characteristic  equation  of  system  (6.202) 

* multiple,  the  elementary  divisors  of  the  characteristic  matrix 
of  his  system  remain  linear. 

6.6.2.  Integration  of  the  second  group  of  the  error  equations . 
’ill'"  solution  of  equations  (6.201)  is  obvious: 
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l 

J I A,t.  — 2 — A«..n ) -+- 

+ «^A«U  — t Aii^|slnwil(/  — 
ti]'  •aAi|Voii<iu/  -f  jL6i|“»lni.i/-f. 

I 

+ i J lA"v  - 2 - A«1#f  ) -f 

+ C A«u  — l.  Am.Jslnu,(<  — t)rft. 
« = (oi  ty  + -1  AtJUii  + 

I 

+ 5T  / I4";.  - 2 (A"tA  - A"J.)  f- 

+ l.A,"%- vs.)  »iin>a(/  - J 


(6.219) 


We  may  proceed  as  follows  in  order  to  pass  on  to  the  solution 
of  equations  (6.14).  Using  the  table  of  direction  cosines  between 
the  £*»  n*,  5*  and  x,  y,  z axes 

x y t 
t,  °n  °ij  °ii 
n.  "n  °n  ")1 
i.  Uji  Ojj  «n, 


we  can  express  Anr  , An  , An.  , Amr  , Am 

*>*  h*  c*  *,*  n* 


(6.220) 

Am  and  their  derivatives 


in  terms  of  An  , An  , A , Am  , Am  and  Am  , entering  into  the  right 
••  y 4 a y z 

sides  of  equations  (6.14).  For  the  given  case  of  motion  of  the  object, 
its  coordinates  rjt  (t)  , n*(t)  and  S*(t)  are  known  as  functions  of  time. 
Specifically,  when  the  xyz  trihedron  is,  as  in  the  case  of  equations 
(6.14),  a moving  trihedron  on  a sphere, 

J « ,n., , n = {.  =»»«iv 

(6.221) 

The  integrands  appearing  in  formula  (6.219)  are  now  known.  Integrat- 
ing them,  we  obtain  6£t,  An*,  6r,*,  from  which  according  to  the 
formulas: 

f>x  -ii,i  A;.  + «;,K-t  «ji  f'.  | 

t + "u^. 
fir  4 «,.K  t ■>„**.,.  ' 

(6.222) 

we  pass  over  to  Ax,  Ay  and  Az,  i.e.,  to  the  desired  solutions  of 
equations  (6.14).  The  initial  conditions  6 An£»  Ar£,  AnJ 
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<*> r, 2 arc  expressed  here  in  terms  of  the  initial  conditions  of  equations 
(6.14)  using  the  inverse  of  equalities  (6.222). 

This  operation  gives  the  solution  of  equations  (6.14),  at  least  in 
quadratic  forms, for  arbitrary  motion  at  a constant  distance  from  the 
•enter  of  the  earth  and  arbitrary  time-variation  in  the  intrument 
;rrors. 

In  order  to  bo  able  to  compare  these  solutions  with  other 
alternatives , it  is  expedient  to  obtain  explicit  expressions  for  the 
olutions  <5x,  5y  and  6z  of  equations  (6.14)  for  those  cases  of  motion 
:or  which  solutions  of  equations  (5.1)  and  (6.27)  were  obtained. 

For  an  object  which  is  stationary  in  the  coordinate 

;ystom,  superposing  the  n„  and  c,  and  x,  y,  z axes  and  directing 
the  z axis  along  the  radius  vector  r,  we  find  from  solutions  (6.219): 


tx  «=•  4x°  cos  uV  UlltV  4' 

I 

■4— J(A<|, 

4y—  4/<oscy  + ~-Mn<y  f 

I 

+ •—  j (A«r — 

4»  ■=  4*,cosi.y  t-  --  simy  4- 
**♦ 
l 

+ — f A»,iln«\(/  — i)rft. 

"•  4 

For  constant  instrument  errors  we  have: 


Art, 

— 7 

+ 

(fix*  - 

Art, } 

| ttiS  i>\/  -t 

*»* 

\ 

i 

1 

Art, 

fy  - 

l 

*>• 

+| 

/" 

r 

'in<V. 

*•£ 

'<  ; 

4'u 

Art, 

-4-| 

j 

|<os#v  r 

i£l 

limy. 

w.j 

l 

%»  i 

1 

% 

(6.223) 


(6.224) 


The  first  two  formulas  (6.223)  coincide  with  formulas  (6.183), 
an-1  the  first  two  formulas  (6.224)  with  the  first  two  formulas  (6.184), 
respectively. 
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Let  us  now  consider  motion  in  a fixed  plane  containing  the  point 
o^.  We  will  take  the  plane  as  the  plane  of  motion  and  will 

superpose  on  it  the  zx  plane  of  the  xyz  trihedron.  Table  (6.220)  then 
takes  the  forms 

x D i 
l,  — tin  0 cos  <i>tt 

<1,  cosu,/  0 lineal 

C.  0 10. 

(6.225) 


Here  Uy  = v/r,  where  v is  the  velocity  of  the  object.  Table 
(6.225)  assumes  that  at  the  initial  moment  of  time  the  object  is 
situated  at  a point  on  '.he  C*  axis. 


From  table  (6.225)  and  equality  (6.221)  the  coordinates  £* , 
n*.  are  obtained  as: 

L^ccosoi,/.  slnw,/.  {,=*0.  (6.226) 

Further, 


An^  ■=  — AdjSlnsy-t-  An,cosu,/. 
*"  An,  cos  uft  Ant  sin  uft. 


An,  t=3  An  , 

M W 


(6.227) 


Analogous  formulas  relate  Amr  , Am  , Anr  with  Am  , Am  and  Am  . 

t*  n*  <.*  x y z 


Finally,  for  the  initial  conditions  we  obtains 


4'°r=4c°,  4if,<=4.c°,  4;;  = 4/, 

4J* *=  4i°  — ii), Ax’.  A'A^iAk"  I 1,1,4.*".  Ay". 

Substituting  relations  (6.226)  — (6.228)  and  the  formulas  for 
he  projections  of  the  vector  Am  on  the  £;* , n*»  C*  axes  into  solutions 
(6.219)  and  then  passing  over,  in  accordance  witli  formulas  (6.222) 
and  table  (6.225)  to  the  errors  6x,  6y  and  6 z,  we  obtain  the  following 
expressions: 


(6.228) 
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6.-«*(6*»coiu,/  — 6{;«tn(,>,Ocoi<V  4 

4 “•  ) co» <i>F/ — (ft**— w,  6r°)iliiuf/)ilnu1/  f 

> 

4-^j  — /'•Sm,)co*«r(/  — x)  — 

— <A"j  -f  2Am,n,.,)slnw,(/  — t)|»lni\(/-—  t)rfi. 


. . 6jr  — r bni°. 

6y  «=  6y°cos  u\/  -\ — L k(n  u>J  4- 

i 

+ J (A*,  — ru>,  Am,)»ln<.*y  — x)</t  -f- 

9 

I 

4 ' J Am,  cotoy,  (I  — t)rft, 

0 

6t  *=(A.tttlnw,/.+  6i®C0>u,/)f0S(i^  4 

+ ^l(A-«'  i u,»l0)«in«),/+(Ai0-ii,  4jr»)coi(.i,/|iliHiv/  + 

I 

+ ~ ^ j l(A«,  — f Am,)slni.>,(/  — 1)-|- 

V 

+ (A»,  | 2m, rAm,)cos i.*, (/  — t)|  — t)rf,. 


(6.229) 


The  second  formula  (6.229)  coincides  with  the  second  formula 
(6.181).  This  result  was  easily  predictable,  since  for  the  case  in 
question  the  second  equation  (6.14)  takes  the  same  form  as  the 
second  equation  (6.27).  We  note  that  the  remaining  system  formed 
by  the  first  and  third  equations  (6.14)  has  the  characteristic 
equation 


p'-\  -/>’  (wj  4 »J)  4 K — <•>})’  *=  0. 


(6.230) 


the  roots  of  which  are 


±7K±  <■',)• 


(6.231) 


Therefore,  for  the  case  under  consideration  formulas  (6.229) 
may  be  obtained  fairly  simply  by  direct  solution  cf  the  differential 
equation  (6.14),  in  which  it  is  necessary  to  set  uz  = 0. 


If  the  instrument  errors  Anx,  Any,  Anz,  Amx,  Amy  and  Amz  are 
constant,  the  second  formula  (6.229)  reduces  to  the  second  formula 
(6.182),  and  from  the  first  and  last  formulas  (6.229)  we  find: 
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6x  r-  (ft.V°<OS  ti)f  i Ay’sllllf-sillf.l/  - l'i»  ' CUS <1  Sill l.i/) luS  1.1,1  -l- 

*+-  "^7  I*  v°  c<*'  «•>/  -*  A/sliH|  slniu/  —A;"cos.1-jinn<-f- 

-}•!'» (A  Vasili — SHI  Ij  f OS  | A/VilS  If  iOV/||  Sill  i.yt  -f- 
t 

+ £J  ('"*  Cfisb>(/  i)  v A'fj Mn vs|jii.*(/ — i)  — I 

An, cos n s|iim(/  — i) -f-  m | Aw,  sinv^os*'(/ — i)  — 

— Am, (I  f ios?if)vinw(/  — i)  — 

Aw,  Mn  i|'  io«;  m(/  •-  t)|  f r | \*m  , sin  ^ sin  m(/—  t)  — 

— Am,  cos  ti>(/  — i)|)  siun  (/  — i)rft, 

(6.235) 
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by  *=|—  b v° s jn ')> slit  11/ ■ f- by' (tus5  q -f-Mn,<|><ns>>i/)-f- 

4 Aj'sllllf  Cl»f(l  — C0SM/)|COS  + 

4 ~ I— A.i^siiiq  slnii</-f  Ay'’(i:ns,ij'  4 sin*  q<ccs  i>/)4 
4 Ai°slnqcos  q(l  — cosw/)  -f-usln<f(6*°cosw/-f- 
-4  A/tlnq  sin <■« t — Ac"cosq  slit  W)|  sin  4 

/ 

-f  — j | -An,  sin  <f  sin  u(t  — s)  4 

4A/i,|cos,q  -f  sln’q  cos«(/ — t)|  4 
4 A/i,sliiq'cosq|l  — cosio{/—T))4- 
4'<i>|AmIsln,q>slii<.>(/  — t)  4 

4 Am?  cinq  (cos*  q — (i  4 cos’q)  cos  <■•(/  — s) ) — 

— Aiw.cosi^cos’if  + slo’if  cos  |.l(/  — t)  >|  + 

4 1 1 \ffl4  (slii* <f  cos  <•>  (/  — t)4c»s*q)  -*~ 

4 Afflj  sin ■/  Sill W({  — l>|j  SIIK>w(f  — m/ T. 

bi  = |A*°cosq slnn/  J-A/sInqicosqO  — coso/)4 

46c0{sln,<i>fcos,ifcoscii/)|coso^4  ^ |6x*cosipsln«o/  4 

4-  6y°  binepcos  <f  ( I — co*  ml ) 4 ft/4  (sin7  9 4-  cos’  9 cos  u/)+ 

4 wcos  if  ( — 6x°cosw/  — A/slnipsino/4 
1 

4Ai’’cos<f  slnu/)|slniV+  — J |A«4coiqslntii((/ — s)4 

0 

4 An,  sin  ip  cos  if  1 1 — costi>(/  — t)|  + 

4 A/ijIs'n’ip  + cos’ ip  cos  q (/  — si|  4 
4rocosq|—  A/ii4slnqislnii>(/-j-t)  4 

4 Am,(sin’q4-(l  #- cos’ q)  cos  u(/  — t))4 
4 Am,sl«qcoW(cosu(/ — t)  — l)|  f- 
4 rcosq|Am,slnq(l  — cosin(/  4-s))  — 

— Am,slnu(|—  s)||  sin  aij(/  — s)rfs. 

(6.235) 

For  <?  = 0,  as  can  easily  be  demonstrated,  formulas  (6.235) 
reduce  to  formulas  (6.229). 


For  constant  instrument  errors  and  zero  intial  conditions,  it 
follows  from  formulas  (6.235)  that 


bx  = — — (l  — cnsti\,/cosiu/—  " sin <i\/ sin 01/)  4 

iU  \ / 

An,  *fn$~ A«,coiif  — ruiSmy  (i  -fcosM)  — r«s'Am#*in»j>co*«r 


X cos  iiij  cos  bit  + ■£■  sin  <V  cos  u/j . 

by  a —A",  sing  4-  ru  Aw,  sin'  q 

uj  — «’ 

X (—  cos  (V  bln  11/  4-^-sln<.iaf  cos  01/j  4 


(6.236) 
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+ si"’?  — An,  jlnir  cosip  — 

— roi  fimt  slnip(l  -(f  os’ if)  - r Am,  11  cos  if  sin’  if)  X 

X(l  — cosiV<osW  — slnii\^  sinu/j  -f. 
+ -T-(A</rfos’v-f  Ao^slnqicojif  f 

♦ ft*  Am,  sin  if  f ns’ if  — nuAm,  cos’if)(l  — cos  uj). 

a.  A«,  r«mr — wAm.  line  coj«p  / 

4l  « — 2-^ -r — T ( - COS  I V S In  «,./  f 

H sin i.\,/ cos  ii>/)  f-  |— An  sill 'f  cos  if  f- 

**•  / S|J  — o'  ' 

+ A/t,cos’q>-f-  ,u  Am,  coup  (I  f cos’if)-f- 
•fn.iAm<sinq>cosf)|l—  cnso^/cosu/  — — iln<V'liii‘i/j-f- 
+ simp  cosif -f- A«  sln’if  f- 
^ rt'iA/ii(ci>sif sln’if  — cw.\.n,<lii.f cns’ipfl 


C'"l\/). 


(6.236) 


Formulas  (6.235)  and  formulas  (6.236)  deriving  from  them  were 
obtained  from  the  general  solution  (6.219)  of  equation  (6.201),  which 
are  equivalent  to  equations  (6.14).  For  motion  along  a parallel, 
the  coefficients  of  equations  (6.14)  become  constant.  The  characteris- 
tic equation  of  system  (6.14)  has  the  roots 

Pi  j = A/v  (6.237) 


Formulas  (6.235)  and  (6.236)  may  therefore  also  be  obtained 
directly  as  a solution  of  the  system  of  differential  equations  (6.14) 
with  constant  coefficients. 


6.6.3.  The  relation  between  the  errors  of  an  inertial  system 
and  instrument  errors  and  errors  in  initial  conditions.  Comparing 
the  case  under  consideration  with  preceding  cases,  we  see  that,  again, 
only  the  equations  of  the  second  group  have  changed.  These  changes 
effect  the  relation  between  system  errors  and  instrument  errors  and 
errors  in  initial  conditions. 


Unlike  the  preceding  cases,  the  system  is  now  stable  (non- 
nsyr.iptoticnlly ) for  arbitrary  motion  on  the  surface  of  the  earth.  This 
fact  determines  the  character  of  the  relation  between  the  system 
errors  and  errors  in  the  initial  conditions.  In  the 
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coordinate  system  the  errors  in  the  initial  conditions  6 C* # 6nJ,  <$?£» 

fif.J,  6nJ,  6r,J  lead  to  harmonic  oscillations  at  a Schuler  frequency 

u)Q  for  arbitrary  motion  on  the  surface  of  the  earth.  In  the  three- 

newtonometcr  systems  analyzed  in  the  preceding  chapters,  these  errors 

increased  exponentially  with  time  for  the  special  case  of  motion 

along  a parallel,  and  in  two-newtonometer  systems  increase  in  errors 

with  time  proved  to  be  possible  for  variable  w , w and  10  . 

x y z 

The  relation  between  errors  in  the  class  of  three-newtonometer 
systems  in  question  and  instrument  errors  is  fully  determined  by 
solution  (6.219)  of  the  error  equations.  It  is  in  general  impossible 
to  compare  this  relation  with,the  corresponding  relations  for  the 
preceding  cases,  since  we  do  not  have  tha  solutions  of  equations 
(5.1)  and  (6.27)  for  arbitrary  motion.  We  must  limit  ourselves  here 
to  those  cases  of  motion  for  which  there  exist  exact  solutions  of 
equations  (5.1)  and  (6.27),  i.e.,  the  case  of  an  object  which  is 
stationary  in  inertial  space,  the  case  of  motion  in  a fixed  plane 
passing  through  the  center  of  the  earth,  and  the  case  of  motion  along 
a parallel. 

Let  us  compare  the  solutions  to  equations  (5.1),  (6.27)  and 
(6.14)  for  the  indicated  cases  of  motion  at  constant  instrument  errors. 
For  the  case  of  an  object  which  is  stationary  in  inertial  space,  it 
is  necessary  to  compare  formulas  (5.97),  (6.184)  and  (6.224).  It  is 
evident  that  the  formulas  for  6x  and  6y  coincide  in  all  three  solutions. 
Only  the  formulas  for  6z  in  solutions  (5.97)  and  (6.224)  differ. 

The  nature  of  this  difference  is  obvious. 

For  the  case  of  motion  in  a fixed  plane  (for  example,  motion  in 
the  plane  of  the  equator) , it  is  necessary  to  compare  formulas  (5.101) 
and  (5.112)  with  formulas  (6.182)  and  f6.232).  In  order  to  facilitate 
the  comparison,  we  will  confine  ourselves  to  small  values  of  (u^. 

We  will  retain  in  these  formulas  only  terms  in  the  first  degree  of 
c.jy.  We  then  obtain  in  place  of  formulas  (5.101)  and  (5.112): 


AM  Ae 

•<J  _r^*»  Jco UAJ  f Ui  simv  4- 


/..„  , A*, 


5 sinov#  — Hiut,/5f)-f 


4 ~j-(<osoV  — cl;i>\,  l'  5 /), 

*>.i 

Aity  — m/  A mt  f A/if  — Am  A 

y ' ^ * (A»  ~ — -j  cos  “V  4- 

4- 

XU^sIntyf— shuy  \^2l) --j—  (cosiV— cli<i\,J,2/). 

•H 


(6.238) 


In  place  of  formulas  (6.182)  we  will  have: 


4*  «•  -i-  (4,*<’'~~^JC0S  °J  + slnoyf, 

A«,-u,f4n  / A<l,  — U/4«A 

! + f»v» J—-/1 -'Jc0SlV  + 


-f  -J-  fill  uj. 

“I  ' 


' (6.239) 

Finally,  in  place  of  formulas  (6.232)  and  the  second  formula  (6.182) 
we  find  that 


4jt  -=  ~ 4-  (A*°  — ~r!-\ cos  h\J  4-  - sin  u\J  — 

“i  V %l  *\i 

— ^4j#  — - 'j^cost.y/slm.y/ slniy/iosii>,/j  - 


A/* 

sin  •'>,/ sin  t>\/. 


An,  — «,<■  An,  / An,  - u,r  AmA 

4y  «=  — ^ wt 1 ( A>  - - — f - I cos  ( v + 


4-  — - s I n •<  v/ . 


4 — slnty/  — ^Ai°4-  j^cosnyf  slnw,/  — 

) 4«* 

— ~ slnii\^cusi)rij  | — siiii>r4sin<V. 


(6.240) 


Comparison  of  expressions  (6.238),  (6.239)  and  (6.240)  for 
Ay  in  a direction  normal  to  the  direction  of  motion,  shows  that  all 


of  these  expressions  are  identical.  Only  the  expressions  for  6x  and 
6z  differ.  For  the  case  of  motion  on  the  surface  of  the  earth,  the 
error  5z  is  insignificant,  and  therefore  the  difference  between  the 
systems  appears  only  from  the  difference  in  the  error  Sx  in  the  deter- 
mination of  the  coordinate  in  the  direction  of  motion  of  the  object. 
Let'  us  compare  the  first  formulas  of  (6.238),  (6.239)  and  (6.240).  The 
first  three  terms  in  formulas  (6.238)  and  (6.240)  coincide.  The 
first  formula  (6.239)  consists  entirely  of  these  terms.  The  remaining 
terms  of  formula  (6.238)  and  (6.240)  differ  basically  in  that,  in 
place  of  the  rapidly  increasing  hyperbolic  functions  sinh  cog/Tt  and 
cosh  Uq /2t  which  appear  in  formulas  (6.238),  in  formulas  (6.240)  the 
harmonic  functions  sinu^t  and  cosuigt  appear. 

The  errors  6x,  6y  and  6z  may  be  compared  in  an  analogous  fashion 
for  the  case  of  motion  of  an  object  along  a parallel. 

In  conclusion  ve  note  that  in  the  three-newtonometer  system  in 
question,  as  in  the  two-newtonometer  system,  constant  newtonometer 
instrument  errors  lead  only  to  oscillatory  and  constant  errors  in 
the  determination  of  coordinates.  Constant  gyroscope  errors  lead, 
as  a result  of  the  second  group  of  equations,  to  errors  which  increase 
with  time.  The  gyroscope  errors  in  these  systems  are  the  main  errors 
limiting  the  independent  functioning  time  of  the  inertia  system. 
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Chapter  7 


! 

PREPARATION  OF  AN  INERTIAL  SYSTEM  FOR  BEGINNING 
OPERATION  AT  A TAKE-OFF  POINT  WHICH  IS  STATIONARY 
RELATIVE  TO  THE  EARTH 

S7.1.  Initial  Considerations 

For  an  inertial  system,  beginning  at  some  moment  of  time  t° , 
to  function  normally,  the  initial  conditions  of  its  operation  must 
be  correctly  specified  at  this  moment  of  time. 

The  problem  consists  in  guaranteeing,  at  the  initial  moment  of 
time,  the  selected  orientation  of  the  axes  of  sensitivity  of  the 
newtonometers  and  gyroscopes,  and  also  in  introducing  into  the  system 
(or  obtaining  from  the  system  itself)  the  values  of  the  coordinates 
and  their  rates  of  change  at  the  moment  t°,  which  constitute  the 
initial  conditions  of  the  solution  to  the  main  differential  equation 
of  inertial  navigation.  Of  course,  in  the  process  of  preparing  an 
inertial  system  for  operation,  operations  associated  with  the  start 
up  and  testing  of  its  equipment  must  also  be  performed.  We  will  not 
deal  with  this  aspect  of  the  process  here. 

In  theory,  andevenmore  so  in  practice,  the  content  of  the 
operations  by  means  of  which  an  inertial  system  is  prepared  for 
operation  depends  to  a great  extent  on  the  system  in  question,  its 
kinematics,  the  orientation  of  its  sensing  elements,  and  also  on  the 
selection  of  the  reference  grid  in  which  it  operates.  Much  also 
depends  on  the  external  information  available  during  the  process  of 
the  initial  preparation  of  the  system. 

It  should  be  noted  that  the  task  of  putting  an  inertial  system 
into  the  correct  initial  state  is  in  many  ways  similar  to  that  of 
correcting  it.  In  both  cases  the  problem  consists  in  moving  the 
system  from  some  "incorrect"  state  to  a correct  state.  The  task  of 
putting  the  system  into  the  correct  initial  state  cannot  be  performed 
without  external  information,  using  the  term  external  information  in 
the  broad  sense.  Thus,  for  example,  as  will  become  clear  below,  it 
is  possible  to  automatically  solve  the  problem  of  preparina  the  system 


if  at  the  initial  moment  the  object  on  which  it  is  mounted  is 
stationary  relative  to  the  earth.  However,  simple  knowledge  of  this 
fact  does  not  constitute  additional  information. 

The  required  precision  in  the  establishment  of  the  initial 
operational  conditions  of  an  inertial  system  depends  to  a great 
extent  or.  the  possibilities  for  correcting  its  operation  after  it 
has  begun.  If  correction  during  operation  is  not  provided  for,  the 
accuracy  of  the  specification  of  the  initial  state  of  the  inertial 
system  must  be  extremely  high,  since  errors  in  initial  conditions,  as 
was  shown  in  the  course  of  analysis  of  the  error  equations,  leads  to 
errors  in  the  determination  of  the  navigation  parameters,  and  these 
errors  are  retained  throughout  the  further  operation  of  the  inertial 
system. 


Below, the  initial  preparation  of  an  inertial  system  is  analyzed 
for  the  case  of  an  object  which  is  stationary  relative  to  the  earth. 

57.2.  The  Case  of  Arbitrary  Initial  Orientation  of  the 
Inertial  System  Platform 

Let  us  assume  that  the  functional  diagram  of  an  inertial  system  is 
a gyrostablized  platform.  Let  the  axes  of  sensitivity  of  the 
newtonometers  coincide  with  the  x,  y,  and  z axes  of  the  platform. 

Let  the  coordinates  determined  by  the  system  be  the  • earth 

body-axis  coordinate  system  0,  Sn;  • Let  the  origin 

of  this  coordinate  system  coincide  with  the  center  of  the  earth, 

the  c axis  be  directed  along  its  axis  of  rotation,  and  the  £ axis 

lie  along  the  intersection  of  the  planes  of  the  equator  and  the 

Greenwich  meridian.  The  coordinates  determined  by  the  system  might 

ho,  for  example,  the  Cartesian  coordinates  £,  n,  and  £,  the  geocentric 

coordinates  r , 9 and  A,  the  geographic  coordinates  h,  g and  A the  geodetic 

coordinates  r,  z and  S,  etc. 

For  the  system,  beginning  at  some  moment  of  time  t°,  to  operate 
correctly,  the  following  must  bo  determined  for  this  moment  of  time: 
the  relative  position  of  the  xyz  and  f,n r,  coordinate  systems,  i.e., 
the  direction  cosines  between  the  axes  of  these  coordinate  systems, 


tie  coordinates  x°,  y°  and  z°,  and  the  time  derivatives  of  these 
coordinates  x°,  y°  and  z°. 

We  will  show  that  if  the  longitude  X°  of  the  take-off  point  of 
the  object  is  known  and  introduced  into  the  computational  apparatus 
of  the  inertial  system,  the  further  preparation  of  the  system  for 
operation  may  be  performed  automatically  and  autonomously  on  the 
basis  of  the  newtonometer  readings  of  the  system  itself. 


The  newtonometer  readings  give  the  projections  n , n 

x y 


and  n 


of  the  vector 


d*f 

n ” 7,7  —t(f) 


(7.1) 


on  the  x,  y,  z axes  of  the  platform,  which  after  the  starting  up 
of  the  gyroscopes  and  stabilization,  occupies  a fixed  position 
in  inertial  space. 


Since  the  object  on  which  the  inertial  system  is  mounted  is 
stationary  relative  to  the  earth,  it  follows  that 

~^uXr,  —p  =*  b X(«  X r)«=  b(b  -rj—  »’r.  (7.2) 

Here  differentiation  is  performed  in  the  xyz  body-axis  coordi- 
nate system  of  the  stabilized  platform.  This  coordinate  system  may 
be  considered  as  inertial.  Substituting  the  second  equality  (7.2) 
into  formula  (7.1),  we  obtain: 


n =*  u (II  • r)  — u'r  g{f). 


(7.3) 


Time-differentiating  the  vector  n in  the  xyz  coordinate  system 
and  noting  that  the  vector  u is  constant  in  this  system,  and  that 
the  vector  g is  constant  in  the  coordinate  earth  body-axis  sys- 
we  find: 


(7.4) 
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A second  differentiation  gives: 


1 


rf*/»  / v • 


(7.5) 


The  vector  u may  be  found  from  equations  (7.4)  and  (7.5). 
Indeed,  performing  the  vector  multiplication  of  equations  (7.4) 
and  n and  the  scaler  multiplication  of  equations  (7.5)  and  n,  we 
obtain: 


4/  X n » n (u  • n)  — if  • n7, 

<Pn  , , , 

S,i 


(7.6) 


From  the  second  equation  we  find: 


„ _ , / rf'« 


From  the  first  equation  (7.6)  we  have: 


(7.7) 


(7.8) 


Since  the  vector  u coincides  with  the  £ axis,  the  unit  vector 

-h 

c,  of  this  axis  is 


..  / ti,n  ...  <1n  * 

" I7  *+«•»'— irx- 


(7.9) 


Finding  the  unit  vector  £ in  the  xyz  coordinate  system  implies  that 
the  third  column  of  the  table  of  direction  cosines 


t >i  ; 

•x  hi i Pi?  Pn 

y i'h  iv,  f..., 

* P'l  Pi:  Pn 

(7.10) 

between  the  x,  y,  z and  n,C  axes  is  known,  and,  consequently, 
that  the  angles  between  the  axes  of  the  stabilized  platform  and  the 
earth's  axis  are  also  known. 


The  first  and  second  columns  of  table  (7.10)  remain  to  be 
found.  To  do  this  we  introduce  the  trihedron  the 

axis  of  which  coincides  with  the  earth's  axis,  and  the  axis  of 
which  is  situated  on  the  intersection  of  the  plane  of  the  equator 
and  the  plane  of  the  meridian  of  the  point  at  which  the  object  is 
located.  Since  the  longitude  X6  of  this  point  is  known,  the  unit 
vectors  £ and  n of  the  £ and  n axes  are  related  to  the  unit  vectors 

> 4 

^lnl  thc  ^1  and  r,l  axes  by  tfl°  obvious  equalities: 

t ■=  h coi >.»  — 1|, Mu >.».  *1  = 1, sin + *ii <o*V.  (7.11) 

We  now  note  that  the  vector  n is  the  sum  of  the  centrifugal 
force  due  to  the  earth's  rotation  and  the  gravitational  force. 

It  lies  therefore  in  the  plane  of  the  meridian  on  which  the  object 
is  located.  This  means  that 

(7.12) 

Formulas  (7.12),  (7.11)  and  (7.9)  fully  determine  the  relative 
orientation  of  the  xyz  and  f,nr.  coordinate  systems.  We  note  that 
only  tne  longitude  X°  was  used  in  the  derivation  of  these  formulas, 
i.e.,  only  one  of  the  coordinates  of  the  object.  The  remaining 
parameters  were  found  from  the  newtononeter  readings.  It  is  assumed 
of  coir.sc,  that  the  computational  apparatus  of  the  irertial  system 
is  able  to  perform  the  computations  required  by  these  formulas,  in- 
cluding the  differentiation  of  the  newtonometor  readings. 

We  note  also  that  these  formulas  cannot  be  used  if  the  take-off 


point  of  the  object  is  lonted  at  a geographic  pole  of  the  earth. 

More  precisely,  formula  (7.9)  remains  valid  and,  consequently,  the 

third  column  of  table  (7.10)  is  reinstated.  This  is  understandable, 

since,  as  follows  from  formula  (7.9),  in  this  case  the  direction  of 

the  c,  axis  coincides  with  the  direction  of  the  vector  n.  Formulas 

(7.12)  become  invalid,  since,  because  of  the  collinearity  of  the 
-►  ► , 

vectors  c and  n,  their  vector  product  is  equal  to  zero  and  does  not 
define  the  direction  of  the  axis.  Therefore,  if  the  take-off  point 
is  located  near  a geographic  pole,  determination  of  the  orientation 
of  the  platform  of  the  initial  system  requires  additional  information, 
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lor  example  the  bearing  to  some  star  or  terrestrial  landmark  at 
tB. 


If  the  orientation  of  the  platform  relative  to  the  earth  has 
been  determined  by  the  means  indicated  above,  there  remains  the 
problem  of  finding  the  coordinates  x°,  y°,  and  z°  and  their  deriva- 
tives. We  will  show  that  preliminary  knowledge  of  only  the  longitude 
A°  of  the  take-off  point  is  sufficient  for  this  purpose  as  well. 


Indeed,  since  the  table  of  the  direction  cosines  B^(t)  has 
been  found,  the  time  derivatives  of  the  elements  of  this  table 
may  also  be  found,  and,  therefore,  to  find  xB,  y°,  z° , x°,  y°,  z°, 
it  is  sufficient  to  know  the  initial  values  of  the  coordinates 
5°,  n°»  and  c°.  To  determine  £s,  gB  and  c°,  it  is  in  turn  suffi- 
cient to  know  the  geocentric  coordinates  r®,  and  X°  of  the  take-off  poi 
We  assume  that  A°  is  known.  The  other  coordinates  0 and  r®  may  be 
found  from  the  solution  to  the  system  of  equations. 


r^rOf). 


(7.13) 


whore  gc(v)  is  the  acceleration  of  the  gravitational  force  at  the  ta- 
ke-off point,  and  r = r(<?)  is  the  equation  for  the  radius  vector 
of  the  terrestial  meridian. 


This  procedure  for  determining  the  orientation  of  the  sensing 
elements  of  an  inertial  system  is  easily  extended  to  the  case  in 
which  the  basis  of  the  functional  liagram  of  the  inertial  system  is  a 
three-dimensional  gyroscopic  gauge  of  absolute  angular  velocity 
which  is  rigidly  attached  to  the  object. 


If  the  object  is  stationary  relative  to  the  earth,  the  gyro- 
scopic gauge  will  measure  the  absolute  earth  rate  v5.  This 
permits  immediate  determination  of  the  unit 

vector  s in  ttic  xyz  coordinate  system  attached  to  the  platform  of 
the  gauge: 

i=". 

" (7.14) 


fiOl 


Equalities  (7.12)  may  be  used  to  determine  6^j (now  constant), 
since  the  vector  n lies,  as  before,  in  the  plane  of  the  meridian 
of  the  take-off  point. 

The  initial  values  of  the  coordinates  xc,  y°  and  z°  are  found 
from  f.°,  n°»  r, 0 and  8^.j.  The  initial  velocities  x°,  y°  and  z° 
are  equal  to  zero,  since  the  vector  r is  constant  in  the  xyz  coordi- 
nate system  attached  to  the  object  and  stationary  relative  to  the 
earth. 


The  quantities  £°,  n°  and  are  found  from  the  known  values 
X°  and  the  quantities  r°  and  <?°,  obtained  from  the  solution  to  the 
system  of  equations  (7.13). 

§7.3.  The  Case  of  the  Orientation  of  One  of  the  Platform  Axes 
Along  the  Geocentric  or  Geographic  Vertical 

Let  us  now  consider  the  practically  important  case  of  a 
maneuverable  gyroplatform  as  the  basis  of  the  functional  diagram 
of  an  internal  system. 

Let  us  designate  the  right  orthogonal  trihedron  attached  to  the 
gyroplatform  or.  xyz.  Let  the  coordinates  to  be  determined  bo  the 
gocgraphic  coordinates  h,  <?'  and  X.  Then,  at  the  moment  at  which 
the  system  begins  operating,  the  z axis  of  the  platform  should  be 
superposed  on  the  direction  of  the  gravitational  force,  and  the 
y axis  should  be  in  the  plane  of  the  earth's  meridian.  Thus,  the 
question  here  is  not  that  of  determining  the  orientation  of  trihedron 
xyz  relative  to  the  earth,  as  in  preceding  cases,  but  of  positioning 
this  trihedron  in  a particular  relation  to  trihedron  , attached 

to  the  earth,  and  of  maintaining  it  in  this  position  until  the 
moment  at  which  operation  begins.  As  in  the  preceding  cases,  part 
of  the  problem  of  preparing  the  system  for  operation  is  the  intro- 
duction (or  determination  within  the  system  itself)  of  the  initial 
valuer,  of  the  coordinates  and  X°  (on  the  surface  of  the  earth 


h = 0)  . 
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We  will  show  that,  as  in  the  two  preceding  variants,  the 
problem  of  preparing  the  system  for  operation  may  be  solved  auto- 
nomously and  automatically,  if  the  longitude  X°  of  the  take-off 
meridian  is  known. 

Let  us  begin  with  the  problem  of  the  orientation  of  the  platform. 
We  will  use  x0  #yg,  Zq  to  designate  the  position  into  which  trihedron 
xyz  should  bo  placed.  In  this  position  the  Zq  axis  is  directed  along 
the  vector  ge,  and  the  y^  is  in  the  plane  of  the  meridian  and 
directed  towards  the  north.  Let  the  relative  positions  of  the  xyz 
and  x0y0zQ  trihedra  be  defined  by  the  small  angles  a,  B and  y in 
accordance  with  the  table  of  direction  cosines 


xyz 
* — V l» 

y»  Y I -a 
‘t  a I. 


(7.15) 


The  deviation  of  the  platform  from  the  position  which  it  should 
occupy  may,  clearly,  be  considered  as  small.  This  does  not  diminish 
the  generality  of  the  analysis. 

To  solve  this  problem  we  will  use  the  precession  equations 
of  motion  of  the  platform: 


-//ul,  Z/l'Ij  r-Jt  ,tl[. 

//«,  -=m! 


(7.16) 


Wo  form  the  controlling  moments  in  accordance  with  the  equalities 


,Mj  a 


(7.17) 


Hero  and  are  the  readings  of  the  newtonomotcrs  oriented 

long  the  x and  y axes,  and  w , w and  m are  the  projections 

x0  y0  z0 

f the  absolute  angular  velocity  of  trihedron  XpyQz0  on  its  axes. 
According  to  table  (7.15)  the  newtonometor  readings  are 


",  ■ ■'  - r,“. 


(7.18) 
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where  g is  the  acceleration  of  the  gravitational  force  at  the  take 
off  point.  The  projections  of  the  absolute  angular  velocity  of 
trihedron  xyz  on  its  axes  are  determined  by  the  following  equalities: 


«.  <=  <■),,  + «.\.Y  — *».-/  + a, 
u,  — - »>,,Y  -f  <■»,,« -Ht 

u.  *=  m„  -1  •■>./  - - u,.a  -f  Y 


(7.19) 


Substituting  expressions  (7.18)  and  (7.19)  into  equality  (7.17), 
we  obtain  the  following  equations  describing  the  motion  of  the 
platform  in  the  process  of  bringing  it  into  the  prestart  position: 


Q ")  U "f'  <*lj  Y Clljl  0, 

P -t  ? — «,,Y -f  ” 0. 

V -f  M.J'  - - u„o  = 0. 


(7.20) 


The  system  of  equations  (7.20)  has,  clearly,  a trivial  solution: 
a = B = y = 0>  The  characteristic  equation  of  this  system  has  the 
form: 


* 2 - fr  + [(*//'  )’-»  + <j  " + 


-*  ‘u  K.  +■  “iJ  “ °' 


(7.21) 


In  the  case  under  consideration  here 

u,,  = 0.  (.i,,  =a  a cos • 

and  the  characteristic  equation  takes  the  form: 


(7.22) 


-f-  2 4 y-  r’  + [(4^)’  f u’}p  f 4?'-  ,Wf  ” = 0. 


(7.23) 


Application  of  the  Hurwitz  criterion  gives  the  following 
conditions  for  the  stability  for  the  process  of  bringing  the  plat- 
form into  the  prestart  position: 


*>0.  2 (-7/  )’  4 «,(2-cosV')>0. 

cosV'  > 0- 


(7.24) 
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Thus,  the  only  significant  stability  condition  is  the  require- 
ment 

_ , n 

V • 

(7.25) 

If  this  condition  is  not  met  a zero  root  appears  in  equations  (7.23). 

The  prestart  orientation  proves  to  be  impossible  at  the  geo- 
graphic poles  of  the  earth:  the  closer  the  take-off  point  is  to  a pole 
the  greater  the  time  required  for  the  prestart  orientation. 

Indeed,  at  the  equator,  where  cos  s'6  = 1,  the  left  side  of 
equation  (7.23)  may  bo  factored,  as  a result  of  which  the  charact- 
eristic equation  takes  the  form: 

[p  + Tr)  (*’  + TT  * + “1  “ °'  (7>26) 

Its  roots  are: 


P i 
P:  J 


(7.27) 


The  real  parts  of  the  roots  are  negative.  The  maximum  value 
of  the  smallest  of  the  moduli  of  these  parts  is  equal  to  u and 
occurs  at  k = 2uH/ge<  If  we  take  this  as  the  working  value  of  k, 
for  values  of  V'°  sufficiently  cl<.se  to  t/2,  two  of  the  roots  of 
equation  (7.23)  will  be  close  to  the  values 

/•  i.  ? ■=■  - t ju. 

and  the  third  will  be  close  to 


The  magnitudes  of  the  real  parts  of  the  roots  of  the  characteristic 
equation  determine  the  speed  at  which  the  platform  is  brought  to 
the  required  (prestart'  position.  It  is  evident  from  the  expression 
for  p^  that,  as  increases,  this  speed  will  decrease  proportionally 
to  cos2 v' . 


We  note  that,  in  addition  to  the  method  described  above  for 
placing  the  y axis  in  the  plane  of  the  meridian,  leading  to 
equations  (7.20),  an  equivalent  method,  based  on  the  working  prin- 
ciple of  the  gyrocompass,  may  be  used.^ 
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Lot  us  consider  the  following.  To  form  the  controlling 

moments  (7.17),  the  quantities  u , u>  and  u>  are  required.  To 

x0  y0  z0 

compute  these  from  formulas  (7.22),  we  need  to  know  the  geographic 
latitude  <? ' 0 of  the  take-off  point.  The  lattitude  <p  is  also  required 
as  an  initial  condition.  If  <f'°  is  unknown,  it  may  be  determined 
from  the  equation 


I « I = eM') 

For  this,  of  course,  a third  newtonometer  is  required. 


(7.28) 


It  is  evident  that  it  is  fundamental  in  the  method  under 
consideration  that  the  y axis  should  be  located  in  the  plane  of  the 
meridian  of  the  take-off  point.  It  would  also  be  acceptable  to  orient 
it  along  some  direction  in  the  plane  of  the  geographic  horizon, 
forming  a given  angle  \ pe  with  the  meridian.  This  requires  only  that 

other  values  of  w , u>  and  u be  substituted,  in  place  of  those 
x0  y0  z0 

given  by  (7.22),  into  expressions  (7.17)  for  the  controlling  moments, 
namely: 


<•>,,=  t=  u cos  '\<i>  ij 

e*  II  sln«|  . 


(7.29) 


Equations  (7.20)  retain  their  form  in  this  case.  The  coeffi- 
cients of  the  characteristic  equation  (7.23)  likewise  do  not  change, 
since,  once  again, 


►.  *=*  "7  * '«' <•>;  t-  w’  f-  ,„■>  „ 

*'  Fl  1 /• 


(7.30) 


In  conclusion,  let  us  consider  an  inertial  system  operating  in 
spherical,  for  example  geocentric  or  geodetic  coordinates.  In 
this  case  the  xyz  trihedron  of  the  inerital  system  should  be  oriented 
as  follows  at  the  moment  at  which  operation  begins:  the  z axis 

should  be  directed  along  the  radius  vector  r,  and  the  y axis  should 
form  some  angle  t)°  with  the  plane  of  the  meridian.  For  the  case 
of  geocentric  coordinates  i^°  = 0.  For  the  case  of  geocentric  coord- 
inates, the  initial  conditions  will  be  r°,  and  >.°,  and  for  the 
case  of  geodetic  coordinates,  rc  , z°  and  S°,  respective)/. 
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As  before,  the  longitude  Xc  should  be  given.  The  quantities 
9 0 and  r°  are  found  from  the  equations 


i 


(7.31) 


The  quanties  z°  and  S°  may  easily  be  found  from  X°  and  9°  by 
using,  for  example,  relations  (3.303),  regarding  them  as  equations 
in  z and  S. 


The  problem  of  the  prestart  orientation  of  the  platform  of  the 
inertial  system  remains  to  be  solved.  This  problem  may  be  solved 
in  a manner  which  is  completely  analogous  to  that  used  in  the  pre- 
ceding case,  in  which  the  z axis  of  the  platform  was  oriented  along 
the  normal  to  the  reference  ellipsoid.  The  only  difference  is  that  the 
controlling  moments  of  the  gyroplatform  should  be  formed  not  in 
accordance  with  equalities  (7.17),  but  in  accordance  with  the 
formulas 

• AI,’b=  — //.■>,,  — *(/!,  — n,X 
Alj  a //<»>,,  - k (lt|  — (I,,), 

41?  »//»,.. 

(7.32) 


Here  n and  n designate  the  projections  of  the  vector  n on  the 
x0  y0 

Xq  and  yQ  axes.  Tnese  projections  are  equal  to  the  negatives 

of  the  known  (since  r°,  9 °and  ^ 0 are  known)  projections  of  the 

acceleration  of  the  gravitational  force  on  the  xQ  and  yQ  axes.  The 

a , w and  u of  the  absolute  angular  velocity  entering  into 
x0  y0  z0 

formulas  (7.32)  are  also  known  if  9'0  and  tj; 0 are  known.  These  pro- 
jections are  given  by  equality  (7.29). 


As  before,  we  will  define  the  relative  positions  of  the  xyz 

and 'XQyiVz0  trihedra  by  means  of  the  angles  a,  6 and  y,  in  accordance 

with  the  table  of  direction  cosines  (7.15).  Formulas  (7.19)  for 

the  projections  wx,  and  will  remain  valid,  and  the  expressions 

for  n and  n will  take  the  form: 
x y 


f «„V  «,0, 

»»*=--  «..Y  i « 1 n,ii. 


(7.33) 
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* 

Substitution  of  expression  (7.33)  into  formula  (7.32)  yields 
the  following  values  of  the  controlling  moments: 


M **  — //••>,,  — * (< i ,n  — «,,v). 
i'i]  — * (»,.v  — »/!>)• 

Substituting  these  values  into  equations  (7.16)  and  simultan- 
eously substituting  the  expressions  (7.19)  for  the  projections  ux, 
w and  into  these  equations,  we  obtain  the  system  of  equations: 


kn 

/ *11. 

\ 

a - y/  -<‘  *■  V l)~  d 

y — =-  0, 

. An. 

/ An. 

\ 

P --JT * + ~ 

t*»j  J Y f o»//i  0, 

Y + <>vA— <•>,,«  *»o. 


(7.34) 


The  characteristic  equation  of  this  system  is  written  in  the 
following  form: 


Dut 


p ~ ~rr  >’  + In/1)  ••'"’+• 

+ ii  — -•»..«••..)] /• 

*’n  t 

7>_  (*••'">.  - t „ •*.,<» 


*«».  , , 
-yy1  «7  COS7  <f 


sin  Vs.il!  <f°. 
"r.  ~ - tin  f* 
~ A'. 


(7.35) 


(7.36) 

where  g is  the  acceleration  of  the  gravitational  force,  and  e is 
the  eccentricity  of  the  terrestrial  ellipsoid. 

Taking  into  account  relations  (7.36)  and  (7.29),  we  obtain  from 
equations  (7. 35) : 

*’  + a 4*- ,•  + ((#)’-♦ 

H1  CC*!»7»|0 1 I — ^ Slfl*tyAj  !=a0. 


Since 


7 *mV<Ci. 

equation  (7.37)  is  equivalent  to  equation  (7.23),  and  the  stability 
of  the  process  of  bringing  the  placform  of  the  inertial  system 
into  its  prestart  position  is  guaranteed  for  all  locations  except 
the  geographic  poles  of  the  earth. 


Note 

1.  See  for  example,  Roytenberg,  Ya.N.  on  accelarated  actuation  of 
a gyroscopic  compass  on  a meridian,  Prikladnaya  matematika  i mekhnika, 
vol.  XXXIII,  Issue  5,  1959. 
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If  the  initial  condition*  arc  null,  then 


b 


<*»«  »»,, 

41— -A1 

^,(1*,  - ICH-Vl 

'«V)  * -j'<l  i 


15.119) 


3.1.4.  The  Motion  of  an  obicct  along  a parallel  at  constant 
velocity.  Let  ua  now  consider  the  case  of  the  notion  of  an  object 
along  e parallel  in  which  the  first  group  of  the  coordinate  error 
equations  also  reduces  to  equations  with  constant  coefficients. 

In  this  case 


and  the  errer  equations  (3.19) 
order  differential  equationsi 


^ ‘ (5.120) 

fore  the  following  system  of  sixth- 


*1  . ^ ej  *J)*i  x.(*r  * 

••  Vi,  Ve,» 

*r  * K "0*'  4 ' 

— | A ■ ,/  ...  \»tr  \mrf 

if  (A.  . «f}4#  *f  . 

■ .'rw.Aw, 


(5.121) 


whare 


The  initial  conditions  for  these  equations  will  be  the  quantities 
glean  by  equalities  (3.91)  and  (5.92). 

Equations  (3.121)  are  projections  of  the  crior  equation*  (5.1) 
onto  the  x,  y,  t exes  of  a geocentric  eoving  trihedron,  the 
• axis  of  which  coincides  with  the  victor  r , with  its  y axis  directed 
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